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1. Find a general solution of the di¤erential equations

(a) ex + yexy + (ey + xexy) y0 = 0
Rewrite the equation in the form

(ex + yexy) dx+ (ey + xexy) dy = 0

The equation is exact. Integrating the coe¢ cient of dx with respect to x gives

F (x; y) = ex + exy + h (y) :

Now
Fy = xe

xy + h0 (y) = ey + xexy:

Thus
h0 (y) = ey

and
h (y) = ey:

The solution is
ex + exy + ey = C:

(b) xy0 + 2y = 6x2
p
y.

This is a Bernouli equation with m = 1=2: Therefore, we use the substitnution
u = y1=2: The equation becomes

u0 +
1

x
u = 3x:

The integrating factor is
p (x) = e

R
1
x = x

and we have
(xu)0 = 3x2:

Then
xu = x3 + C:

In terms of y we get

y1=2 = x2 +
C

x
or

y =

�
x2 +

C

x

�2
:
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2. (a) If yc = x2 (c1 + c2 lnx) is a complementary solution for the di¤erential equation
x2y00 � 3xy0 + 4y = x3; �nd a particular solution satisfying the initial conditions
y (e) = 0; y0 (e) = 1:

The solutions of the homogeneous equation are

y1 = x
2; y2 = x

2 lnx

The right hand side (after dividing through by x2) is f (x) = x:

W (y1; y2) =

���� x2 x2 lnx
2x 2x lnx+ x

���� = x3:
Using the method of variation of parameters, we have

u01 =

���� 0 x2 lnx
x 2x lnx+ x

����
x3

= � lnx

which gives (by using integration by parts)

u1 = �x lnx+ x:

Similarly,

u02 =

���� x2 0
2x x

����
x3

= 1

and
u2 = x:

Hence,
yp = x

2 (�x lnx+ x) + x
�
x2 lnx

�
= x3:

The general solution is

y = x2 (c1 + c2 lnx) + x
3;

y0 = 2c1x+ c2 (2x lnx+ x) + 3x
2

y (e) = 0 gives
c1 + c2 = �e

and y0 (e) = 1 gives
2c1 + 3c2 = �3e

Solving we get
c1 = 0; c2 = �e:

The required solution is
y = �ex2 lnx+ x3:
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(b) Find the general solution of the di¤erential equation y00 + y = 2 cos x: (Hint: it
may be easy to guess a particular solution.)
Since the di¤erentiation oparator on the left ( D2+1 ) kills both sin x and cosx;
we may try a particular solution of the form

yp = x (A cosx+B sin x)

Substituting this solution into the equation gives

�2A sin x+ 2B cosx = 2 cos x:

Therefore, A = 0; B = 1: The particular solution is yp = x sin x and the general
solution is

y = c1 cosx+ c2 sin x+ x sin x:

3. (a) Show that �1;2 = 1
2

�
1�

p
5
�
are the eigenvalues of

A =

�
1 1
1 0

�
:

What are the corresponding eigenvectors?

det (A� �I) =
���� 1� � 1

1 ��

���� = �2 � �� 1: Using the quadratic formula, we get
� =

1�
p
1 + 4

2
=
1�

p
5

2
:

For convenience, let �1 = 1+
p
5

2
; �2 =

1�
p
5

2
and observe that �1 + �2 = 1 and

�1�2 = �1.
For � = �1; we have

A� �I =

�
1� �1 1
1 ��1

�
=

�
�2 1
1 ��1

�
!

�
1 1=�2
1 ��1

�
=

�
1 ��1
1 ��1

�
:

Hence

v1 =

�
�1
1

�
Similarly, for � = �2;

v2 =

�
�2
1

�
:

(b) Now consider the model xn+1 = Axn; n = 0; 1; : : : ; with x0 =
�
1
1

�
and A being

the matrix in part (a) of this problem.
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1. Show that xn = Anx0:

x1 = Ax0;

x2 = Ax1 = AAx0 = A
2x0;

x3 = Ax2 = AA
2x0 = A

3x0
...

xn = Anx0:

2. Express xn explicitly in terms of n and compute x1; x2:
Write A = PDP�1 where

P =

�
�1 �2
1 1

�
; D =

�
�1 0
0 �2

�
; P�1 =

1

�1 � �2

�
1 ��2
�1 �1

�
:

Then

xn =
1

�1 � �2

�
�1 �2
1 1

� �
�n1 0
0 �n2

� �
1 ��2
�1 �1

� �
1
1

�
=

1

�1 � �2

�
�1 �2
1 1

� �
�n1 0
0 �n2

� �
1� �2
�1 + �1

�
=

1

�1 � �2

�
�1 �2
1 1

� �
�n1 0
0 �n2

� �
�1
��2

�
=

1

�1 � �2

�
�1 �2
1 1

� �
�n+11

��n+12

�
=

1

�1 � �2

�
�n+21 � �n+22

�n+11 � �n+12

�
3. (2points) Show that, for any n; the quantity

1p
5

24 1 +p5
2

!n+1
�
 
1�

p
5

2

!n+135
is always an integer.
Since x0 has integer components and An has integral components, it fol-
lows that xn = Anx0 also has integral components. In particular, the second
component of xn is always an integer. Thus

1

�1 � �2
�
�n+11 � �n+12

�
=

1p
5

24 1 +p5
2

!n+1
�
 
1�

p
5

2

!n+135
is always an integer.

4. (a) Find the general solution of the linear system

x0 =

24 1 1 0
0 1 1
0 0 1

35x:
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(b) (4points) Find the solution satisfying the initial condition x (0) =

24 1
�1
1

35 and
compute the solution at t = 2:

5. (a) For the matrix A =
�
0 1
1 0

�
:

(b) Show that A2n = I and A2n+1 = A for any integer n:

A2 =

�
0 1
1 0

� �
0 1
1 0

�
=

�
1 0
0 1

�
= I

and

A2n =
�
A2
�n
= In = I;

A2n+1 = AA2n = AI = A:

(c) Use the power series cosx =
P1

n=0 (�1)
n x2n

(2n)!
to compute cos (At) :

cos (At) =
1X
n=0

(�1)n (At)
2n

(2n)!

=
1X
n=0

(�1)n A
2nt2n

(2n)!

=
1X
n=0

(�1)n It
2n

(2n)!

=

 1X
n=0

(�1)n t2n

(2n)!

!
I

= cos tI =

�
cos t 0
0 cos t

�
(d) Use the power series sin x =

P1
n=0 (�1)

n x2n+1

(2n+1)!
to compute sin (At) :

In a similar way to part c, we compute

sin (At) =

 1X
n=0

(�1)n t2n+1

(2n+ 1)!

!
A

= sin tA

=

�
0 sin t
sin t 0

�
:
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