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In this work we propose and analyze a fully discrete modified Crank—Nicolson finite element (CNFE) method
with quadrature for solving semilinear second-order hyperbolic initial-boundary value problems. We prove
optimal-order convergence in both time and space for the quadrature-modified CNFE scheme that does not
require nonlinear algebraic solvers. Finally, we demonstrate numerically the order of convergence of our
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I. INTRODUCTION

Consider the following semilinear second-order hyperbolic initial-boundary value problem

82—M—di<~()a—u)—f(t ), (x,1) € 2 x(0,T] (I.D
0 Ao\ gy, ) TR IREE ” '
u(x,0) = g/(x), xeL, (1.2)
ou
E(X,O) =g(X), X€Q, (1.3)
ux,t) =0, (x,t)e€dx][0,T], (1.4)

where Q C R? is a convex bounded polygonal domain with boundary 9€2. The given functions
a;j, g1 and g, are smooth on , with a;; = a;; fori, j = 1,...,d and the nonlinear source term f
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QUADRATURE FINITE ELEMENT METHOD 351

is continuous on Q x [0, T'] x R. We assume that a; ; satisfies the ellipticity property: there exists
a constant C > 0 such that

d d
Z a;j(Xa;a; > C Zaf, xeQ, a,...,a, €R. (1.5)

ij=1 i=1

Consequently, the bilinear form associated with the elliptic part of (1.1)—(1.4), defined by

d
dv; dv
av,v) =)y / ay ()5~ S dx, v, v € Hy(Q) (1.6)
Q i J

ij=1
satisfies the coercivity
a(v,v) = Ci[[vll7, v e Hy(RQ) (1.7)

for some positive constant C;. Throughout the paper, for a nonnegative integer k, the standard
norm in the Sobolev space WI’j(Q) is denoted by || - || wh @) where 1 < p < oo. In the special case
p = 2, we shall write Wy () = H*(Q) and so H°(Q2) = L*(R2). Furthermore, H_ (£2) denotes
the space of all functions ¢ € H'(2) with ¢ = 0 on 9%.

A semidiscrete (and fully discrete) finite element analysis has been studied widely for solving
partial differential equations but without including the effect of quadrature in practical implemen-
tation. In contrast, fully discrete finite element methods with quadrature are frequently ignored. It
has been proposed and analyzed by few authors only, see for example [1,2] for elliptic problems,
and [3-6] for linear parabolic and hyperbolic problems. However, fully discrete finite element
schemes with quadrature for semilinear hyperbolic problems are yet to be analyzed.

In this paper, we are interested in finding the approximate solution of (1.1)—(1.4) by applying
a fully discrete quadrature scheme that does not require nonlinear algebraic solvers. In actual
practise, we have to evaluate the integrals occurring in the standard Galerkin method without
quadrature by a numerical quadrature scheme.

Following [3, 5], we construct for 7 > 0, a family of a quasiuniform triangulations 7j, of Q
with

h = sup (diam(K)).
KeTy,
With T),, we associate S, C H,(2) is a subspace of all continuous piecewise polynomials of
degree at most r defined on 7). By the isoparametric finite elements of Cialert and Raviart [7],
the following approximation property is satisfied:

infllg = vllnp, = C""lglls, g € H ()N Hy(R), 0<m<s<r+1, (1.8)
ves,

where

2 2
12z, = D 1 k-

KeTy,
For a chosen parameter N', throughout the paper IT" = {¢,} ’1:,:[0 denotes the uniform partition of the
time interval [0, T] with t, = nt and t = T /N'. We use the following notations: for a function
¢ defined on IT',

o =) gri P Te o _

o' = ——, 1.
7 A - (1.9)
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and

¢n+] _ ¢n—| 82¢n _ ¢n+l 2¢n +¢n 1
2t T T2

A two-time level quadrature Crank—Nicolson finite element (CNFE) scheme for a linear hyper-
bolic problem was first proposed by Baker and Dougalis [3], following the work of Raviart [5] on
the effect of quadrature on finite element solutions for parabolic problems using triangular finite
elements. Generalized results in [3] for rectangular elements using quadrature Crank—Nicolson
(CN) and alternating direction implicit (ADI) schemes were recently studied by Ganesh and the
first author [4]. The schemes in [4] were obtained by applying the quadrature aspect to the CN
and ADI schemes of [8] and [9] respectively. A related, but three-time level, quadrature CNFE
scheme for linear hyperbolic problems yielding second-order convergence in both time and space
was recently analyzed by Sinha [6].

