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1 Our problem:

utt(t)+Au(t)—/O g(t—s)Au(s)ds+f(u) = 0, t >0
u(0) =ug €V, u(0) = u; € H, (1)

where A : V — V' isa“differential” operator.

Hypotheses:

(H1) There exixtsan operator B : V' — H such that
< Au,v >yvy=< Bu, Bv >pgxq (2)

(H2) g : IR, — IR, isadifferentiable function satis-
fying



(H3) There exists a constant C,, > 0 such that
[o]|* < Gl|Bol’,  YveV, (5)

where ||.|| isthenormin H.
(H4) f : V — H such that

[f] < G[|Bv]|*,  VweV, ax1
(H5) Thereexists F' : V' — IR, satisfying

d
S Fu(t) = < flu(t), u >

Flu(t))— < flu(t)),u ><0

Definition: By aweak solution of (1), we mean afunc-
tion

ue O([0,7); V)N CH[0,T); H)
satisfying, for amost every t > 0,

d
o < u(t),v >+ < Bu(t), Bv >

+ < flu(t)),v > _/0 g(t — s) < Bu(s), Bv > ds
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+ < f(u(t)),v>=0, YveV
u(0) =uy €V, u(0) =uy € H

The energy

ew>§@/£@w)zww2 ©
sollud P+ 59 0 Bu)t) + Flu(t)),

2
where

(gov)(t)

t

/ﬁ@—fmww—vmeT (7)

0

Remark. Condition p < 3/2 is made so that

/ g P(s)ds < oo.

0



2 Decay of solutions

Let

L(t) = g(t) + El\IJ(t) + €2X<t>, (8)
g1, €9 > 0 and
‘P(t) = U, Ut >HxH (9)
X(t) 1 =— <y, /g(t — 1) (u(t) — u(7))dT >Hxpm -

0
Lemma2.1For »r >1and 0 < 6 < 1, we have

t ’ 1/r
/g(t—S)Hw(S)H2dS < (/gle(tS)’w(S)QdS)

0 0

" r/(r—1)
X (/ Al (B S)’W<S>2d8)

0

Proof. It suffice to note that
t

/ g(t — 5)||w(s)| Pds =

0
t

/ g (=) [w(s)|[P7 g (t—s)|[w(s)| [P ds

0
and apply Holder's inequality.
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Lemma2.2. Let v(t) besuchthat Bv € L*>°((0,T); H)
and ¢ be a continuous function on |0, T'] and suppose
that 0 < 8 < 1and p > 1. Then, there exists a con-

stant C' > 0 such that
t

/9(75 — 5)||Bu(t) — Bu(s)||*ds <

p—1
t p—1+6

| sup [|Bu(s)|? / g'"(s)ds
O0<s<T /

t p—1+6

y L/g%t—sﬂuﬁxw-Bv@nﬁds

Proof. By using lemma 2.1 with
r=@p—-1+0)/(p—1),

we obtain
t

/ g(t — 5)||Bu(t) — Bu(s)|’ds < (10)

p—1
p—140

)

/gl_e(t — 5)||Bu(t) — Bu(s)||*ds
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0
t p—1+0

’ / §(t — 8)[|Bo(t) — Bu(s)||ds
0
It is easy to seethat
t

[ 5= s)l1Bote) ~ Buls)| s <

0
t

C sup ||Bo(s)|] / ¢ Us)ds (1)

O0<s<T
0

By combining (10) and (11), the proof of the lemmais
compl ete.

