1 Maximum Principle

Let I = (0,1) and consider the problem

—u"(z) +u(x) = f(z), © € 1
(P) { u(0)=ca, u)l)=p

It is well-known that if f € L?(I) then P has a unique solution v Q H?(I), which
satisfies

1 1
/(u’¢’+u¢)dx:/ fde, Yo e HMD).
0 0
Theorem: The solution u € H?(I) of (P) satisfies

min{a,ﬁ,ir}f f}gu(x)gmax{a,ﬁ,sup f}, Vo e 1.
I

Proof: Define a C!-function G such that
(i) G is strictly increasing on (0, 4+00)
(ii) G(x) =0 on (—o0,0].
Let
k = max {a,ﬁ, s%p f}

If k = +oo then u(z) < k.
If £ < +o00. Then, Let v(z) = G(u — K).
Since u —k € H', G is C', and G(0) = 0 then v € H'(I). Moreover,

u(0) —k < 0= v(0)

and
u(l) =k <0=0v(1)=0

Sowv € Hy(I); hence, we have

/uv +uv—/ fu
/Olu’2G’(u—k)+/0 uG(u—k:):/O FGlu— k)

/ UG (u _|_/ u—k u—k)Z/Ol(f—k)G(U_k)

But f —k <0 and G(u— k) > 0. So,

This gives

/Ol(u—k)G(u—k): //2(;' +/f K)G(u—k) <0
1



But
T=tG(t) >0, vVt € R

(G is nondecreasing). This yields
(u—k)Gu—k)=0, aex € 1.

Consequently
(u—k) <0, ae. r € I.

The continuously of u(u € C(I)) =
u<k, Vr e I
To obtain the other part of the inequality, consider —u to be a solution of

/ —w” +w = _f
(P>{ w(0) = —a, w(l) = —B.

Corollary: Suppose that u ¢ H? satisfies (P). Then
(i) fa>0, >0,and f(x) >0, Vx € I. Then u(z) > 0 over I.
(i) If o = 3 = 0. Then [Jul[gee(ry < [[fllzoe(r)-
(ili) If f = 0. Then |ju| gy < max{|cl,|5]}.
Exercise: Show that v = 0 is the only solution of

—u"4+u=0, onl
uw(0)=u(1)=0

Theorem: Let f € L*(I) and suppose u € H?(I) is the solution of

—u'+u=7f wel
w'(0)=4'(1)=0

Then
ir}f f<u(x)<sup f, Vo € [
I

Proof: We know that
/u’v’+uv:/fv, Yo € HYI)

We set k =sup; f and let v = G(u — k). By repeating the steps of the previous
theorem, The result is established.

Exercise: If f € C(I) and u € C?(I) is the solution of (P). Use the equation to
show that if x( is the maximum point of  on I. Then

u(zg) < k = max {ozlﬂ,m?X f}

Theorem: If f ¢ L*(IR) and u ¢ H?(IR) is the solution of —u” +u = f, over IR Then

i%f f <u(x) sup f-