The main contribution of this paper is to propose and analyze a quadrature fully discrete method
for solving a class of semilinear hyperbolic problems defined by (1.1)—(1.4) using a modified CN
finite difference discretization in time. In the time-dependent problem (1.1)—(1.4), the source term
f is a nonlinear function of the unknown solution. Applying the standard CN three-time level
schemes lead to solve a nonlinear algebraic system at each time step. In this work, we modify
the standard CN method applying to (1.1)—(1.4). This modification lead to solve only a linear
algebraic system at each time step.

In [3], second-order convergence in time and optimal order convergence in space was proved
for a fully discrete scheme using £-point quadrature rule on K € 7}, with positive weights w; x
andnodeso;x € K, j=1,...,¢

S = (1.10)

4
/ v(x) dx ~ Zw,Kv(ajK) Wn =Y > wixkW)(ox). (1.11)

j=1 KeTj, j=1

Our fully discrete modified CNFE scheme with quadrature for (1.1)—(1.4) involves finding
U : IT" — S, such that

(82U",v), + @i (0" 3,0) = (F@)U" vy vE Sy, n=1,...,N' -1, (1.12)

where the discrete bilinear form a,, (-, -) is defined by

ay(vy, vp) = Z ijK |:Z aij g;l gzzi| /,K),

KeTy j=1 i,j=1

with v; and v, being differentiable on the interior of each cell K in T,. For each ¢ € [0, T'], the
Nemytskii operator F(¢) is defined by

[FOYIX) = f(x,1,¥(X)), Xxe€Q.

Practically the above scheme is applicable for a wide class of quasilinear and nonlinear hyperbolic
problems. For example, if the functions a;; (i, j = 1,...,d) in (1.1) depend on the unknown
solution, i.e., a;; = a;;(x,t,u) then the second term on the left hand side of (1.12) has to be
replaced with

n+f 0
(Un Un+2 U Z Zw/K |:Zal/( (tn _’_tn-%—l)/.[ U ) x %:| (stK)'
J

KeTy, j=1 ij=1 !
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Theoretically the affect of quadrature will increase the level of complexity especially in the case
of quasilinear and nonlinear problems.

The quadrature CNFE scheme (1.12) requires solutions of only linear systems and a selection
of U%and U! € §),. We select U° and U' using the data g, and g, in (1.2) and (1.3) respectively:

ah(UOaU) = ah(gl,v), ah(Ula U) = ah(g;s U), S Sh9 (113)

where

2
g1(X) = g1(%) + 182(X) + %un<x, 0). (1.14)

The purpose of the present paper is to prove second-order convergence in time and optimal
order H* norms convergence in space for the modified CNFE scheme (1.12) with k = 0, 1.
Moreover, we demonstrate numerically our theoretical convergence results.

The outline of this paper is as follows. In the next section, we recall from [3, 5] some suitable
assumptions and useful results required in our convergence analysis. Our convergence analysis
is based on analyzing error in two stages using a discrete type of an elliptic projection of the
exact solution in S, as a comparison function. In Section III we study the convergence rate of the
comparison function to the exact solution of a continuous time problem. We prove optimal-order
convergence in both time and space of our implementable solutions in Section I'V. The results of
numerical computations and their discussion are given in Section V.

Il. PRELIMINARIES

Let L2(0,T; H°(2)), s > 0 be the space of all functions v(x,t), x € @, t € (0, T), such that for
each fixed t € (0,7T), v(-,t) € H*(Q) and |v||, € L*(0,T).

Throughout the paper, for each fixed ¢ € [0, T'], we assume that f(-,-,¢,-) € C(S_Z x R), and
locally Lipschitz, that is

|f(x,t,11)_f(x»f,22)| §C|ZI_ZZ|9 XEQ, tG[O,T], |Zl|9|Z2| SD(M), (21)

where D(u) is a positive constant quantity that depends on u, and C denotes a generic positive
constant which may depend on r, but which is independent of 4 and 7.

In order to prove optimal-order convergence results of our quadrature CNFE solution we
assume that F(1)u € L>(0,T; H ' (Q)),

U, Uy, Uy € LZ(O, T, Hr+2(9)), Uty Uty € LZ(O, T, HH—I(Q)),

and a;; € WI'(Q) fori, j = 1,...,d. We require such regularity on the exact solution mainly
due to the technical details involved in the analysis of the quadrature CNFE method and also due
to the nonlinearity of the forcing term f. Slightly different assumptions on u were assumed by
Baker and Dougalis in their convergence analysis where f in (1.1) was independent of u.
Throughout this paper, we follow [5] in our assumption on the quadrature formula (1.11).
We assume that the quadrature formula (1.11) satisfies the following accuracy requirement. Let
/S WQI(Q). For each K € T}, let g € H'*'(K) and v be a polynomial of degree r on K, then
forr +1— ‘5] > 0,
((¥g,v) — Wg, vl < CH Yl o g li1.5, 1V llog, 2.2)
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and for v € S, andr—%>0,

la(g,v) —an(g,v)| < Chrlg}a}-éd”aij lwz @&l vl 7, - (2.3)

