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1. 1. Find the total length of the curve traced by r(t) = f(t)i+g(t)j+h(t)k =
costi+sintj + %t%k, 0<t<3.

Solution:

The total length of the curve is given by

L= [ VPO @

= /3 \/81112(15) + cos?(t) + (tV/2)%dt
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_ / VIt tdt = E(l +t)3/2} - 2[43/2 —1] = %4.
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2. Show that (2 + In(y* + 2%))dz + <y2 + = )dy + (ZQ 42t >dz
y2 +Z2 y
is an exact differential.
(1,1,1)
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Calculate / (2 + In(y® + 2%))dz + <3/2 + : 2>dy - <22 t >dz.
(0,0,1) y rz Y

Solution:

a) Let P(z,y, 2) = 2*+In(y*+2%, Q(x,y,2) = y2+y22f’;2 and R(z,y,z) = 22+
2xz

- These functions are continuous and have partial derivatives continuous
on any domain which does not contain the z-axis. Moreover we have
orP  0Q 2y orP _0R 2z 0Q O0R  —dxyz

g% 2y 0T q L2 AR
dy  Or Y2 +22 0z Oxr @ y*+ 2?2 e 5, dy  (y? + 22)?
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Hence (22 + In(y* + 22))dz + <y2 + " +y22)dy + <z2 + 7 22>dz is an ex-

act differential.

b) It follows from a) that there exists a function ¢ such that

2 2 2 2 Y 2 2z
dp = (22 +In(y* + 22))do + (y + = T )dy+ (2 - )
Then we have

%0 - in(y? + ) 1)
d¢ 2 2xy

v _ 2
dy Y Y2+ 22 (2)
oo 22z

o 3
0z ‘ Y2+ 22 (3)

Integrating (1), we get
1
o(x,y,2) = /(:1:2 +1In(y? + 2%))dx = §x3 +aon(y®* +2%) +g(y,2).  (4)

Using (2) and (4), we get

2xy dg 9 2xy dg 9 1,
= = = =y’ = gy,2) ==y +h
i il Ay S oy 9(y,2) = 39" + h(2)
1 1
= o(x,y,2) = §x3 + §y3 +zIn(y? + 2%) + h(2). (5)
Using (3) and (5), we get
2xz 9 2xz 9 14
m + h'(z) =24+ y2 e = h’(z) =2z = h(z) = gZ + C. (6)

Combining (5) and (6), we obtain

1 1 1
Ow,y,2) = 327 + 2y’ + 22+ aln(y’ +2) + C.

Since the line integral is independent of the path, we obtain



(1,1,1) 2x 2xz
22 + In(y? + 22 dx+<y2+ it >dy+<22+—>dz
/(0,0,1) ( ( ) Y2+ z Y2+

1 1 1 1 2
=¢(1,1,1) — ¢(0,0,1) = 3 + 3 + 3 +1In(2) — - —In(1) = = + In(2).

3. Let C be the triangle with vertices (0,0), (2,0) and (2,1). Verify the
Green theorem for 2e¥dx + xe¥dy.

Solution:

Let P(x,y) = 2¢¥, Q(x,y) = xe¥ and R be the region of the xy—plane
bounded by the triangle C' with vertices (0,0), (2,0) and (2, 1) (draw a figure).
We would like to verify the following Green’s formula

GQ oP
Pd dy = —_— = d dy. 1
§ pacQay= [ [ (525 )dudy (1)
First note that P(z,y) and Q(z,y) are continuous and have partial deriva-
P 0
tives continuous on any domain. Moreover we have v 2¢eY and 8_Q =eY
Y x

Next we have for the right-hand side of (1)

@_@ _ o __/2 /“”/Qy
// o 3y dxdy—//R eVdxdy = i ( i edy)dx
2
:_/ [ ]x/2dx_ /(€I/2—1)dl'
0 0

— —[2¢"? — 2]} = —(2e—2-2) =4 — 2. (2)

Now we evaluate the left-hand side of (1). Note that C' = C; U Cy U Cs,
where C is the horizontal line segment joining the points (0,0) and (2,0),
() is the vertical line segment joining the points (2,0) and (2,1), and where
(3 is line segment joining the points (2,1) and (0,0). C;, Cy and C3 have
the parameterizations

T =1, ) =2, ) oz =1,
C“{yzo,temm,@'{yzu temu7@'{y:wztemay

3



Then we have

]{2eydx+xeydy:/ Qeydx+xeydy+/ 2eydx+xeydy+/ 2¢Ydr+xe’dy.
C Cq Cs

Cs

/Qeydx—i—xeydy = Qeyd:z—i—/ xeldy
C1

C1
2

2e°dt + / te’ (0)dt
0

= [2t]p =4.

/Qeyd:c—i—xeydy = /Zeydx—l—/ xeldy
Co Co Co

1 1
= /2et(0)dt—|—/ 2¢'dt
0 0

= [2€']p = 2¢ — 2.

/26ydx+meydy = /Qeydx—i—/ xeldy
C3 C3 C3

2 2
= —/ Qet/zdt—/ te!/?(1/2)dt
0

0
= —[4e!?)2 — [te!/? — 2¢17)2

= —[de—4]—[2e —2e+2]=—4e+2.

