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1. Find a general solution of the differential equations

(a) e +ye™ + (e¥ +ze™)y =0
Rewrite the equation in the form

(e* +ye™)dx + (e’ +xe™)dy =0
The equation is exact. Integrating the coefficient of dx with respect to x gives

F(x,y)=e"+e"+h(y).

Now
F,=ze™ +h' (y) = e’ + ze™.
Thus
W (y) = e
and
h(y)=¢e’

The solution is
e +e4el =C.

(b) =y’ +2y = 627 /3.
This is a Bernouli equation with m = 1/2. Therefore, we use the substitnution

uw = y'/%. The equation becomes
, 1
U+ —u =3z
x
The integrating factor is )
and we have
(zu) = 322
Then
ru =1+ C.
In terms of y we get
C
g2 — g2 4 2
x

or



2. (a) If y. = 2% (¢; + caInz) is a complementary solution for the differential equation
2?y" — 3xy’ + 4y = 23, find a particular solution satisfying the initial conditions
y(e) =0,y (e) = 1.
The solutions of the homogeneous equation are

y=2y=2"Inz

The right hand side (after dividing through by x?) is f (x) = .

x? ?Inzx

3
2¢ 2xlnzx +x ’

W(yl,yz) =

Using the method of variation of parameters, we have

0 2%lnzx

, z 2zlnx+x
uy = 3 =—Ilnx
x

which gives (by using integration by parts)

w = —xlnx + x.
Similarly,
22 0
, 2v «x
and
Ug = T.
Hence,

y, =2 (—zInz + z) + z (z*Inz) = 2°.
The general solution s

y e ,I'2 (01+621n3})—|—:€3,
y = 2c12+cy (2xIlnz + ) + 327

y (e) =0 gives
C1 -+ Cy = —€
and y' (e) =1 gives
201 + 302 = —3e
Solving we get

cp =0,c0 = —e.

The required solution is
y = —ex’Inz + 2



(b)

Find the general solution of the differential equation y” + y = 2cosz. (Hint: it
may be easy to guess a particular solution.)

Since the differentiation oparator on the left ( D*+1 ) kills both sinx and cos,
we may try a particular solution of the form

Yy, =2 (Acosz + Bsinx)
Substituting this solution into the equation gives
—2Asinx + 2B cosx = 2cos .

Therefore, A = 0, B = 1. The particular solution is y, = xsinx and the general
solution 1s
Y =C1COST + CcaSInx + xrsin.

Show that A\; 2 = % (1 + \/5) are the eigenvalues of

11
A= { = } |
What are the corresponding eigenvectors?
det (A —\I) = L I A _1)\ = A\ — X\ — 1. Using the quadratic formula, we get
N L1EVIFL 1++56
B 2 2

For convenience, let \y = H\/g, Ay = 1’2‘/5 and observe that A\ + Ao = 1 and
My = —1.

For A = A\, we have

o [

Hence

Stmilarly, for A = Ag,
_ | N
Vg = 1 .

Now consider the model z,.1 = Az,, n=20,1,..., with xg = [ 1 } and A being

1
the matrix in part (a) of this problem.



4.

1. Show that x,, = A™x,.

T

T2

= Awo,
= Al’l = AALE(] = A2.f130,

r3 = ACL’Q = AA2.170 = A3IO

Tyn — Anﬂlo.

2. Express x,, explicitly in terms of n and compute x1, zs.

Write A = PDP~1 where

AA MO _ 1 1 =)
P:[f 12}’172{01 Ag}’Plel—Ag[—l Alz}'
Then
Lo X |[AY 0] 1 =X 1
S v vl RS T B (R VN I /\1][1}
Y AQ"A?o"1—AQ]
M- | 1 1[0 A 14N
1 'AlAQ"x;o"Al]
VI VA I T B B (R VN N
_ L[ ][ At
IEEVEDYRIR 1__—A§“}
B S P YR Ve
N Al—Az_Xf“—X;“}

. (2points) Show that, for any n, the quantity

T ATV A A STV A S
NG 2 a 2

is always an integer.

Since xy has integer components and A" has integral components, it fol-
lows that x, = A™xq also has integral components. In particular, the second
component of x, is always an integer. Thus

1

n+1 n+1
(An—‘rl_/\n—i-l)zi 1—}—\/3 o 1_\/5
A=A T 2 NG 2 2

1s always an integer.

(a) Find the general solution of the linear system

&\

I
o O =
O = =
— — O

S



(b) (4points) Find the solution satisfying the initial condition z (0) = | —1 | and
compute the solution at ¢t = 2.
. 01
5. (a) For the matrix A = { 10 ]:

(b) Show that A** = and A*"*! = A for any integer n.
, [0 17[01] [1o0]_
A_{IO 1o o1]™]

A = (A =1=1
AP = AA = AT = A,

and

o0

(c) Use the power series cosz =),

(—1)" % to compute cos (At) .

mwmzzquw%gr
- >y
_ i(_m%
- @(‘”" 5;!)[
)

d) Use the power series sinz = 5°°°  (—=1)" 2221 o compute sin (At) .
n=0 @nt1)!

In a similar way to part ¢, we compute

' e " 252n+1
sin (At) = 234)@;30A

n=0
= sintA
- [0 sint
| sint 0 }