Since the forcing term f in (1.1) depends on the unknown solution u, our convergence analy-
sis requires us to assume that the quadrature formula satisfying the following additional error
estimate: for g € W/ "' (K)andr + 1 —d > 0,

‘ / g(x) dx — Z w; k81| < CH Mgl - 2.4)

(The proof of (2.3) and (2.4) can be found in [10]). We also assume that (-, -);, is an inner product
on S;, x S, and thus induces a norm on S, defined by

1/2
ol = (,0),%  veS,.

We assume that the norms ||.||o and ||.||, are equivalent on S,,: there exist positive constants C;
and C, such that

Cillvlln < lvllo < Gollvlls, v € S (2.5)

Furthermore, we assume that ay (., .) is coercive on S, x Sj: there exists a positive constant C;
such that

a,(v,v) = Clvl}, v e S (2.6)

The above assumptions on the quadrature formula (1.11) holds under suitable hypothesis on the
set of the nodes 0 x € K, j =1,...,¢ and the degree of precision.

Throughout the paper, our analysis required the use of two different types of inverse inequalities:
if v is a polynomial of degree s > O on K € T}, then

—d)2 _i .
HUHW&(K) <ch lvll2ky  and  [[vllgig) < ChNIvl2 k) J=s.

lll. ERROR ESTIMATE OF THE COMPARISON FUNCTION

Following a traditional approach, our convergence analysis is based on dividing the error between
the exact solution u and the computable U asu — U = (u — W) + (W — U), where W is a com-
parison function obtained using an appropriate quadrature elliptic projection of the exact solution
u in Sy, for each fixed time.

In this section we analyze the first-stage error of the comparison function, by choosing
W [0, T] — S, to be the solution of

a,(W,v) =a,(u,v), vels, tel0,T]. 3.1
In the next theorem we bound the comparison function error  := u — W and its derivatives.

Theorem 3.1. Foreacht € [0,T], W satisfying (3.1) exists and

'u

< ChH—l—m _
- at!

, m=0,1, i=0,1,2. (3.2)

m
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Proof. Since the linear system of equations corresponding to (3.1) is square, existence of W
follows from uniqueness. To prove the uniqueness, we assume that there exist W and V satisfying
(3.1). Hence

ay(W—=V,0) =0, veS, tel0,T] (3.3)

From (2.6) and (3.3) withv = W — V, we have |V — W|? < a,(V — W,V — W) = 0 and hence
V=Ww.

Next, we prove (3.2) for i = 0 and m = 1. By the hypothesis of S, there exists a function
u, : [0, T] — S, such that

lu —upllw < CH " ullypn, m=0,....7 + 1. (3.4)
The triangle inequality and (3.4) yield
Inlly < llu —uplly + lluy — Wil < Ch™llully1 + lluy — Wi, 2 €[0,T]. (3.5)

To bound |lu;, — W||;, we use (3.1), (2.3), the Cauchy-Schwarz inequality, and (3.4) to obtain for
any v € S,

ar(W —uy,v) = [ap(u — uy,v) —a(u — uy,v)1 +a(w — uy, v)
< Ch' lu = upllrr1p 0l + e —upllillvll < CR lullgillvllh,
and hence, from (2.6) withv = W — u,,
W —u, |} < Can(W —up, W —uy) < CR Jull, 1 | W — ) (3.6)

Using (3.5) and (3.6), we obtain (3.2) fori = 0and m = 1.
Next we prove (3.2) for i, m = 0. For each fixed r € [0, T], let ¢ € H*(2) N Hy () be the
unique solution of

a(p,v) = (n,v), v e Hy(Q), (3.7)
satisfying the regularity property
ol = Clinllo- (3.8)

It is well known from the approximation theory that there exists a piecewise linear polynomial ¢
defined on T}, such that