Lemma2.3. Let v(t) besuchthat Bv € L*>((0,T); H)
and ¢ be a continuous function on |0, T'] and suppose

that p > 1. Then, there exists a constant ' > 0 such

that

t

/ g(t — $)|| Bu(t) — Bu(s)|Pds < (12)

0



" (p—1)/p

C <t3v<t>2+ / Bv<s>2ds)
t ’ 1/p
y (/gp(ts)Bv(t) Bv(s)st) |

0
Proof. We use (10), for 8 = 1 to arrive at

t

[ ot = s)Bote) ~ Buts)| s <

0

t (p—1)/p
( [ 11Be(o) - Bv<s>2ds)
" p
’ (/gp(ts)Bv(t) Bv<s>2ds> |

0
It suffices to note that

/ 1Bo(t) — B(s)|[*ds =



{|Bu(t)|? + / | Bu(s)|%ds

to obtain (12). This completes the proof.

Lemma 2.4 If u isthe solution of (1) then the energy
satisfies

1) = (o o Bu)(t) + g(0)]| Bu(t)|

< %(gf o Bu)(t) < 0. (13)

Proof. By multiplying "scalarly” equation (1) by u;,
and using (2)-(4) and some manipulations, we obtain
(13).

Lemma 2.5. For ¢; and ¢, small enough, we have
041L<t) S g(t) S OéQL(t), (14)
holds for two positive constants o;; and .

Proof. Straightforward computations, using (2), (5),
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lead to
L(t) < E(t) + (e1/2) ||wl |* + (e1/2) [Jul

t

+(£2/2) [Juel[* + (e2/2) || [ gt — 7)(u(t) — u(7))dr]]*
(15)

t

}g“ - Dl(utt) ~ u(r)IFar " (Jate—riar) v
1

0

(16)
we arrive at
L(t) < &(t) +[(e1 + £2) /2] [[wi|[* + (€1/2) Cp|| Bul|?

1 (£2/2) Cy(1 — 1)(g o Bu)(t) < as€(t).
(17)
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Similarly we have
L(t) > (3 — [(e1 +e2) /2]) [|wil

+ (5 = (€1/2) G) || Bu(t)||* + F(u(t))

+z — (e2/2) Gyl = D)(g 0 Bu)(t) > au€ (t)(18)
for 1 and £, small enough.

Lemma 2.6 Under the asumptions (2)-(5), the func-
tional

‘P(t) =< U, Ut >HxH
satisfies, along the solution of (1)

V(t) < bl —L1BulP ~ Fw) (19

t

-I-% /92_p(7)d7' (g o Bu)(t).

Proof By using equation (1), we see:
U'(t) = < u,uy >pxn +||ud?

= [Jwll* = [|Bul[*~ < u, f(u) >pxn(20)
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t
+ < Bu, /g(t — 7)Bu(T)dr >
0
< wll* = [|Bull* = F(u)

t

+ < Bu,/g(t—T)Bu(T)dT > v
0

Estimate the forth term in the RS of (20) asfollows:
t

< Bu, /g(t — 7)Bu(T)dT >pvpy
0

t
1 1
< SlIBulP + 3] [ gt~ rBu(ryar
! 0
< 5||Bu||2 - (21)

511 [ ot = DBu(r) — u(®) + u(e)ar]

Use Cauchy-Schwarz, Young's inequalities, and
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/ dTS/g dr =1—1,

to obtain, foranyn >0,
I [ ot = 7)Blu(r) = ult) + u(t)ar]]
< | [ gt = 7)(B(r) - Bu(t)dr|
HI gt = 7)Bute)ar|?

12 < f‘ gt — 7)Blu(r) — ult))dr,

jg(t — 7)Bu(t)dr >

0
t

< (@ +n)l [ gt = 7)Bu(t)dr]|*

0
t

+(1+ I [ 9t = 7)(Bu(r) — Bu(t))dr|?

0

13
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Cauchy-Schwarz ineguality again —

H/ (t— ) u(t))dr]

0

< ( / g*P(r)dr / " (t—)I| B(u(T)—u(t))||*dr
Thus (22) becomes
||fgt—7> (u(r) = ul(t) + ult))dr|[

< (1+n) (fgt—T ) [|Bu(t)|]?

