
1 Spaces with di¤erentiable norms

Recall that a function f : X ! R is called Fréchet di¤erentiable at x 2 X if there exists
a continuous linear functional, denoted f 0 (x) ; such that

lim
h!0

f (x+ h)� f (x)� hf 0 (x) ; hi
khk = 0: (1)

De�nition 1 A Banach space X is called Fréchet smooth if for each 0 6= x 2 X there
exists an x� 2 X� (that may depend on x) such that

lim
h!0

kx+ hk � kxk � hx�; hi
khk = 0: (2)

� The norm on X cannot be di¤erentiable at 0: This means that the limit (2) cannot
exist at 0; for otherwise we have

lim
h!0

khk � hx�; hi
khk = 0;

which means x� 6= 0: But then taking a sequence hn ! 0 (and hence, �hn ! 0) we
get �

x�;
hn
khnk

�
! �1

which is impossible.

Lemma 2 In any Banach space with norm k�k ; k�k2 is di¤ererntiable at x = 0 with
derivative 0:

Proof. This follows immediately from (1) by subistituting f (x) := kxk2 and f 0 (0) = 0:

Lemma 3 Suppose X is Fréchet smooth. Let 0 6= x 2 X and let x� = @ kxkThen
kx�k = 1:
Proof. Let " > 0: There exists a � > 0 such that h 2 �B =)

jhx�; hij � jkx+ hk � kxkj+ " khk
� khk (1 + ") :

Therefore,
kx�k � 1:

On the other hand, taking h = tx in (2) gives

1�
�
x�;

x

kxk

�
= 0:

Therefore,
kx�k � 1:

Hence, kx�k = 1:
� Observe that the derivative functional x� acheives its norm at the point x

kxk :
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2 The subderivative of a norm

Theorem 4 Let x 2 X:Then @ k� � xk (x) = B�:

Proof. Since x 7! kx� xk is convex and continuous,

@ k� � xk = b@ k� � xk :
Let x� 2 @ k� � xk (x) : Then

lim
x!x

kx� xk � hx�; x� xi
kx� xk � 0:

It follows that for any " > 0 ther exists a � > 0 such that for all x 2 x+ �B;

kx� xk � hx�; x� xi
kx� xk � �":

Then �
x�;

x� x
kx� xk

�
� 1 + ":

Therefore,
kx�k � 1 + "

and since " is arbitrary, kx�k � 1:
On the other hand, assume that x� 2 B�: Then

kx� xk � hx�; x� xi
kx� xk = 1�

�
x�;

x� x
kx� xk

�
� 1� kx�k � 0:

Therefore,

lim
x!x

kx� xk � hx�; x� xi
kx� xk � 0

and x� 2 @ kx� xk (x) :

Theorem 5 Let 0 6= x 2 X: Then

� 6= @ k�k (x) = fx� 2 X� : kx�k = 1; hx�; xi = kxkg :

Proof. Since x 7! kxk is convex and continuous,

@ k�k = b@ k�k
Let 0 6= x 2 X and notice that, since epi k�k is convex,

b@ k�k (x) = fx� 2 X� : hx�; x� xi � (kxk � kxk) � 0 8x 2 Xg :
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Let x� 2 X� be such that kx�k = 1 and hx�; xi = kxk (one exists by the Hahn-Banach
theorem). Then, for any x 2 X;

hx�; x� xi � (kxk � kxk) = hx�; xi � kxk � kx�k kxk � kxk = 0:

Thus, x� 2 b@ k�k (x) ; @ k�k (x) 6= � and @ k�k (x) � fx� 2 X� : kx�k = 1; hx�; xi = kxkg :
On the other hand, assume x� 2 b@ k�k (x) : Then

hx�; x� xi � (kxk � kxk) � 0 8x 2 X

Rearranginge, we get

hx�; x� xi � kxk � kxk
� kx� xk 8x 2 X;

which means that kx�k � 1: Furthermore, we then have

hx�; xi � kxk � hx�; xi � kxk � 0 8x 2 X:

we claim that this implies that hx�; xi � kxk = 0: Otherwise, hx�; xi � kxk < 0 and

hx�; xi � kxk � hx�; xi � kxk < 0 8x 2 X:

In particular, taking x = 1
2
x we get

1

2
(hx�; xi � kxk) � hx�; xi � kxk

which result in the rediculus statment

1

2
� 1:

Thus, hx�; xi = kxk and kx�k = 1:

Example This example illustrates cases where the norm subdi¤erential is a singleton and
others where it is a whole set of points. Let X = (R2; k�k1) : Then X� = (R2; k�k1)
and for � = (�1; �2) 2 X� and x = (x1; x2) 2 X; h�; xi = �1x1 + �2x2: Let�s compute
@ k�k1 (1; 1=2) and @ k�k1 (1; 1) : For the �rst subdi¤erential, we need to �nd all
� 2 X� with k�k1 = 1 and h�; (1; 1=2)i = k(1; 1=2)k1 = 1: Thus, we need to solve
the silutanuous system

�1 + 1=2�2 = 1;

j�1j+ j�2j = 1:

It can easily be veri�ed that the only solution to this system is � = (1; 0) : Therefore,

@ k�k1 (1; 1=2) = f(1; 0)g :
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For the second subdi¤erential the corresponding system that needs to be solved is

�1 + �2 = 1;

j�1j+ j�2j = 1:

The set of solutions S in this case can be described as

S =
�
(�1; �2) 2 R2 : 0 � �1; �2 � 1; �1 + �2 = 1:

	
Therefore,

@ k�k1 (1; 1) = S:

Example This example illustrates that the norm subdi¤eretials at two close points may
not be close. As in the previous example, let X = (R2; k�k1) ; X� = (R2; k�k1) :
Let a > 0; " > 0 be given. The two vctors (a+ "; a) and (a; a+ ") are such that
k(a+ "; a)� (a; a+ ")k1 = k(";�")k1 = ": On the other hand, @ k�k1 (a+ "; a) =
(1; 0) while @ k�k1 (a; a+ ") = (0; 1) : In this case k(1; 0)� (0; 1)k1 = 2:
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