I — Il < Chlll, (3.9

and hence (3.8) and the triangle inequality give
g — Il < Chinllo, lgll < Cligll < Clinllo. (3.10)
Further, (3.7) and (3.1) yield
Inll§ = (.1m) = alp.m) = a@ — ¢.m) + [a(@.n) — ay (@, . G.11)
The Cauchy—Schwarz inequality, (3.10), and (3.2) (form = 1,i = 0),
la(¢ = ¢.m)| = Clig = @lllnlh < Ch™ ' flulls2llnllo- (3.12)
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Using n = u — W, the triangle inequality, (2.2), (3.10), and (3.2) (form = 1,i = 0), yield
la(®, @) — ar(n, )| < lau, §) — ay(w, )| + la(W, ) — a, (W, )|
< CH M ull,s2llpll + CR 1 ITW I
< C ' (flullys2 + IW D 170
< CH ' (lullysz + Il + el lnllo < CA™ el alinlle. (3.13)

Now, (3.2) fori = m = 0 follows from (3.11)—(3.13) and hence (3'.2) is proved for i = 0 and

m = 0, 1. In the above arguments, if we replace u and W by &% and ";T‘fv respectively, we get (3.2)

ort
fori =1,2. [

In the next lemma we prove that the comparison function W is uniformly bounded. This result
will be used later to prove that the approximate solution U” forn = 1,..., N’ is also uniformly
bounded. The main aim behind proving such results is to avoid using a global Lipschitz assumption
on f (see (2.1)).

Lemma 3.2. ||W| < Cllul|, 42 foreacht € [0,T].

Proof. For a fixed ¢ € [0, T'], let zx be a linear polynomial interpolate u at the corners of K
in 7, see [10]. Then [|zx llyo k) = lullyg k) = llulloc = Cllull;+1 where in the last inequality

we used the Sobolev embedding theorem.
Using this and the triangle inequality we get

IW oo = max W g, < max (2l o) + W = 2 lwg, )

<Clu + max||W — z .
= ” ||r+l KETh” K”Wgo([()

Now, the inverse inequality (W — zx is a polynomial on K), zx — W =n — (u — zx) on K, the
triangle inequality, (3.2), and ||Z||wgo(1() < ||”||WQO(K) < Cllull,+1, yield

IW = zkllyo k) < CRIW — zxll 2k,
= Ch_d/z[”rl”LZ(K) + ||u||L2(K) + ||ZK||L2(1<)]
< Ch P [lInllo + h*2 o o, + B2k o ]
= Clully+2 + llulloo) < Cllully+2,

and hence the proof is complete. L]

IV. CONVERGENCE ANALYSIS

In this section, we prove optimal-order convergence of our scheme by analyzing the error u” —U",
forn =0,..., N inthe L> and H' norms, where U°, U' and {U"}"", are defined by (1.13) and
(1.12) respectively. In the remainder of the paper, we use the following notation

E'=U"-W", n=0,...,N" 4.1)
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It is clear that £° = 0. In the next Lemma, we derive the bound &'. We aim to bound partially the
second stage error bound £” forn = 2,..., N in Theorem 4.3 after proving some needed results

in Lemma 4.2.

Lemma 4.1. IfU! is given by (1.13) and t < Ch, then
|
e g < Cht / el ds + 7> max fluel
0 <t<t)

Proof. Using (2.6), (4.1), (1.13), (3.1), (2.3), and the Cauchy-Schwarz inequality, we obtain

IE'N} < Can(E'.€") = Cap(U' — W', E") = Cay(g5 —u',&")
< Clay(g; —u'.&") —a(g; —u',&") + Cla(g; —u',&")|
<Ch'|gs —u'|, IE 11+ Clgs —u'],IE" . 4.2)

Using the Taylor expansion, (1.2), (1.3), (1.14), we obtain for x € €,

72 1 M
u'(x) = u(x,7) = u(x,0) + tu,(x,0) + 5 i (%,0) + 5/ (ti — $)uy, ds
0

'L'2

1 1
= 100 + 1800 + S (.0 + 5 / (= )ty ds
0

1 [
=g (x) + E/ (t1 — s)zum ds.
0

Hence, (4.2) and t < Ch yield

1 3| ) 1 n )
Ef (t1 — 8) Uy + HE/ (t1 — 8) uyy
0 r+l 0
n

n
<cCt? <h/ otsse 41 dS+/ ||um||1dS) I
0 0

1
1 2 1
<cr (hr+ / ity 51 ds + 7 max ||um||1> €',
0 0<t<ty

(e (h

)IIS'IIl
1

and thus the proof is complete. ]
The next lemma is needed to derive bounds for some terms that appear in Theorem 4.3.

