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Abstract
The flow of a fluid through a heterogeneous porous medium is studied,
assuming it is governed by a nonlinear Darcy’s law and Dirichlet boundary
conditions. Under a general condition on the permeability we prove that
the free boundary is locally a continuous curve in some local coordinates.
We also prove the uniqueness of the Reservoirs-Connected Solution.

Introduction

The dam problem has attracted the attention of many researchers over the
last thirty years. However there still exists a certain number of unsolved ques-
tions related to this challenging problem. Among them the regularity of the free
boundary and the uniqueness of the solution for flows in general heterogeneous
porous media.

To begin with we would like to say few words about the evolution of the problem
which for the sake of briefness will be restricted to the steady state case with
Dirichlet boundary conditions on the bottoms of the reservoirs.

First Baiocchi solved in [6] (see also [7] and [31] )the case of rectangular dams
by using variational inequalities.

For dams with general geometry a new approach was introduced by H. W. Alt
in [2] for the heterogeneous case and by H. Brezis, D. Kinderlehrer, and G.
Stampacchia in [11] for the homogeneous one. Somehow the two formulations
are equivalent to

Find (p, x) € HY(Q) x L>(Q) such that :

(i) p>0, 0<x<1, p(l—x)=0 ae. inQ,

(Py) (1) p=¢ on SyUSs,

(iii) /a(X)(Vp+Xe).vng <0, e=(0,1),
ngeHl(Q), £E=0onS;, £>0o0nSs,,

where p is the fluid pressure, x a function characterizing the wet part of the dam,
a(X) = (ai;(X)) is the matrix permeability of the medium and X = (z,y).



They proved existence of a solution (p, x).

Concerning the regularity of the free boundary, H'W. Alt proved in [3] that in
the homogeneous case it is an analytic curve y = ®(x).

Uniqueness of the so-called S3-connected solution was proved by J. Carrillo and
M. Chipot in [14] and also by H.-W. Alt and G. Gilardi in [5].

In [15], J. Carrillo and A. Lyaghfouri considered this problem, assuming the
flow governed by the following nonlinear Darcy law (see [22])

™ v =-V(p+y) m>0.

They formulated the problem in terms of the hydrostatic head ©v = p + y and
were led to an extension of (Py) corresponding to the general problem (P) given
in the section below, with A(X,&) =] £ [772 £ and ¢ = 1+ . Despite of the
nonlinearity, the authors showed that this problem is well posed and proved the
existence of a solution, the continuity of the free boundary y = ®(z) and the
uniqueness of the Ss-connected solution in the case n = 2. For n > max(2, q),
they proved the existence and uniqueness of a minimal solution.

The case of a general heterogeneous dam of general geometry was formulated
first in [2] by H. W. Alt who proved the existence of a solution and local Lipschitz
continuity of the pressure. Moreover he gave a counterexample showing that y
may not be a characteristic function of the wet set [p > 0]. He also proved that

div(aia,a22) >0 in D'(Q)= Vx-a(X)(e) <0 in D(Q).

In [21] and [32], the authors showed that if a(X) = k(z,y)l> with g—’; <
0 in D'(Q), then the free boundary is a continuous curve y = ®(z) and the
S3—Connected Solution is unique. These results were generalized by the second
author in [27] to the case where

_ [ a(X) 0 an Oazs in D’
a(X)—<a21(X) a22(X)> 4 GE0nD@).

From the description of the heterogeneous case, rises naturally the following
question: Can we always describe the free boundary globally or at least locally
as a graph of a continuous function that is or not necessarily of the form y = ®(x)
orxz=Y(y)?

It is our purpose in this paper to address this issue in the more general case
where the flow is governed by the nonlinear law

v=—-AX,V(p+y)).

Then by using a similar formulation as in [15] i.e. u = p+y and g =1 — x, and
by assuming that

div(A(X,e)) >0in D'(Q) and A(X,e) € CH(Q),



we give a positive answer to the previous question.

The main new idea is the following: we remarked that under the previous as-
sumption, the function g is non-decreasing along the orbits of the ordinary
differential equation

X'(t) = A(X(t),e)

which generalizes the fact that x is non-increasing with respect to the second
variable y when a12 = 0 and ass is non-decreasing with respect to y (see [27]). It
follows that if the pressure is positive at some point Xo = X(to) of the porous
medium, where X (.) is the orbit containing Xy, then

p(X (1) >0  Vt<tg.

This important property is then exploited to prove that the free boundary is
represented locally by continuous graphs. This is done essentially by introducing
two Cl-diffeomorphisms related to the above ordinary differential equation. As
a consequence we obtain that g is the characteristic function of the dry part
[p = 0]. This helps to show the uniqueness of the Ss3-Connected Solution which
we prefer here to call the Reservoirs-Connected Solution.

We would like to point out that in all previous studies, authors considered
only dams that are enclosed between two curves y = s_(x) and y = sy (x)
which represent respectively the bottom and the top of the dam. This implicitly
assumes that the dam is vertically convex. In this study we do not assume this
constraint and allow a wide variety of geometrical forms for our dam. We recall
that for the existence of a solution it is only required that € is locally Lipschitz.
However for the study of the free boundary we will assume that € is locally of
class C.
Finally we have chosen to introduce the different hypotheses gradually into the
text following the need only.
The paper is organized as follows: in Section 1, we give the weak formulation of
the problem and some properties. In Section 2, we prove a monotonicity property
for the function g. In Section 3, we define a family of functions (®,);, representing
locally the free boundary and prove they are lower semi-continuous. In Section
4 we prove some useful Lemmas. In Section 5, we prove the continuity of the
functions ®j. Finally in Section 6, we prove the uniqueness of the Reservoirs-
Connected Solution.

