Lemma. (Partition of Unity)

k
Let S ¢ RN be compact and Oy, O, . .. Oy, be open covering S; that is S C U O;.
i=1
Then there exist functions vy, ¥y, . .., ¥ € C°(IRY) such that

k
() 0<¢: <1, ¥i=0,1,2,....k and 3 ¢ = 1.
=0

(ii) supp ; C O;, Vi=1,2,...,k and supp 1, C RV\S

Proof. For each x € S, there exists r, such that the ball B(x,2r,) C O;, for some
ie{l,2,... k}.
Since S is compact then there exist a finite number of balls (B (z;,7,,)) covering

S; that is S C | B (@,74,) -

i=1
Let € = minj<;<;, 7, and set O, . = {z € O,/ distance (z,00;) >¢c},i=1,2,...k.
it is easy to check that {Oi,a}le is a covering of S. Let
k-1 k k
01 =01., 0;=0;\ O, V;=2,...k and Oy =JO; = | O
= i=1 i=1

i=1

Let x; = xo; (the characteristic function), so SF xi=1on Oy D S since (O)) are
pairwise disjoint. define

Ui =pnkxi, b < min{%, dist (S,aoo)}

So
Y € C°(RY) and v;(x) =0, Va/ dist (z,0]) > h

hence ¢; € C§° (0;). Also
k k
Soti = 3 [ =)y

k
= /I{Nph(x—y);m(y)dy:/RNph:1, Vo €0,D 8.

Proposition (Change of variables)
Let H : Q' — Q be a bijection with €, € opens of RY and such that

HeoY ), H'eCQ), JacH e L™(Y), JacH '€ L>()

—~

If u e WhHP(Q) then uoH € Wh»

—~

) with

o N
g, o) =3 5




Here H(y) =
Proof: For 1 < p < oo, we choose a sequence (u,) € C5¢(IR™) such that u, — u
in L?(Q) and Vu, — Vu in [LP(w)]Y, Vwcc Q. So

un0H — uoH in LP(Q)

and

?;?OH — gx,OH in IP(w), Vo cco

By taking ¢ € C}(), we easily see that

//(unOH 8yj //Z <?;:Z ) 8yj

By letting n go to oo, we arrive to the desired result. For p = +o00, we proceed like
the previous theorems.
Theorem. (Extension Theorem)

Suppose that € is of class C! with 9Q bounded (or Q= ]Rf ) . Then there exists
an extension operator

P:Wh(Q) — WHP(RY)
linear and such that Vu € WHP(Q)
(i) Pu, =u
(1) [[Pullppwyy < Cllullree)
(iil) [[Pullyrrmyy < Cllullwis)-

C' is a constant depending on p and ().
Proof. Since 02 is compact and of class C!, then there exists k opens (O,-)f:1 such

k
that 0 C U O; and bijections H; : Q — O; such that

1=1

H;eCYQ), H'eC'(0;), Hi(Q)=0;NA

and
Consider the functions 6, 01, ..., 0, seen in the partition of unity lemma. We then
set

k k k

Extension of ug: Let



and note that
bo € C'IRY)NI=(RY), 0<b <1, Ve [L2®RY)]"
since
V@oz—iV@-, suppb; C O;, Vi=1,2,... k,
i=1
and supp 0; is compact. Therefore
0 ou

OO
81’2' o= 081’2' u&l’i,

ug € Wl’p(]R,N),

hence

ol lwromyy < Cllullwir),
where C' is constant depending on the L* norm of 6y and V6.
Extension of u;, 1 <i<k:

We consider the restriction of u to O; N2 and we ”transport” it over ) by using
H;. For this, we define

vi(y) = u(Hi(y)), Yy € Q.

It is easy to verify that v; € W'P(Q,). We then extend v; to @ by reflection and
denote this extension by v}, which belongs to W?(Q). We then ”retransport back”
v over O; by using H;'. Let

wi(x) =i [H(x)], vz € O3
So
w; € WH(0;) and w; = u over O; NQ
with
|[willw1r0,) < Cllullwrroine)

Finally let

w;(r) =

0;(x)w;(x) , YreO;
0 5 Vo € IRN\OZ
By the above lemma, we have
a; € WYP(IRY), 4 = u; over Q

and
||'ai||W1’P(]RN) < C||U||W17P(Omﬂ)

k
Conclusion. Pu = uy+ Z u; has all desired properties.
i=1

Corollary (Density):



Suppose that € is of class C! and let u € W'P(Q) be given with 1 < p < +o0.
Then there exists a sequence (u,) C C°(IR") such that

Uplg — u in WHP(Q).

Proof.

(1) If 9 is bounded we then extend u to R” and then we take u, = &, (pn * Pu),
which converges to Pu in W P(IRY). In particular u,, — u in WP(Q).

n
and ¢ is the truncation function. We know that &,u — wu in W'P(Q), so for

e >0, dng € IN such that |[£,0u —ullw, ) < 5-

(2) If 0 is unbounded, then we consider the sequence &,u, where &, = §(£)

Since supp &,,u is included in a large ball we then extend &,,u to IRY and apply

the above to get a function v. in Cg°(IRY) such that |[v. — &ullwir < £
Consequently

||U0 — U€||W1,p(Q) <€

We then construct the sequence (v.) C C3°(IRY) which converges to u in WhP(€).