Lemma4.2. [fv" € S, thenfor4 < j < N'

Jj—1 =2 j 1
~ = Cwu) , ) .
n’a ny__ n’a n < h r+2 C nyn2 i2 C i2 ,
T E la(", 3,v")—a, (", 9,v")| = — +| Ct E V[T + € E o' lly + E o113

n=1 n=2 i=j—1 i=0

where in the remainder of the paper, € > 0 and C (u) denotes a generic positive constant which
may depend on r and u, but which is independent of h and t.
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Proof. Using (1.10), we have

i1 Jj—1 J Jj=2
Za(u arU )_Za(u vn+|)_Za(un’vn71) :Za(unfl’vn)_za(ulﬂﬁl vn)
n=1 n=1 n=1 n=2 n=0
j—2 _ j ‘ . .
=27 Za(atu”’v")+ Z a(ul_l,vl) _ Za(ul+l Ul). (43)
n=2 i=j—1 i=0
Similarly,

ZTZah(u Bv)_ZrZah(au V") + Z a, (™! v)—Za Wt . (4.4)

n=1 i=j—1
Using (4.3), (4.4), the triangle inequality, and (2.2), we obtain
j—1
T la@", ;") — ap ", 50"
n=1

-2
<t la@u", v") — a,(Ju", v")|

~.

3
I
S}

J 1
+ ) a0 —ap @ o)+ ) la@ v — ay @),

i=j—1 i=0

< Ch’“( Znau lrsallv" 15+ Z = 2 101y +Z||u’“||,+z||v ||1> (4.5)
i=j—1
Using 2tdu" = f "+1 u, ds, the Cauchy—Schwarz and Cauchy’s inequalities, we get

- In+1
Th 8 u" || 0" < Ch’“/ lellszds 0"l
In—1

+1 fnt1 2 e 1/2
<cw / lu2yds) 2
In—1

In41
< cpre / e I2, ds + 70" 2,
1,

n—1

and so
Jj—2 . j-2
hr+l Z ”atu ||r+2||v ”1 S Ch2r+2/ ||u,||f+2ds + T Z ”Uh”%
n=2 o n=2
j—2
< Ch™ P +1) ||} (4.6)
n=2

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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For bounding the second term in (4.5), we use the € inequality to get

J

J
1 i—1 i 2r+42 i 12
r i 42 i L < r T i ;
Ch' "= M2Vl < h a7, + €l

i=j—1 i=j—1
C(u) )
h2+2+€ Z ||'U ”2

i=j—1

To bound the last term in (4.5), we use the Cauchy’s inequality to obtain

1

1 1
RS el <Y (B2, + 1) < Caph® 2+ 1.

i=0 i=0 i=0

Therefore desired result follows from (4.5)—(4.8).

In the next theorem, we partially derive the second-stage error bound §” forn =1, ...

Theorem 4.3.  If t is sufficiently small, then

n—1

HE T+ 1E" 1T < CT Y IF @)U = FaWiliy + Cay(r* +h7*), n=1,...

i=1

359

A7)

4.8)

N'.

N'.

Proof. Setting Lu = — Z” 1 (a,] (x) ) Using (1.12), n = u — W, (3.1), and the fact

that (Lu, 3,£") = a(u, ,&"), we obtain
(926", 5,"), + B2, B,
= (U™, 3E"), + (U3, 5" — (PW", BiE"), — an(W"2, 56"
a Q _ntl Xoon
= (Ft)U", 9, + (870" — 92u", ,8"), — an(id"*2,0,6")
= (Ft)U" — Ft)u", 3,6 + (870" — 9fu", 9,8"), + (F(t)u" — Lu", 3,"),

FI(Lu",3,EN), — (Lu", 3,EN] + [a@", 5,6") — ap(u”, ] + apn(u" — "3,

and hence from (1.1), we get
(976", 5,"), + (B2, 56" = Z’" n=1,...,N -1,
i=1
where
Il = (u}, — 97u", 8,€"),,
L= (0", 0,£"),,
I} = (Lu",3,&"), — (Lu", 3,E"),

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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I =a(", 8,E") — ap(u", 3,&"), (4.13)

- 1 -
I =a,(u" — "t 5" = —5a (t?07u", 0,"), (4.14)
I} = (Ft)U" — F(t)u", 3,E"). (4.15)

For the first term on the left-hand side of (4.9), we use (1.9) and (1.10) to obtain

~ 1 1
(976",9:6"), = 5, 108" — E"L9E" +0,6" )] = E[”atén“i —lag" ;] .16

n

Similarly, we get
-1~ 1
ap(E"12,0,") = E[ah(s”‘ + &g — g h)

1
= E[Mé"*hé“*‘) —ay (" €N 4.17)

Next we bound terms on the right-hand side of (4.9). Using (4.10), the triangle inequality, (2.2),
and the Cauchy—Schwarz inequality, we obtain