(ff % dT) (" o Bu)(#)
< (14 n)( 1—l2| ||2

<w

\/
Q
S
O
&
:



Combining (20)-(24) —
1
V) < llwll”+5 [=1+ 0+ =1°] || Bul]
(25)

+(1+ %) (/ ng(T)dT) (g” o Bu)(t) — F(u).

0
Choosen = 1/(1 — [) so proof is completed.
Lemma 2.7 Under the asumptions (2)-(5), the func-

tional
t

(1) = — < s, / ot — 7)(u(t) — u(r))dr >
satisfies, along the S?)| ution of (1)

(o) < 5{1+20 - 02 + (S Buyp

1
—I—{2(5—|— /g2 P(r)dT)(g" o Vu)(t)
0

9(0)
46

{5 / (s)ds}H|w|P, V6 > 0.

0

Cp(—(g' o Bu)(t) (26)

15



Proof. t
X (t) = — < uy, bfg(t — 7)(u(t) — u(r))dr >

— < uy, fg’ (t — 7)(u(t) — u(r))dr >

(fg )Hut ol

= — < Au(t ,{g (t — 7)(u(t) — u(r))dr >

t

+ < [ gt — s)Au(s)ds, bf g(t — 7)(u() — u(r))dr >

< —f(u), jgu ) (ult) — u(r))dr >

— < uy, ftg’ (t — 7)(u(t) —u(r))dr >

- (Jatrar ) e

All theterms are treated in asimilar way except
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g
< sC3liBul + & ([ 4(r)ar ) (6o Bt

t
< 6C2(ED)01| | Byl 2 + L (g“ gQ-pde) (9" 0 Bu)(t

Theorem 2.8 Let (ug, u;) € V x H begiven. Assume
that ¢ satisfies (3) and (4). Then, for each ¢, > 0,
there exist strictly positive constants K and £ such
that the solution of (1) satisfies, for all ¢ > #,

< Ke~ p=1 (27)
< K(1+t) Vo=b " p>1.

Proof
Since g is positive, continuous, and g(0) > 0 then
for any ¢, > 0 we have

t to

/g(s)ds > /g(s)ds = g9 >0, Vt > t;,. (28)

0 0
Use of above lemmas —
L'(t) < —leafgo — 6} —e] [Jwl | — e1F(u)
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2 st -4 D]
(29)

At this point we choose ¢ so small that

—5>%go

26{1+2(1 - 1) +C2( Jya—11 < 190-

Whence ¢ isfixed, the choice of any two positive con-
stants €, and ¢, satisfying

1 1
7902 < €1 < 5goe (30)
will make
ki = 82{90—5}—81 > 0
[ E(0
ky = % — &8{1+2(1 = 1)* + C§(¥)O“1} > 0.

We then pick £; and €5 so small that (11) and (30) re-
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main valid and

1 g(O) €1 1
(5—62 15 Cp—[l +€2{26+5}]

0

/ng(T)dT > ()

0
Therefore, for dl t > t,. we have

(31)
L'(t) < =B [|lwl* + [|Bul|* + (¢" o Bu)(t) + F(u)]
Casel. p = 1: We combine (6), (14) and (30) to get
L'(t) < —BE(t) < —FiaqL(t) YVt > t,(32)

A simpleintegration of (32) leadsto

L(t) < L(tg)elratoe=Pat vt > ¢, (33)

which implies

E(t) < auL(ty)elMbe™Pot — ekt Wt > ¢
(34)
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Case2. p> 1.