1 Formulation of the Problem

A porous medium that we denote by €2 is supplied by several reservoirs of a fluid
which infiltrates through . We assume that 2 is a bounded locally Lipschitz
domain of IR? with boundary 9Q = S;US,USs, where Sy is the impervious part,
Sy is the part in contact with air and Sy = |J/=2 S with Ss; (i = 1,...,N)
the part in contact with the bottom of the i*” reservoir. We assume that the
flow in 2 has reached a steady state and we look for the fluid pressure p and



Figure 1:

the saturated region S of the porous medium. The boundary 95 of S is divided
into four parts (see Figure 1)

e 'y C 51 : the impervious part,
e I'; C Q: the free boundary,
e I's C S5 : the part covered by fluid,
e ['y C S5 : the part where the fluid flows outside €.
The flow is governed by the following nonlinear Darcy law
v=—AX,V(p+y)) = -A(X, Vu) (1.1)

where v is the fluid velocity, u = p+y is the hydrostatic head and A : Qx R?* —
IR? is a mapping that satisfies the following assumptions for some constants
g>land 0 <A< M < o0

i) X — A(X,€) is measurable V¢ € IR?,
i) & — A(X,§) is continuous for a.e X € Q,
iii) for all £ € IR* and for a.e. X € Q,
A(X,€)-£ > ME]7 and  [A(X,§)] < MI¢]7,
iv) for all £,¢ € IR? and for a.e. X € Q,
(A(X, ) — A(X, )6~ €) = 0.

(1.2)
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Moreover we have the following boundary conditions

{ p=0on S, p=¢onS;, vwr=0only, (1.3)

p=0 and wvwr=0 only and wov.r>0o0n/ly,

where ¢ is a nonnegative Lipschitz continuous function which represents the
fluid pressure at the bottoms of the reservoirs. For convenience we assume that
Ss is open relatively to 0€).

Assuming the flow to be incompressible and taking into account (1.1)-(1.3), we
are led (see [15]) to the following problem

Find (u,g) € WH4(Q) x L>=(Q) such that :
(1) u>y, 0<g<1, glu—y)=0 ae. in,
(P) (1i) u=¢p+y onSyUSs,
(4ii) / (A(X,Vu) — gA(X,€e)).V&dX < 0
Q
VECWHI(Q), €=0onS;, £>0onSs.

For the existence of a solution of (P) under the assumptions (1.2), we refer
the reader to [29] where an existence result is given for generalized boundary
conditions. The reader can also adapt the proof in [15] obtained for the case

A(X, §) = [€172¢.

Arguing as in [16] or [27], we obtain



Proposition 1.1. For each solution (u,g) of (P), we have
div(A(X, Vu) — gA(X,€)) =0 in D'(Q). (1.4)
Moreover if div(A(X,e)) >0 in D'(Q), we obtain

div(A(X, Vu)) = div(gA(X,e)) > 0 in D'(2). (1.5)

2 A Monotonicity Property of g

From now on, we shall assume that
Al e) = (a'(.),a*()) € CH(Q) (
div(A(X,e)) >0 in C°(Q) (
[ =0Q is of class C* (
A(X,e)-v#0 VX € 00. (

Then we consider the following differential system

X'(t,w,h) = A(X(t,w,h),e)
(B(w,h)) { X(0.wh) = (wh)

where h € m,(Q2) and w € 7, (2N [y = h]) and where 7, and 7, are respectively
the orthogonal projections on the x and y axes.

By the classical theory of ordinary differential equations there exists a unique
maximal solution X (.,w,h) of E(w,h) which is defined on [a_(w,h), ay(w,h)]
with X (a_(w, h),w,h) € 02N ([y < h]), X (at(w, h),w,h) € 2N ([y > h]) (see
Figure 2).

For simplicity we will denote in the sequel X (¢,w,h), a_(w,h) and ay(w,h)
respectively by X (t,w), a_(w) and a4 (w). We note that (2.4) means that the
orbits of E(w,h) don’t meet 02 tangentially. Moreover under the assumptions
(2.1), (2.3) and (2.4), one has

Proposition 2.1. a_,a; € CY(m,. (2N [y = h))).

Proof. Let h € m,(2) and wy € m, (2N [y = h]). By (2.3) there exists a C*
function ¢ and n > 0 small enough such that one of the following situations
holds

i) o(Xi(a_(w),w)) = Xs(a_(w),w) Yw € (wo—n,wo +n),
i1) o(Xz(a_(w),w)) = Xj(a_(w),w) Yw € (wg—n,wy +n).

Assume for example that ¢) holds. This means that a_(w) satisfies

Fla_(w),w) =0 VYwé€ (wg —n,wo+n), with F=oc0X;— Xs.



X(B(w).w)

®
X(0,w)= (wh)

X(a(w),w)

Figure 2

Taking into account (2.1) there exists an open set Q* containing  such that
A(.,e) € CH(Q*). Then for each w € 7, (Q*N[y = h]), there exists a unique maxi-
mal solution X*(.,w) of the differential system (£ (w, h)) defined on [o* (w), o} (w)].

Obviously we have X‘*( ooy X when w € 7, (2N [y = A)).
o (@), (@

Let F* = coX;{ — X3 defined on D* = {(t,w)/w € (wo — n,wo + 1), t €
(o (w),a’(w))}. We have F* € C'(D*) since X; € C'(D*) and ¢ is C*. In
addition F* is a C'! extension of F' to D* and we have by (2.1)

OF*

Srte) = (W)

0X; 0X;
o (t,w) — m (t,w)

= J(Xi(t,w)).a (X{(t,w)) — a*(X](t,w)).




In particular by (2.4) we obtain

OF*
ot

(a—(wo),wo) = o' (X1 (- (wo),wo))-a" (X1 (a—(wo),wo))—a* (X1 (- (wo),wo)) # 0.

Therefore by the implicit function theorem, we deduce that there exists § € (0, 7)
and a unique function f : (wy — d,wg + §) — IR such that

F*(t,w) = 0et=f(w)
flwo) = a_(w) and feC wy— b wy+9).

Since F*(a_(w),w) = F(a_(w),w) = 0, it follows that a_(w) = f(w) and
a_ € CHwo — §,wg + 0).

If i4) holds, the proof is similar. Thus a_ € C! (7, (Q2 N [y = h))).

In the same way we prove that oy € C1(m,.(Q N [y = h])). O

Definition 2.1. For each h € m, () we define the set
Dy ={(t,w) /w e m(QN[y = h]), t € (a(w),ay(w))}

and consider the mappings Ty, : Dy, — Tp(Dy) and Sy : D, — Sp(Dp)
defined by :

Th(Dp)(t,w) = X (t,w) = (T}, TH(t,w) and Sp(t,w) = (w, Ly(t,w)) = (w,7),

t t

where Lp(t,w) = / JA(X (s,w),e)|lds = / | X'(s,w)|ds represents the
a_(w) a_(w)

arc Length of the curve X (.,w) from the point X (a_(w),w) to the point X (t,w).
Then we have

Proposition 2.2.

