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6. Let fi(z) = €” and fy(x) = sinxz. We would like to show that f; and f, are
orthogonal on [r/4, 57 /4]. Indeed using a double integration by parts, we get
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It follows that 2(f1, f2) = 0, which leads to (f1, f2) = 0. ]

12. We would like to show that the set of functions {¢g, dp,¥m}, n,m = 1,2,3, ...
where ¢o(z) = 1, ¢,(z) = cos (%”x), Ym(z) = sin (%x) are orthogonal on [—p, p|.
Indeed we have first for n,m =1,2,3, ...
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For n,m =1,2,3,... with n #m
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For n,m =1,2,3,... withn=m
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Now we have for n,m =1,2,3,... with n #m
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Let us now evaluate the norms of the functions ¢q, ¢, ¥,
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Hence [[¢o]| = v/2p, ||én]| = /P and |[¢,[ = /p. O

16. Let {¢,},n =0,1,2,3,... be a set of orthogonal functions on [a, b], where ¢y(z) = 1
and ¢;(z) = . We would like to show that for any constants «, (3, we have
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Indeed we have for any «, # and any n = 2,3, ...
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18. From Pb 1, we know that fi(z) = z and fo(x) = z? are orthogonal functions on
[—2,2]. We want to find ¢; and ¢y such that f3(x) = x + ¢;2% + cx? is orthogonal to
both fi and f, on [—2,2].

Let fi(z) = 2®. We remark that f3 = fi; + ¢1fo + c2fs. Then we have
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Similarly we have
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= c(fo, f2) + c2(fa, f2). (4)
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Now f3 is orthogonal to both f; and f; on [—2,2] if and only if (fs, f1) = 0 and
(fs3, f2) = 0, which is equivalent by (1), (2), (3) and (4), to the linear system:
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