Conditions (3) and (4) —

/ g 7 r)dr < 00, 6<2—p,
0
so lemma 2.2 yields

(go Bu)(t) < C{(g" o Bu)(t)}"/"~"*% (35

X { ( /O ) 91‘9<T>d7) 5(0)}(p1)/(p1+9>

Therefore we get, for o > 1,

E7(t) < CEHO) (Jlwl|” + || Bul|* + F(u))
+C {(g o Bu)(t)}" (36)
< CE7H0) (|Jwl” + || Bul|* + F(u))

B o o(p—1)/(p—1+6)
+C {5(0)/ gl_e(r)dT}
0
x {(g" o Bu)(t)}"" "1+

where C' is a generic positive constant. By choosing
f=1ando =2p—1(hencect/(p—1+06)=1),
estimate (36) gives
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E7(t) < C {IJwll* + || Bull; + (9" o Bu)(t) + F(u) }
(37)

Combining (14), (31) and (37), we obtain

L'(t) < =3,€°(t) < =P ()" L7(t), Yt = 1o,
(38)

where 3, > 0. Integration of (38) gives
L) <CA+t) YU we>t.  (39)

As a consequence of (39), we have

/OO L(t)dt + suptL(t) < co. (40)
0

>0

go Bu <

1

Using Lemma 3.3, we have
Bu(s)||*ds + Supt||Bu(t)||2] (gpoBu)l/p
t

<C / L(s)ds + tL(t)] (¢" o Vu)'/?
| Jo
< C(g? o Vu)'/r.
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So
g’ oVu > C(go Vu)’. (41)
S0 (31) becomes

L(t) < =C [[[wl]” + | Bu®)|]* + (g 0 V) (t) + F(u)] .

(42)
Also,
EP(t) < C [Ilw])* + | Bu(t)|]* + (g 0 Vu)(t) + F(u)] .
(43)

Combiningthelast twoinequalitiesand (14), weobtain
L'(t) < =CLP(t), t>t. (44)
A smple integration of (44) yields
L(t) < K(14t)7Y07 ¢ >,
This completes the proof.

Remark . Estimates (27) aso hold for al ¢ € [0, |
by virtue of continuity and boundedness of £.
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3 Applications.
1)Vector-valued Equation
uy(t) + Au(t) — {g(t — 7)Au(T)dT =0, in (0, 00)

u(0) = uy € IR", u(0) = uy € IR",
(49)
where A : IR" — IR" isasymmetric positive definite
matrix

u - IR™ — IR" is a one-variable vector-valued func-
tion

It is easy to verify that there exists anonsingular sym-
metric matrix B : IR" — IR" such that

A= DB
Define t
1 1 1
£(t) = O +5(1- | gls)ds) Bu(®)P+590Bult
0
where

g0 Bu(t) = /0 o(t — 8)|Bu(t) — Buf(s)[ds

Theorem 3.1. Under the condtions (3) and (4) on g,
the solution of (45) satisfies

E(t) < Ke ™, p=1
23



Et) < K(1+t) YD p>1.

Proof. Take
H=V=IR"
equipped with the norm | | and use
Av.w = Bv.Bw, Yv,w € IR"

Also,
u| = |B~'Bu| < C,|Bul
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2) Wave Equation:

y

!
uy — Au+ [ gt — 7)Au(T)dr
0

+lulf~2u =0, inQ x (0, 00)

u(x,t) =0, € 902 ,t >0

L u(x,0) = up(z), u(x,0) =ui(z), z € Q,
(46)

L\

(2 C IR" (n > 1) bounded with 052 regular, g > 0
satisfying (3) and (4), and

In this problem, we take
H=IL*Q), V=H(Q), A=-A
It iswell known that
< —Au,v >= / Vu.Vudz, Yu,v € V
Q

and, by Poincare, we have
/qu:c < C'p/ Vu|?dx
Q Q
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Also,
fu) = w2 and Flu /w

which gives

Flu(t))— < flu(t),u>= (= —1) /Q ul’ <0

| o
Theenergy is

()« =3 (1 -/ g<s>ds) [Zu(t)|

0
1 1
5l + 590 V) + 5 [ ul'da

Theorem 3.2: Under the condtions (3) and (4) on g,
the solution of (46) satisfies

< Ke~ p=
Et) < K(1+t) V=l > 1.
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