Q= |_| T.(Dy), Tn and Sy are Cl diffeomorphisms.
hemy, ()

Proof. First for each (x,y) € Q we have (z,y) = X(0,w) = T(0,w) with w =z
and h = y.

Next thanks to (2.1) we have T}, € C'(D},). By Proposition 2.1, S}, is also in
CY(Dp,). To see that they are diffeomorphisms, it suffices to verify that det(JT},)
and det(JSy) do not vanish. We denote by JF the Jacobian matrix of the
transformation F' and by det(J F') the determinant of JF.

One can easily check that

detTSp = —|A(X (t,w),e)| <0

Yi(t,w) = det(JTy) = al(X(t,w))aXz

Ow

—@(X (W) 2L,



oYy

S (tw) = Yilt,w) {div(AC, ) HX (tw))

Therefore
Yi(t,w) = Yh(O,w).eXp(/O {div(A(.,e)) }(X (s,w))ds). (2.5)

Since Y3, (0,w) = —a?(X(0,w)) < 0, we get Y, (t,w) < 0Vt € (a_(w), ay (w)),
Yw € m, (2N [y = h). O

The following key theorem generalizes the fact that g, > 0 in D’(2) when a; =0
and ag is non-decreasing with respect to y (see [15], [16], and [27]). It will play
a major role for the definition and continuity proof of the free boundary.

Theorem 2.1. Let (u,g) be a solution of (P). We have for each h € m,(Q)

%(5.(—Yh05’:1)) >0 mn 'D/(S}L(Dh))

where Y}, is given by (2.5) and g = goTyoS;, "
Proof. Let ¢ € D(Sy(Dy)), ¢ > 0. Then ¢oSpoT; ' € C(Th(Dy)) and by (1.5)
and (2.2), we have
/ gA(X,e)V(poSyoT; 1 )dX < 0.
Th(Dr)
Using the change of variables T}, (t,w) = (z,y) and the fact that

A(X (t,w),e) (V(qboShoTh_l))oTh.(—Yh(t,w)) = —Yh(t,w)%woSh)

we get
/ GOTh (6, )- (=Y (1)), 2 (608 dtdw < 0
b ot

which becomes after using the change of variables S} 1
0
/ goT08;, ' (w, 7).(= Y308, (w, 7')).(a(¢05h))05;1.|detj5,:1|dwd7‘ <0.
Sh(Dh,)

Taking into account that

0 0 0
(a(qﬁoSh))oSh_l = a—f.|A(.,e)|oThoSh_1(w,T) = a—f_).|det\75'h|,

we obtain 5
/ ﬁ(w,T).(—Yhosgl(w,T)).—d)dwdT <0.
Sn(Dn) or
O

Remark 2.1. In order to avoid complicated notations we will use in the sequel
f to denote the function foThoS,j1 for any function f defined on Typ(Dp). We
will also denote by Ty, and Yy the functions Thosgl and —Yhosgl respectively.



3 Lower Semi-continuity of the Free Boundary

In what follows we assume that there exist nonnegative constants x, o and
positive constants A\g, Ay with ¢ < 1 and A\; > A such that for all X|Y €
(£ € R?

> DA X088 = Mol + G eP (3.1)

J
KO < M), (3:2)
A, Q) — A, Q)1 € M1+ 1)1 — Y1) (3.9

Remark 3.1. i) If A(X,() = a(X)¢ with a(X) a bounded 2-by-2 matriz, then-

(3.1) and (3.2) are satisfied and (3.3) is not needed. In this case u € C’l T(QuU

S9 U S3) for some v € (0,1).

ii) Assumptions (3.1)-(3.8) are satisfied in the case where A(X,¢) = |¢|772C.

Moreover under these assumptions, we deduce from (1.1) (see [20], [30] ) that
C'lOOZ(Q U Sa U S3) for some v € (0,1). Also by (1.1) and (P)i) we have

dw(.A(X w)) =0 in D'([u > y]). It follows then by (3.1)-(3.8)(see [19], [25] for
example) that u € CL°([u > y]) for some & € (0,1).

loc

The following strong maximum principle (see [18], [4]) will be needed in the
sequel

Lemma 3.1. (Strong mazimum principle) Let uy and us be two functions
defined on a domain D of IR® such that ui,us € CYD), uy > us in D,
the set {X € D/Vui(X) = Vua(X) = 0} is empty and div(A(X,Vuy) —
A(X,Vug)) <0. Then we have either

ur=uzx mD or wu >us inD.

The theorem below will allow us to define the free boundary d([u > y]) N
locally as a curve.

Theorem 3.1. Let (u,g) be a solution of (P) and Xo = Tp(wo, m0) = (To,y0) €
Q.
i) If p(Xo) = p(wo, 70) > 0, then there exists € > 0 such that

p(w,7) >0 V(w,7) € Ce = {(w,T) € Sh(Dp) [ |w —wo| <€, 7 < 109+ €}
it) If p(Xo) = p(wo, 70) =0, then  p(wo,7) =0 Y7 > T19.
Proof of Theorem 3.1.i) By continuity, there exists ¢ > 0 such that
Plw,7) >0  V(w,7T) € (wo — €,wo +€) X (To — €T + €) = Q.
Then g(w,7) = 0 for a.e. (w,7) € Q.. By Theorem 2.1 and since V, > 0, § > 0,

we get ¢ =0 a.e. in C¢, i.e. ¢ =0 a.e. in 7T,(C,) (see Figure 3).

10



X(B(wo), )

ThoS(Ce)

X (@ (o), 0p)

Figure 3

By (1.4) we have div(A(X,Vu)) = div(gA(X,e)) = 0 in D'(74(C,)). Since
div(A(X,Vy)) >0in D'(Q), Vy=e # 0, u >y in T(C,) and u > y in T,(Q.),
then by Lemma 3.1, we get u > y in Z5(C.).

i1) This is a consequence of 7). O

Remark 3.2. i) The result of Theorem 3.1 means that if a point Xq is in the
wet region, then the part of the curve X (.,w) passing through Xo at to remains
in the wet region for all t < tg.

it) In [16] and [27] we assumed that A(X,e) = k(X )e which leads to X{(t) =0
for allt and the curve X (.,w) is a vertical segment. Therefore the free boundary
is represented by a curve of the form y = ®(x).

i) We haveu =p+y=9p+y >y onSs; (p >0o0nS3),i=1,...N and
u € C°(QU S3), then p > 0 below Sz in the following sense

p(X(t,w)) >0 Vit € [a—(w), o (w)]  such that X(oy(w),w) € Ss.