7)< (o, = 07" B08") — (e, — 07" Bi8") | + | (u, — 07", B,8")|
< CH M ug, — 7w, 19,8 lo + [Jus, — 07u™ |, 119,&" lo- (4.18)
It follows from the Peano-Kernel Theorem (see, e.g., Theorem 1.5 in [11]) that
Int1
uy, — ofu" = /t | G ds, |G()| <Ct, 5 € [tyot,tur1],

hence

In+1
Ju = 2], = €t [ Nl ds. (4.19)

In—1

Using (2.5), (1.10), and the triangle inequality, we have

19:" 1 < ClIBE 1o < C D 113, [lo- (4.20)

i=n—1

Now, (4.18)—(4.20), and the Cauchy—Schwarz and Cauchy’s inequalities yield

Int1 n . " .
=t [ lds 310800 = € [ i ds + 30 1080 @21)

In—1 i=n—1 In—1 i=n—1

In+1

Next we bound 73 in (4.11). By the hypothesis of S, foreachn = 1,..., N — 1, there exists V"
in S, such that

|o7u = v, < CH=" [o7u” | m=0,....r+1,

r+1’
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and thus, using
In+1
7"28[2 "= / (t —Is — tuDus ds, (4.22)
h—1

yields

In+1
[o7u" — v" ||m,r,1 < Cz*‘h’“*m/ Nl o1 ds, m=0,...,r+1. (4.23)

In—1

Using (4.11), n = u — W, the triangle inequality, (2.2), the Cauchy—Schwarz inequality, and

(4.23) we obtain

1] < |(@7u" = V", 50,6"), — (07w = V", 0.6")| + | (07u" — V", 0,6") | + (W — V", 5,"), |
< Y oput = V7| 4 19" o + C197u" = V718, 1lo + [ (87 W" — V", 86", |

r+1,1y

In+1 ~ ~
<crlp / it 1 ds 13" lo + | (7 W" — V. Bi"), |. (4.24)
1,

n—1

To bound |(8,2 wr — v, 5,&”)h| we use the Cauchy—Schwarz inequality, (2.5), W = u — n, the
triangle inequality, (4.22) with 7 in place of u, and (3.2) to obtain
(37w — v, 8,€"), | < Claw" — V|| 18"l < C||a7W" — V™| 13:&"llo

< c(||aru = v, + 87" )£ llo

In+1 -
< CT_I/ R Nt llrs1 + Iello) ds 113:E" 1o
1,

n—1

In+1 -
<Ct '™ / e llrv2 ds 110:8" [lo- (4.25)
1,

n—1
Hence, (4.20), (4.24), (4.25) the Cauchy—Schwarz and Cauchy’s inequalities give

In41 5
1| < Cfilhml/ s\l 12 ds10:E" llo
t’l

— Int1 n )
<cot [ hudads Y 14
1,

n—1 i=n—1

12,
Int1 .
<co ' ( / (I ds) > 19:E o
In—1 i=n—1
In41 n .
< CrIp / 2y ds + 3 18,612, (4.26)
In—1 i=n—1
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To bound I} given in (4.12), we use (1.1), (2.2), (4.20), and Cauchy’s inequality to obtain

|| < | (ufy. 9:8") — (ufsn 0,E"), | + |(Ftu", 9,E") — (F(t,)u", 8,")]
< Ch Y (Jup|,yy + IF@U" 1) 19,8 o
< CR (a2, + IF @ 12,) + Y 18,£713. (4.27)

i=n—1

The bound of I, will be given later. For bounding 1%, we use (4.14), the triangle inequality, (2.3),
integration by parts, (4.22), the Cauchy—Schwarz, inverse, and Cauchy’s inequalities, and (4.20)
to get

|12] < |a(z*0}u", dE") — ap(*0]u", 5,5")| + |a(r?87u", 5,5”)|

< Ch"|T*aku"|| , NE" Iy + | (T2 LoFu", 9,&")|

r+1
| n+1 - In41 ~
<Ch"~ T/ Netellrsr ds 10,E" [lo + CT/ | Lusello ds 110:6" llo
h—1 In—1
12 12
3 | In+1 2 In+1 ) -
<Ct*|n- / luilly,, ds + / llull; ds 10:£" llo
In—1 In—1
3 [ 2 - P12
<ot [l ds+ Y 1081 4.28)
1,

n—1 i=n—1

To bound |I{| given in (4.15), we use the triangle and Cauchy—Schwarz inequalities, (2.1), (2.5),
(4.20), and Cauchy’s inequality, to obtain

|17] < [(Ft)u" — Ft)W", 3,6 + [(Ft,)U" — Ft)W", §,E"),]
< |F)u" — Ft)W I 13:E" |n + IF @)U — F @)W l14l18:E" |1