Using (3), (4), (5) and (6), we get

/2€yd$—|—$€ydy:4—|—26—2—46—|—2:4—26.
c

Comparing (2) and (7), we conclude that (1) is satisfied.

(3)



4. Evaluate the area of that portion of the sphere 22 + y? + 22 = a? that is
within the cylinders 22 + y?> = b? and 2 + > =, with 0 < b < ¢ < a.

Solution:

Let S be the portion of the sphere 2% + y* + 22 = a? that is within the
cylinders z? + y* = b* and 2?2 + y* = ¢* (draw a figure). We have S =
ST U S, where ST (resp. S7) is the part of S located above (resp. below)
the zy—plane. By symmetry we have Area(S*) = Area(S™) and therefore
Area(S) = 2Area(ST).

Since ST is defined by the equation z = f(x,y) = \/a? — 22 — y2, the area

of ST is given by
Area(St) = //R,/l + f2 + f2dxdy, (1)

where R is the projection of ST on the xy—plane. Moreover we have

fx: s f =
a2 — 12 — o2 y a2 — 12 — o2

x? y? a
/1+ 2+ 2 1+ + = .
fx fy a2_$2_y2 a2_x2_y2 a2_l.2_y2

We deduce then from (1) by using the polar coordinates

Area(St) = dxdy

[

/27r / rdrdf
27

/ [— Va® - rﬂzdﬁ

0
= 2ma(Va? — b2 — Va? — ).

a
a

Hence Area(S) = 2Area(S) = 4ra(vVa? — b2 — Va? — ¢2).



5. Evaluate the line integral j{ y*dx + 22dy + 2%dz, where C is the trace of
c
the cylinder 4% 4 22 = 1 on the plane z + z = 6.

Solution:

Let F = y2i + 22j + 2%k and let S be the portion of the plane x + z = 6 that
is located inside the cylinder y? + 22 = 1 (draw a figure). S is defined by
the equation z = f(z,y) = 6 — x. The components of the vector field F are
continuous and have partial derivatives continuous on any domain. Therefore
we have by Stokes’ theorem

fy2da:+22dy+x2dz = j{ F.dr = //curl(F).ndS, (1)
c c s

where

curlFF = V xF =

N Qv
q,¥l =

1
il
oz
Y2

= (0—22)i—(2z—0)j+ (0 —2y)k
= —2zi—2xj — 2yk. (2)

i

The unit normal vector to S is given by

1 . . T,
n:\/ﬁ(—fxl—fyj-f—k) :E(l—l—k). (3)

Now let R be the projection of S on the xz—plane. Then we get by using
(1), (2) and (3)

2
2 2 2
yodr + z°dy + x dz://——y+z dsS
]{c S \/5( )
://—\/ﬁ(y+z)\/§dydz since S is also defined by x =6 — z
R

_ / /R (y + 2)dyd=. (4)

Using the polar coordinates y = rcosf and z = rsin 6, we obtain



//(y+2)dyd22/2ﬂ(/l(rcose+rsin9)rdr>d9
R 0 0
:/o%(/ol Br cosQ—i—;r smﬁ} )d@
:/27r <%cos€+%sin9>d0
0

1 ) 1 27
= bsm9—§cosﬁ]0 = 0. (5)

Hence we deduce from (1), (4) and (5) that

]{ y22de + r22dy + x*ydz = 0.
c

6. Let S be the exterior boundary of the region D that is above the xy—plane,
and bounded by the cylinder 22 + 22 = 1 and the planes y = 1, y = 5. Verify
the divergence theorem for the vector field F = zi + yj + zk.

Solution:

The components of the vector field F' are continuous and have partial deriv-
atives continuous on any domain. We would like to verify the divergence

formula i.e.
//FndS ///d 1)

First we have for the right-hand side of (

///d F)dV = ///W—Bv()z D) =33 (x1%)(5 1) = 67 (2)

Next we have for the left-hand side of (1)



//SF.ndS = //SIF.ndS+//SZF.ndS
+//33F.nd5—l—//S4F.ndS (3)

S is defined by y = 1 and the unit normal vector to S; is given by n = —j.
So we have

//SlF.ndS://Sl—de:—//SldS:—A?"ea(Sl):—w/Q, (4)

Sy is defined by y = 5 and the unit normal vector to Sy is given by n = j.
So we have

//SQF-ndSZ/ngyd525//92d5:5Area(52):57r/2_ (5)

S is defined by z = 0 and the unit normal vector to S3 is given by n = —k.

So we have
// F.ndS:// —zdS:// 0dS = 0. (6)
S3 Ss S

S, is defined by g(z,y,z) = 0, where g(z,y,2) = #* + 22 — 1. So the unit
normal vector to Sy is given by

1

1 1
Vg= ———(221+22k) = ——(z1+2k) = zi+z2k. (7
DI T )= JEr e k) (@)

Then we have

//S F.n dS = //S dS = Area(Sy) = %%(1)(5 1) =dr. (8)

Taking into account (3)-(8), we get
//F.n dS = —m/2+57/2+ 0+ 4w = 6. 9)
s

Comparing (2) and (9), we conclude that (1) is satisfied.