11



Definition 3.1. For each h € m,(Q) we define the function ®p, on m,(QN [y =
h]) by
sup{7/ (w,7) € Sp(Dyn), plw,7) >0}
Op(w) = if this set is not empty (3.4)

0 otherwise.

Thanks to Theorem 3.1 ®;, is well defined and we have

Proposition 3.1. @, is lower semi-continuous on 7;(2 N [y = h]). Moreover

Plw,7) > 0] = [T < Dp(w)]. (3.5)

Proof. First we show the lower semi-continuity of ®;,. Let wg € m,(Q2N [y = h)).
If @5 (wo) = 0 then for € > 0, Dp(w) > 0> Pp(wp) — € Vw.

If ®p(wp) > 0 then for € > 0, there exists 7. = Lp(te,wp) > 0 with t. €
(a—(wp), a4 (wp)) such that

Dy (wp) > 7 > Pp(wo) —€/2 and  plwo, ) > 0.
Moreover one can find (see Theorem 3.4 p 24 in [23]) n; > 0 such that
X (t,w) exists for all (t,w) € [a—(wo), at(wo)] X (wo — N1, wo + M)
and (¢t,w) — X (t,w) is continuous.
Then by continuity, there exists 0 < 12 < 17 such that
p(X(t,w) >0  V(t,w) € (te — m2,te + n2) X (wo — M2, w0 + 72).
By Theorem 3.1, we deduce that
p(X(tw)) >0  V(t,w) € (a—(w),te +n2) X (wo — N2, wo + M2)-
Using the definition of & we get for w € (wg — 12, wo + 72)

Dp(w) = sup {Lp(t,w)/ (t,w) € Dy and p(X(t,w)) > 0}
te(a—(w),ot (w))

> Lh(teaw)~

te
Since Ly (te,w) = / |A(X (s,w),e)|ds is continuous with respect to w, there
a_(w)

exists 0 < i < 12 such that Vw € (wy — n,wo +7)

te te
Ly(te,w) = /()|A(X(s,w),e)|dsz/( )|A(X(5,w0),e)|dsf%

€ € €
= Lp(te,wo) — 5 =Te— 5 > Oy (wp) — 57
€

€
B) .

Thus @, (w) > Pp(wp) — € Yw € (wg — N, wo + 7).

12



Now we prove (3.5). Let (wg, 70) € [T < ®Pp(w)]. Assume that p(wp, 79) = 0 then
by Theorem 3.1, p(wo,T) = 0 V7 > 79. So ®p(wo) = sup{7/ (wo,7) € SK(Dy)
and p(wg, 7) > 0} < 79, which is a contradiction.

Now let (wg,79) € [p(w,7) > 0]. By continuity, there exists 7 > 0 such that
plwo,7) > 0 V7 € (10 — 1,70 +n). By Theorem 3.1, we deduce that
D(wo,T) > 07 < 79+n such that (wo,7) € Sp(Dp,). Hence @ (wp) > 70+n > 70
and (wg, 7o) € [T < Pp(w)]. O

4 Some Technical Lemmas

The following lemma plays an important role in the proof of the continuity of
the free boundary.

Lemma 4.1. Let (u, g) be a solution of (P). Let (w1, 7o), (we, 7o) € Sp(Dp) with
w1 < wy and

p(wi,7) =0 Y(wi,7) € Sp(Dr), 7>7102>0.

Set Z,, = ’Th((wl,wg) X (710, +00) N Sh(Dh)) and assume that Z,, N Sz = (.
Let yo € IR such that Dy, -, = [y > yo] N Zr, # 0 (see Figure 4). Then we have

/ (A(X,Vu) — gA(X,e)).edX < 0.
D

Y070

To prove this lemma, we need another one

Lemma 4.2. Under the assumptions of Lemma 4.1, we have

/D (A(X, Vu) — x([u=y])A(X,e).V(dX

Y070

< /wz Va(s, ®n(5)).C(s, ®p(s))ds

w1

VC € leq(Dyo,To) N O()(Dyoﬂ'o)’ C > Oa C(zayo) =0 V(I,yo) € Dyo,m-

u —

Proof. For € > 0, & = x(Dy,,r,) min ( y,() is a test function for (P). So we

have since g.(u —y) = 0 a.e. in

/ A(X, Vu).v(“%y AC)dX <0
D

Y0,7T0

Using the monotonicity of A, we get

u—y

/ (A(X,Vu) — A(X,€)).VCdX < — / A(X, ).V ( AC)dX
Dyg,roN[u—y=>eC] D

Y0-7T0

= —I.

13
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Figure 4

Moreover

I = /D x([u > y])A(X, e).v(% AC)dX

Y0-7T0

- /D x(u > g A(X, ). VCdX

Y0-:70

—/D AX,0) 9 (¢~ ) (fu > yax = 1 - 12

Now using the change of variables T},, we obtain

2= / C [poTi(tw) > ONA(X (f,w), €).(V (¢ — 2) 7)ol Y (1, w) dtd
T, " (Dyg,7o) €

— _/Thl(Dyo,TO) X([poTy (¢, w) > 0]).Yh(t7w).%((< _ €)+0Th)dtdw
A(X(t,CU>7€).(V(C — €)+)0Th.|Yh(t,w)| = _Yh(t,uJ).%((C . €)+0Th)_

Next using the change of variables S, 1 we get

IE2 = —/ x([p(w, ) > 0]).Yh08;1(w,7)
S}LOT;:I(DyO,TO)

14



'(%((4 B €)+0Th))05{1(w, 7).|det T S, | dwdr

—~—

_ / [Flw, ) > O]).yh(w,T).a%(g _ §)+(w,7)dwd7

Th_l(Dyo,ﬂ-o)

since

0 0
(g((§—€)+0Th))oS,jl(w,T) = E((<_€)+0Th05;1)(w’ T).|A(Th05,;1(w,7'), e)l.
Therefore