< CUN"In + 1 FE)U" = Fa) W) Y 19,8 o

i=n—1

< ClIn"l; + IF@)U" = Feo)W"I3]+ > 19:8 5. (4.29)

i=n—1
Adding and subtracting ||n" |3, (2.4), (3.2), and the Cauchy—Schwarz inequality yield

"1 < W™y — 1" 151+ " 115

< CH Y I Pl + CR P "7

KeTy
r+1
1 2r42 2
<CcK Yy (Z ||n"||H,»(K)||n"||m+1-_/m) + CR 2|12,
KeT, \j=0
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r+1

1 2r+2 2
< CHY 0 g 0 gz, + CHY 2|2,

j=0

< CR" " |u"|?2,,. (4.30)
Using the triangle inequality, (3.4), the inverse inequality, (3.2), we obtain

Il < [ =il + o = W, < O s + CH aty = W

JsTh
< CH I iy + Ch (Jug — [+ 1) < CH T 0 (431)

Similarly, we get
"1z, < CH? 4" ||,42- (4.32)

Thus (4.29)—(4.32) give

1| < C[IF@)U" = Fa) W'l + B2 1w 12,,] + Y 18,8715, (4.33)

i=n—1

Using (4.9), (4.16), (4.17), (4.21), (4.26)—(4.28), (4.33), and multiplying through by 47, we obtain
forn=1,...,N' —1,

2[18:£" 15 — 18,£" 7 7] 4+ an (€, 6" —ap (6", 8"

<C (Cl @I* + k2] + G Th” ? + oI + T| F)U" = Fe) W'l +7 ) ||ats"||3) ,
i=n—1

(4.34)

where

Int1
2 2 2 2 2
C () =/ (Nt 74y + N7 5) ds, Cau) = uf, |, 4 1u" 17, + IFEDu" 17,

In—1

Using Lemma 4.2 and £° = 0, we get

k—1 k=2 k
n C(Lt) r n i
DA B (Crz 18" +€ > g +C||sl||%>. (4.35)
n=1 n=2 i=k—1

Summing both sides of (4.34) forn = 1,...,k — 1, where 2 < k < N’, using (2.5), (2.6), (4.35),
£9 =0, and taking e sufficiently small, we obtain

k k—1
10,112+ S E R < Y IF @)U — Fl) W2
i=k—1 n=1

k—1
+ C(u) [74 + R ENT T ) (10715 + IIE"II?)} .

n=0
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Hence, for t sufficiently small, the discrete analogue of Gronwall’s inequality and Lemma 4.1
complete the proof. ]

In the next theorem we prove that the quadrature CNFE solution given by (1.12) and (1.13) is
uniformly bounded and its rate of convergence to the exact solution is optimal in both time and
space.

Theorem 4.4. If h and T are sufficiently small and © < C min{h*%/* h} where ¢ > 0 is
independent of T and h, then

max |u" — U"||,, < Cu)(c> +h™), m=0,1.

0<n=N'
Proof. It follows from Lemma 3.2 that

Wlle < Ci(u), tel0,T]. (4.36)
Using (4.1), the triangle and inverse inequalities, (4.36), Lemma 4.1, and T < Ch<*¥/%, we obtain
U oo < 1IW oo + 11 loo < W' lloo + CR™2)18 o < Ca(u). (4.37)

Next, we use mathematical induction to prove that
[U"lo < C3w), n=1,...,N" =1, (4.38)

where

C;(u) = max{C;(u), C(u)}. (4.39)

It follows from (4.37) and (4.39) that |U!|., < C;(u). Assuming that (4.38) is true for
n=1,...,l,wherelissuchthatl <[ < N'—2, we will show that (4.38)is also true forn = [+1.
To this end, the induction hypothesis, (2.1), (2.5), the relation U" — W" = &" — " 4+ (u" — W"),
(3.2), and (3.4), yield

IFE)U" — Fe)Wily < CIU" = Wil < CUIE o + 10 llo + Nl — Wilo)

< CIE IR+ 2 |2,,), i=1.....1

r+2
and hence, by applying Theorem 4.3 we observe that

k—1

IEHT+ IEMIT < C Y IE I+ Can@* + 177, k=141 (440)

i=1
Now, an application to the discrete analogue of Gronwall’s inequality yields

n+1
Y UIEN < Cant +h7 ), n=0,....L (4.41)

