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1. Find the length of the curve traced by r(t) = acos(t)i+asin(t)j+ctk, t €
0, 27].

Solution:
The length of the curve traced by r(t) is given by:

L = /0 ’ V (—asin(t))? 4 (acos(t))? + c2dt

2w
= / \/a2 sin®(t) + a2 cos2(t) + c2dt
0
2
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2. Show that the vector F(x,y) = (z*+y)i+ (z +y*)j is a gradient field and
find a function ¢ such that Vo(z,y) = F(z,y).

Solution:
Let F(z,y) = (z* + )i+ (z + y)j = P(z,y)i+ Q(z,y)j be a vector field.
Since the functions P and () are continuous and have partial derivatives

: . or  0Q :
continuous on any domain and moreover we have — = — = 1, F is a

oy ox
gradient field i.e. there exists a function ¢ such that Vo(z,y) = F(x,y) i.e.

20— Plry) =o'ty 1)
g—z =Qz,y) =z +y". (2)
Integrating (1), we get
oag) = [+ y)do = 5a° 2y + 9(0) ®)
Using (2) and (3), we get
rrd) =ty = W=y = g =0 ()

Combining (3) and (4), we obtain

1 1
o(z,y) = 5x5 + gyE’ +axy+ C.



3. Use Green’s theorem over a region R that does not contain the origin to

—y3d 2d
evaluate the line integral yar + vy y, where C'is the ellipse 2 L
o (224 2)? 17T
1.
Solution:

Let R be the region of the xy—plane bounded by C' and the circle C" :
22 +y* =1 of center (0,0) and radius 1

Let P(z,y) = i +y2)2 and Q(z,y) = % These functions are continuous
and have partial derivatives continuous on any domain not containing the
orP _0Q

origin. Moreover we have —

(9y " Ox

P

?9_.1; B %[—y3(x2+y2)‘2] = —3y? (27 +y°) P4yt (27 +y°) P = (v —32%y7) (2P +yP) P,
a@ 8 2/ 2 2\ —2 2/ 2 2\ —2 2 27 2 2\—3 4 2 2 2 2\—3

%Zg[wy (2" +y") 7] =y (7)) 4ty () T = (Y =32ty ) (2 yT)

Using Green’s theorem we have

]{ Pd:v—i—@dy—// @—8—Pddy:0.
cuc’ Oz y

Taking into account that orientations of C' and C" in the left hand-side of the
previous formula are respectively counterclockwise and clockwise, we get:

/ —y3dx + xyidy B / —y3dx + xyidy (1)
c (22 +y?)? p (@242
where now the orientations of C' and C’ are both counterclockwise.

It is clear that it is easier to evaluate the second integral in (1) which we will
do by using the parametrization of C:

o { x = cos(t),

y =sin(t), te€[0,2n].

Then we have



/.

—y3dx + zy?d

(22 +y?)?

:/ sin? t)dt +

A

!

/ xy dy
552 +4?) o (22 +y?)?

sin?(t) cos®(t)dt

sin?(t) cos?(t)dt = /o ' sin?(t)(sin?(t) + cos®(t))dt

(1 — cos(2t))dt = %[t — %sin(Qt)} zﬂ =7r. (2




4. Evaluate the line integral j{ 22dx + 2*dy + y*dz, where C is the trace of
c
the cylinder 22 + 2% = 1 on the plane y + z = 4.

Solution:

Let F = 2%i + 22j + y%k and let S be the portion of the plane y + z = 4 that
is located inside the cylinder z% + 2% = 1 (draw a figure). S is defined by
the equation z = f(z,y) = 4 —y. The components of the vector field F are
continuous and have partial derivatives continuous on any domain. Therefore
we have by Stokes’ theorem

7{22dx+x2dy+y2dz = j{ F.dr = //curl(F).ndS, (1)
c c s

where

i j k

curlF = V xF = a% a% %

2 22 g2

= 2u—0)§i—(0—-22)j+ 2z —0)k
= 2uyi+ 2zj+ 2zk. (2)
The unit normal vector to S is given by
n:;(—fxi—fyj—l—k)zi(j—i-k). (3)
I+ 2+ /2 V2

Now let R be the projection of S on the xz—plane. Then we get by using
(1), (2) and (3)

2
2 2 2
ydx + 2°dy + x dz://—(x—l—z ds
fc s V2 )
://\/é(erz)\/ﬁda:dz since S is also defined by y =4 — 2
R

"y / /R (z + 2)dwdz. (@)

Using the polar coordinates x = r cos and z = rsin , we obtain



2 1
//(x+z)dxdz:/ </ (rcos@+rsin9)rdr>d6’
R 0 0
2 1
_ 13 1g. 1t
—/0 (/0 [37“ cos€+37“ Slne]o)dﬁ

- 7 1cosQ—l—lsimQ do
o \3 3
= [%sin@— %COS@}EW =0.

Hence we deduce from (1), (4) and (5) that

]{ y22de + r22dy + x*ydz = 0.
c



5. Evaluate the area of that portion of the cone z = a — /2% + y? that is
within the planes z = b and z = ¢, with 0 < b < ¢ < a.

Solution:

Let S be the portion of the cone z = f(z,y) = a — \/2? + y? that is within
the planes z = b and z = ¢ (draw a figure). Then the area of S is given by

Area(S) = //R«/l + f2+ fidzdy, (1)

where R is the projection of S on the zy—plane.
Now we have

fx fy

_ T __ Yy
/:E2—|—y2’ /372—|—y2
72 Y2
/1 2 2 =,/1 = V2.
—1—fx—|—fy \/+x2+y2+x2—|—y2 \/_

We deduce then from (1) by using the polar coordinates and denoting by
and r. the values of r for which we have respectively 2 = b and z = ¢ i.e.
rp,=a—bandr.=a—c

Area(S) = //ﬂd:cdy
R
21 Th
= / V2rdrdf
0 7

= v [T 5]

- e

= m™/2(c—b)(2a—b—c).




6. Let F(x,y,2) = zyi + 2yzj + 2%¢*k and let D be the region that is
bounded by the three coordinate planes and the plane z +y + 2z = 1. Let
S be the surface representing the exterior boundary of D which we orient
outward (draw a figure). Use the divergence theorem to evaluate the flux

//FndS

Solution:
Note that the components of the vector field F are continuous and have
partial derivatives continuous everywhere. So we have by the divergence

formula
//FndS ///dw (1)

Then we have for the right-hand side of (

/ / / div(F)dV = / / / - M(y+2z)dz)da:>dy
:/0 </0 [yz—irz} yda:)dy
:[f(AP?M1—x—w+wl—x—w%MQ@

1 1-y
/ </ (1—2x—y+:cy—|—x2)d:c>dy
1 1
/ r— 2 —ay+ 2ty + x}lydy
0 2 3

1—yf—ml—w+%ml—w”+gl—w5@

y(1 =)+ 50— )"y
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