162 = / x([r < ®p(w)]).Y (C — 7) dwdr.
(w1,w2) % (T0,+00)NT,  ([y>yo])

Note that Yw € (w1, w2), Iy, (w) such that
tyo(w)
Xo(ty,(w),w) =yo, Tyo(w) :/ o |A(X (s,w),e)|ds

and one can check that

((whw?) X (TO7+OO)) ﬂu}?l([y > yO])
={(w,7) € Sp(Dh), w € (w1,w2)/ T > sup(o, Ty, (w))}-

It follows that by using the second mean value theorem

Pp (w) b -
13 / / T).E(C— €)+(w,7)dwd7

up(7o, 7y, W))

P (w) _
= [T / LoD
< 7 Vo, Bn())Elw B (),

w1

where 7*(yo,w) € [sup(o, Ty, (w)), Pn(w)]. Thus

/ (A(X,Vu) — A(X,e)).V(dX + / x([u > y)A(X,e).VCdX
Dy, roNu—y>e(] D

Y0,70
w2

<[ Dhlw, d(w)).L(w, Pp(w))dw

w1

and the lemma follows by letting € go to 0. O

Proof of Lemma 4.1. Let ¢ > 0 and h, = HeoShoTh_l, where

w—wi)t o (wy —w)T
(@) gy g (229 ),

fc(w) = min
€ €

15



Since X(Dyq, 7 )he(y — yo) is a test function for (P) we have

S—

(A(X,Vu) — gA(X,e)).edX

Y0,7T0

I
S5

(A(X,Vu) — gA(X,€)).V(y — yo)dX

Y0:7T0

(A(X’ vu) - QA(X7 6))V(h€(y - yO))dX

Y070

+
S—

(A(X7 vu) - g-A(X’ 6))V((1 - he)(y - yO))dX

Y0570

IA
S~

(A(X, Vu) — gA(X,€)).V((1 = he)(y — yo))dX

Y0-7T0

= [ (AT (= DAC)-T (3~ Ry — )X

Y070

+ /D (el = o) — 9)AX,€). V(1 — ho)(y — yo))dX = J} + J2.

Y0-70
By Lemma 4.2, with ¢ = (1 — h.).(y — yo) = (1 — 0.08,0T, *).(y — o), we have

w2 e~

Jl < Vh(w, @p(w)).(1 = 0c(w)).(y — yo)(w, Pp(w))dw.

w1

Moreover

o= [f (17 = 0) = )

—_~—

(0= 0y — ) 7))
= [ ) =0 - 5w
T), " (Dyg.m)

h

.yh(o.), T).

Ih(w,7).(1— Ge(w))a%_ (T70S;,  (w, 7)) dwdr.

Since §. — 1 when ¢ — 0, we conclude that J! + J2 — 0. This achieves the
proof. O

Lemma 4.3. Let (u,g) be a solution of (P). Let Cy, be the connected component
of [T < ®p(w)] such that T,(Cp) NS5 = 0. Then we have for Cy = T, (Cp)

/ (A(X,Vu) — gA(X,e)).edX < 0.
Ch

Proof.

16



18t step : Arguing as in the proof of Lemma 4.2, we get for all nonnegative

(e Wl’q(Ch) n Co(éh)

/C (A(X, Vu)—x([u =y])A(X,e)).V(dX < / Vi(s, ®1,(5)).C(s, Pp(s))ds.

ﬂ'w(ch)
A
904 gtep : Let € > 0 and A = R\ 7,(Cp). Set ae(w) = min (1, M) and
E— €
he = aeo’Z',;l. Then we argue as in the proof of Lemma 4.1. O

Lemma 4.4. Let (u,g) be a solution of (P). Let Xg = (20,y0) = Tn(wo,70)
be a point in Q, (wo,70) € Sp(Dp). We denote by B,(wo,T0) a ball with center
(wo,70) and radius v contained in Sp(Dy).

If p =0 in B, (wo, T0), then we have (see Figure 5)

p=0 inC,, g=1 a.e inC,

where Cp. = {(w,7) € Sp(Dy), |w—wo| <r, 7T>7}UDB;(wy,70) i.e.
if p=0 in Tp(Br(wo,70)), then p=0, g=1 a.e. in Tp(C,).

>

e

ThoS (DY)

AN

ThoS, ' (By)

Figure 5
Proof. Note that by Remark 3.2, we necessarily have
X(as(w),w) € Sy Yw € (wg — rywo + 7).

By Theorem 3.1 ii), we have p =0 in C,.

17



Applying Lemma 4.1 with domains Z,, = Th((wl,wg) x (19, +00) N Sh(Dh)) C

71,(C,.) we obtain

/ (1-9)A(X,e).edX <0 Vyo € IR such that [y > yo] N Z5, # 0.
[y>y0]ﬁZ—rO

So g =1 a.e. in Z,,. This holds for all domains Z,, in 75(C,) and we get g =1

a.e. in 7,(C)).

O

The following result is a sort of maximum principle.

Lemma 4.5. Let (u,g) be a solution of (P), Xo = (x0,vy0) = Tn(wo, 7o) be a
point of Q and B, be the open ball in Sp(Dy) with center (wo, T0) and radius .
Then we cannot have the following situations (see Figure 6, 7 and 8)

wo,7) =0

o [#
@ {1’5(
(é) {ﬁ(
(

(

(iid) {f'i
p

V1€ (to—r,To+T)

V(w,7) € By \ S, S ={wo} x (10 — 1,70 + 1),
V(w,7) € By N[w < wp
V(w,7) € By N [w > wpl,
V(w,7) € By N [w > wp]
V(w,7) € B, N[w < wpl.
Tr0S ™ ( Be(0,To) )

Figure 6

18



Proof. i) Since u > y a.e. in 7,(B,), we have g = 0 a.e. in 7,(B,) and then by
(1.4) u is A—Harmonic in this domain. It follows then by Lemma 3.1 that u >y
or u =y in 75 (B;) which is in contradiction with 7).

i1) Let € € D(T,(By)), £ > 0. Using the fact that +£ are test functions for (P)

p=0

Th0Sy™ ( Be(wn,To) )
Figure 7

and the changes of variables T} and S} we obtain as in the proof of Theorem
2.1

/ A(X,Vu).VEdX = gA(X, e).Vde:/ ﬁ.yh.gdwdr.
Th(By) B, or

7—}L(B7')

Now by Lemma 4.4, we have § =1 a.e. in B, N [w < wp] and then

/ A(X,Vu).VédX = yh.%dwdT
ThoS;, ' (Br) or

:/ —g%dwdT-i-/thl/T:/ —g%dwdr
B,N[w<wo] or s B,N[w<wo] or

It follows then

B,Nw<wo]

/ MMNM—AXVMVwX:/E@&mm
T (B,) B, OT

—/ @&mm:/ @&mmzo
B,N[w<wog) or B,N[w>wo) or

19



Since u > y in Tp(B,), u = y in Th(B, N [w < wpl), Vy = e # 0, we deduce
from Lemma 3.1 that v = y in 7;,(B,) which contradicts the fact that « > y in
T3(By (1w > wo).

i7) We argue as in i1).

p>0

ThoSh™ ( B (@o,To) )

Figure 8
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5 Continuity of the Free Boundary

In this section we assume that A is strictly monotone in the following sense
(AX,6) - AX,Q).(6-¢) >0  Ve£( VXeQ (5.1)

Then we have

Theorem 5.1. For each h € 7,(2) the function ®,, defined in (3.4) is contin-

uous on m, (2N [y = h)).

Proof. Tt suffices to prove that @}, is upper semi-continuous. Let X = 7, (wo, 70) €
QN Jp > 0] and € > 0 small enough. Thanks to Theorem 3.1 and Remark 3.2
we have necessarily X (a4 (wp),wo) & S3. Two cases are to be distinguished:

i) First we assume that X (o (wp),wo) & S3, where S3 denotes the closure of
S3 relative to 0€).

Since p(Xo) = p(wo,70) = 0 and p, a4 are continuous, there exists a ball
Be (wo,70) (0 < € <€) such that :

pw,7) <e Y(w,T) € Ber(wo, o)
X(ay(w),w) € Ss  Vwe (wo—€,wo+¢€).
Using Lemma 4.5, one of the following situations occurs
a) (w1, 71) € Ber(wo,79) such that w; <wy and plwi, 1) =0
b) Iwe,T2) € Be(wo,70) such that wo >wy and  plws, 79) = 0.

Assume that for example a) holds and set X; = T, (w1, 1) and 73y = max(79,71)
(see Figure 9). Then we have by Theorem 3.1

p(wi,7) =0 V(wi,7) € Sp(Dy) such that 7> 7 (i =0,1).

Set Z,,, = ’Z}L((wl, wo) X (Tar, +oo)ﬂSh(Dh)) and let yy € IR such that 7;;1([3; =

Yol) N Ber(wo, 70) N [T > Tar] # 0.
Note that

tyo (w)
T, (ly=wl) = {(w,7,W)) € Su(Dr) /7y w) =/ |A(X (s, w), €)]ds,

S(w)
Xo(ty,(w),w) = yo}-
Set
Dyyrae = [y > 90l 0 Zry, # 0,
o(y) =(e+v—y)T +v,
£(x,y) = X(Dyg,rar ) (u — v) T

Since v > y = w on 9Dy, 7, \ ([y = yo]), we have { = 0 on Dy 70 \ ([y = wol)-
Moreover v(yp) = € +y > u(x,yp) and then £(z,yp) = 0. It follows that £ =0
on 0Dy, 7,,. So ££ are test functions for (P) and we have

/ (A(X,Vu) — gA(X,e)).V(u—v)"dX = 0. (5.2)
D

Yo-TM
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Y=Yo
S
Xo
ThoSh™(Be (w0, T0))

Figure 9

We also have

/D (AX, Vo) = x([v = y])A(X,€)).V(u—v)*dX = 0.

Y0TM

Subtracting (5.3) from (5.2), we obtain

/ (A(X,Vu) — A(X, Vv)).V(u—v)TdX
Dyg,7ps N>yl

+ / (A(X,Vu) — gA(X,€)).V(u—y)dX = 0.
DyO,TMﬂ[’U:y]

By Lemma 4.1, we have for [y > yo + €| N Z;,, = Dy, 7, N [v =]

/ (A(X,Vu) — gA(X,€)).edX <O0.
D

o, N[v=]

Adding (5.4) and (5.5), we get by taking into account (P)i)

/ (A(X, Vu) — A(X,Vv)).V(u—v)TdX
Dyg,rp Nv>y]
+/ A(X, Vu).VudX
DyO,TMﬂ[Uzy]ﬁ[u>y]

+/ (1-9)A(X,e).edX <0.
Dy, p Nv=y]N[u=y]
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Since the three integrals in the left hand side of the above inequality are all
nonnegative, we obtain by (5.1) that V(u —v)* = 0 a.e. in Dy, -, N [v > y]
and then, since (v — v)" = 0 on 9Dy, +,,, we get u < v in Dy, ,,, N [v > y].
This leads to p(x, yo+€) = 0 Vo € m3(Dy, 7, ). Now for each w € (w1, wp), there
exists a unique t,, (w) € (a—(w), oy (w)) such that

XQ(tyo,e(W)aW) =Y +e€ and p(Xl(tyo,e(w)vw)yyO + 6) =0

and if 7y, (W) = Lyyte(tyg,e(w),w), weobtain p(w, 7y,.e(w)) = poTh(ty,.e(w), w) =
P(X1(tyy,e(w),w),yo +€) = 0 Vw € (w1,wp). Therefore &y (w) < 7y (w). But
since X5 is increasing with respect to t, Xo(ty, (w),w) = yo and Xa(ty, (w),w) =
Yo + €, it follows that t,, (w) < ty,e(w) and then

tyg.e(w)
6=XMMMM—&%WWFZ @ (X (s5,0))ds

1o (@)
> Mly.e(w) = Ly, (w))

and
tyo,s(w)
%A@=ww@+[()IAX@wst
M
< Tyo (w) + M(tyo,e(w) - tyo (UJ)) < Tyo (w) + 76'
So

M M M
Dp(w) < Ty (w) + <0 +€ + Fe< Pp(wo) + (14 T)e Yw € (w1, wp).

Hence @, is u.s.c at wg from the left.

Using Lemma 4.5 and arguing as above, one can prove that ®; is u.s.c at wy
from the right. Thus ®;, is continuous at wy.

ii) Now we assume that X (o (wo),wo) € S3 \ S3. Then one of the following
situations holds

a)dIn>0: Vwe (wo —nywo +1) X(ay(w),w) €S53 & w e (wo,wo+n)
b)In>0: Vw € (wg —nywo + 1) X(at(w),w) € S35 & w € (wy—n,wp)-
Assume for example that a) holds. Then it is easy to see that
Pp(w) = Li(og(w),w) Vw € (wo,wo + 7). (5.6)

Arguing as in %) one can prove that ®; is continuous at wq from the left. On
the other hand we deduce from (5.6) that v > y in a right neighborhood of
the curve X (., wp). Using the continuity from the left and Lemma 4.5, we have
necessarily @ (wp) = Lp (a4 (wp),wp). Therefore we have now

Pp(w) = Ln(oy (w),w)  Vw € [wo,wo + 1)

which leads to the continuity from the right of ®;, at wy.
We argue similarly if b) holds. O
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Remark 5.1. i) For each Xy € QN O[p > 0], there exists h € m, () such that
Xo € Th(Dp) N IOlp > 0] and then Xo = Tp(wo, T0) with 70 = ®p(wg). Therefore
from Theorem 5.1, the free boundary is represented in a neighborhood of Xy by
the graph of the continuous function ®y,.

i1) Since the free boundary is now represented locally by graphs of continuous
functions, it follows in particular that Op > 0] is of Lebesgue’s measure zero.

The following result expresses that ¢ is the characteristic function of the dry
region.

Corollary 5.1. Let (u,g) be a solution of (P). Then we have :

9= x(lp=0]) = x([u=y]). (5.7)

Proof. First by (P)i), we have g = 0 in [p > 0]. Next if (zg,yo) € Q\[p > 0], then

since Q \ [p > 0] is an open set there exists ¢y > 0 small enough and h € m, ()

such that Be,(zo,y0) C (2 \ [p > 0]) N Th(Dy).

By Lemma 4.4, § = 1 a.e. in 7, ' (B, (70, %0)) or equivalently g = 1 in B, (x0,yo)-
Therefore g = 11in Q\ [p > 0].

Since the set d[p > 0] N Q is of Lebesgue’s measure zero, we conclude that

g=x([p=0]) = x([u=1y]). O

6 Uniqueness of the Reservoirs-Connected So-
lutions

Definition 6.1. A solution (u,g) of (P) is a Reservoirs-Connected Solution if
for all connected component C of [u > y|, we have C' N S3 # (.

Remark 6.1. Thanks to Remark 3.2, if C D S (i = 1,...,N), then C contains
the strip of Q below Ss; and S3; on its boundary in the following sense

U (Th((m(Sg?z) X IR) N Sh(Dh))) c C, where S:?,z‘ = ’]'};1(5’371.).

hem, ()

Theorem 6.1. Let (u, g) be a solution of (P) and C' a connected component of
[u > y] such that C N S3 =0. Set hc = sup{y / (z,y) € C}. Then we have

u(z,y) = (he —y)"™x(C)+y and g=1-x(C)

for (e |J (Ta(mu(@) x ROSK(D))),
hemy, (Q)

where Cp =T, (C N TH()).
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Proof. Since +x(C)(u — y) are test functions for (P), we have :
/C (A(X,Vu) — gA(X,e)).V(u—y)dX = 0. (6.1)
By Lemma 4.3, we have
/C (A(X,Vu) — gA(X,€)).edX < 0. (6.2)
Adding (6.1) and (6.2), we obtain

/ A(X,Vu).VudX +/ (1—-g)A(X,e).edX <O0.
CNlu>y] CNlu=y]=0

It follows that Vu = 0 a.e. in C' and then u is equal to some positive constant
k in C that can be easily verified to be equal to h¢.
Using Theorem 3.1 and (5.7) we deduce that v = (he — y)"x(C) + y and

9=1=X(C) in Uper, @ (T (m(Ch) x RO SH(D)). O
Definition 6.2. We call a Pool in Q a pair (@,g) of functions defined in Q by
a=(hc—y) x(C)+y and g=1-x(C) ae in Q,

where C is a sub-domain of Q and he = max{y/(z,y) € C}.

Theorem 6.2. Fach solution (u,g) of (P) can be written as the sum of a
Reservoirs-Connected Solution and Pools.

Proof. See [14], [15], [16] and [27].

In order to prove the uniqueness of the Reservoirs-Connected Solution we assume
that S3 is of class C%®, Q is covered by a finite number of sets T}, (Dy,) that is

k=n
ki, by € my(Q)  such that Q= U Th, (Dp,.)- (6.3)
k=1

We also assume that

A(X,€) = |a(X)¢ - €] a(X)¢  where a(X) € CHQ) is a 2-by-2 matrix.
(6.4)
Then we can state our uniqueness theorem

Theorem 6.3. Under assumptions (6.3)-(6.4), the Reservoirs-Connected So-
lution s unique.

The proof of Theorem 6.3 requires three lemmas.
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Lemma 6.1. Let (u1,g1) and (ua,g2) be two solutions of (P). Then we have
fori=1,2 and ¢ € WH1(Q)

Fi(¢) = /Q ((AX, Vui) = AX, Vum)) = (9: — ga) A(X, €)).V¢dX =0,

where u,, = min(uy,uz) and gy = max(g1, g2)-
To prove Lemma 6.1 we need another one

Lemma 6.2. Let (u1,91) and (ug,g2) be two solutions of (P) and ®}, (i =
1,2 and k = 1,..,n) be the corresponding free boundary functions. Then we
have for i =1,2 and { € WH4(Q)NC°(Q), ¢ >0

i
g

k=n
]:z(C) < Z . yhk (W’ (I)Zk (w))'COThkOS}:kl(w’q);zk (w))dwv
k=1

where D;Lk ={w € 1, (Sh,.(Dn,))/ q)%k (w) = min(fb}lk (w), (I),Qlk (w)) < <I>§Lk (w)}.

Proof. First thanks to (6.3) there exits a partition of unity (6 )F=" corresponding
to the open covering (Tj, (th)):z? of Q that is

k=n
Ok € D(Th,(Dn,)), 0< 0 <1 Vh=1,..,m, » fp=1 in Q. (65)
k=1

Let ¢ € Whe(Q) N CO(Q), ¢ >0 and let ¢, = 0xC. Since Fi(¢) = Y5= Fi(Cr),
it suffices to show that

Fil) < | Iny(w, @}, (w))-Cu0Th, 08y, (w, B, (w))dw (6.6)
Dj,

(¢, M)

So let € > 0 and & = min
(P) and we have

. Clearly +¢&;, are test functions for

/T D) ((A(X, Vup) — A(X, Vug)) — (g1 — 92) A(X, e)).kadX =0. (6.7)

Since we integrate only on the set [u; > us] where us = u,,, (6.7) is equivalent
to F1(¢x) = 0 which can be written

/ ((A(X, Vur) — A(X, Vu,)).VdX
Thy, (Dny )N[(u1 —u2) T >eCy]
*/ (91 — gm)A(X, €).V(dX

Thk (th)

o)t
= —/ (91 — gn) A(X, €).V (G — M)erX =1IF
Th,, (Dhy,) €
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Using the C'-diffeomorphisms T}, and Sj,, we obtain with g1z = 10T}, OS;:
and gayp = gMoThk_oS}:k1

+
Ik = _/ (91x — Gmk)-Yhy (w, 7') (Ck - ﬂfrdwdr
Shy, (Dhy,) ¢

—~—

u +
= / Vi (w,7) 5~ (gk - Q)erwd’r
[P1r>0=Pmr=D2k] €

—~—

+
= / Y, (w, T) (Ck - ﬂ)+dwd7'
2} (W)<7<P} (W) €

<I>hk(w)
/ / Yh (w 7') (Ck _(m —ue)” u2)+)+dwd7-.
Dl (w) €

Ay

By the second mean value theorem there exists ®j(w) € [®7 (w), @}, (w)] such
that

‘i))llk (UJ) a — U — U +
1 = yhk(w,‘ﬁi(w))/ 57 (G — M)erw‘“
D}, O (w) T €

< Vi, (w0, @}, (w)).Ci(w, P, (w))duw.
D}

It follows that

/ (A(X, Vuy) — A(X, V). VEdX
Thy, (Dhy, )N [(u1—uz2)t>eCi]

—/ (91 — gm)A(X, €).V(pdX
Thy, (Dny)

< yhk (w7(p}w (w))'d(wv (I)}lv,k (w))dw

DL,
Letting € go to 0, we get (6.6) for ¢ = 1. The proof for ¢ = 2 is similar. O
Proof of Lemma 6.1. Let ¢ € C1(2), ¢ > 0. For § > 0 we set
k=n
~ d((w,7), Ap)\ T _
A = [k > 0], as(w,7) = (1= %) . hs = @0, 0T}
k=1
and remark that F1(¢) = F1(hs¢) + F1((1 — hs)C).

By the previous lemma we have

FulhsC) < / Vi (0, @, ()i, @}, ()0, B, ()
Since (1 — hs)(C is a test function for (P) we have

/Q (A(X, V) — g1 A(X, €)). 9 (1 — hg)()dX < 0.
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Moreover the function (1 — ags) vanishes on A,, and gy = 1in Q\ 4,,. So :
/ (A(X, Vi) — garA(X, €)). V(1 — hs)¢)dX = 0.
Q

This leads to F1((1 — hs)¢) <0 and

k=n
AQO<Y / Vi (@, ®L, (@))Go (w0, B, (@))rs(w, B, (w))do.
k=1"Dh,

Letting 6 — 0, we deduce F1(¢) < 0.

It is then easy (see [15], [16], [27]) to show that F;(¢) = 0 for all ¢ € WH4(Q).
Similarly we prove that F»(¢) = 0 for all ¢ € WH4(Q). O

Lemma 6.3. Let Qg be a domain of R%, Ty C 9Qp of class CY* and let uq,
Ug € VVllo’g(Qo) such that:

i) div(A(X, Vuy)) = div(A(X,Vuz)) =0 in D'(Q)

ZZ) U1 S U2 n QO

’LZZ) up = ug on Iy, Uy, Uy € CI(QO @] Fo)

i) A(X,Vu)v=AX,Vu)r onTy

v) Vu(X)#0 VX el or Vus(X)#0 VX eT.

Then u; = ug in €.
Proof. See [17]

Proof of Theorem 6.3. When ¢ = 2 the proof is given in [27]. For the general
case we use Lemma 6.3.

Let (u1,61), (u2,92) be two solutions of (P). By Lemma 6.1 one can see that
(wm, gnr) is also a solution of (P). Let Cy, ; be the connected component of the
set [up, > y] that contains S3; on its boundary. By Lemma 6.1 we deduce easily
that w; and w,, satisfy the conditions ¢) and v) of Lemma 6.3 with Q¢ = Cp, ;
and Fo = 53’1‘.

The condition i) is obviously satisfied and the first part of ii) is true since
up = uz = ¢ +y on Ss. The second part of ii7) is also true (see [19] and [26]).
So if we show that v) is satisfied we will get w1 = up, in Cy, ;. For this purpose,
we distinguish two cases :

e If Vuy and Vu, are not identically zero on T'g then by i) 3T, C Ty such
that Vuy # 0 on I'|) or Vu,, # 0 on I'j. Therefore v) is satisfied on T,.

e If Vu; = 0 on I'y and Vu,, = 0 on I'y, then u; and u,, are both constant
along I'g. Since u; = u,, on S3, it follows that u; = u,, = h; on I'y for some
constant h;. Therefore one can extend w; and u,, into B\ Q by h; where B is a
ball centered at a point of S3; = I'g in such a way that u; € C*(C,,; U B) and
div(A(X,Vu;)) =0 in D'(Cy,; U B). So Vu, has non-isolated zeros and then
(see [4]) uj = h; in Cy, s (§ = 1,m). Then ug = uy, in Cpy ;.
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On can show as in [15], [16], [27] that C; ; = Cy,; and uq = uy, in Cq ;. In the
same way we prove that us = u,, in Cy; = C, ;. We conclude that u; = us in
Cy,=Cy; for all ¢ = 1,...,N. This means that u; = ug in [ug > y] = [uz > y|
which leads to u; = ug in €. Finally we deduce from (5.7) that g1 = g2 in €.

Remark 6.2. The assumption (6.4) is needed only to ensure the isolation of
zeros of the gradient of A—harmonic functions (see [4]).
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