Using the inverse inequality, (4.41), T < Ch<t¥/*, and taking h sufficiently small, we obtain

B} ‘ SI0)
16" lle < CH™21E™ o < Ca) > +h) < =—. @4
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TABLEL Optimal-order L? and H' convergence rates forr = land h = 1/N = 7.
=1 =2

N llello.oc R(L?) llell1.oo R(H") llello.oo R(L?) llelli.oo R(H")

40 8.11e—04 7.12e—02 4.28 e—04 7.12e—02

80 2.03e—04 1.99 3.56 e—02 0.99 1.06 e—04 2.00 3.56 e—02 0.99
160  5.07e—05 1.99 1.78 e—02 0.99 2.66 e—05 2.00 1.78 e—02 1.00
320 1.26e—05 2.00 8.90 e—03 0.99 6.60 e—06 2.00 8.90 e—03 1.00
640  3.05e—06 2.05 4.45e—03 0.99 1.49 e—06 2.14 4.45e—03 1.00

Using £+! = U*! — W!*!, the triangle inequality, (4.36), (4.39), and (4.42) yield

Cs(u) n Cs(u)

U1+1 o < Wl+1 o 1+1 o <
U7 Moo <l lloo 118 Moo = —5 >

= C3(u),

which completes the proof of (4.38) by mathematical induction.
Finally, using (4.38) and following the derivation of (4.40) and (4.41), we obtain

n+1
STIEN < Cay@t +h**), n=0,....N'—1. (4.43)

i=n

Sinceu"—U" = n"—&",the desired result follows from the triangle inequality, (3.2), (4.43). =

V. NUMERICAL EXPERIMENTS

In this section, we apply our fully-discrete CNFE scheme (1.12) and (1.13) to a semilinear example
problem of the form (1.1)—(1.4) in one dimensional space. We take

T=1 anx)=1, Q=(0,1), u@©,1)=0=u(l,r), u(x,0)=u(x,0)=sinnx,
and the inhomogeneous term is
f(x,t,u) = 2u® + [sin(t) + cos(t)] sin(rx) (w* — 1) — £*([sin(¢) + cos(¢)] sin(7x))>.
In our example, the exact solution is given by u(x,t) = [sin(¢) + cos(?)] sin(mx).

It is clear that the nonlinearity of the source term f satisfies the Lipschitz condition locally
only and this is what was assumed in (2.1).

TABLE II. Optimal-order L2 and H' convergence rates forr = £ =2and h = 1/N = t3/2.

N llelo.co R(L?) llell1.0o R(H")
36 2.1267 e—05 8.9566 e—04

49 8.4576 e—06 2.9908 4.8150 e—04 2.0131
64 3.8027 e—06 2.9930 2.8338 e—04 1.9848
81 1.8781 e—06 2.9947 1.7621 e—04 2.0169
100 9.9443 e—07 3.0175 1.1558 e—04 2.0011
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TABLEIIl. Optimal-order L and H' convergence rates forr = ¢ =3 and h = I/N = t'/2.

N llello.co R(L?) llelltoo R(H")
36 5.8815 e—-07 6.8205 e—06

49 1.7134 e—07 4.0003 2.6542 e—06 3.0612
64 5.8912 e—08 3.9976 1.1806 e—06 3.0333
81 2.2746 e—08 4.0397 5.8057 e—07 3.0130
100 9.8535 e—09 3.9701 3.0787 e—07 3.0102

In our numerical experiments, for several values of N, we used uniform spatial and time par-
tition with the step size h = 1/N and T = 1/4/N"*! to check the rate of convergence (R(H*)) in
the H* norm for k = 0, 1. We chose the approximation space S, C H, (0, 1) to be the space of
all continuous piecewise polynomials of degree at most r.

Tables I-1II show the errors ||e||;.cc = Maxo<,<y [|[u" — U"||; in the H* norm for k = 0, 1. We
calculated the errors ||e||x using r 4+ 1 Gauss quadrature points on each interval of the finest
spatial mesh.

For a fixed h, we computed U° and U' by solving (1.13). Then, we computed the sparse
LU-factorization of the time-independent symmetric matrix resulting from (1.12). We used this
factorization in (1.12) to compute U"*!.

In our calculation, we choose the nodes {0} }le in (1.11) to be the Gauss quadrature points on
each cell and {w J-,K}_‘,ﬁl are the associated weights. In the current case, our analysis requires £ to
be greater than r in order to obtain the quadrature error formula (2.2) which is needed to prove the
optimal-order convergence rates of the quadrature CNFE scheme in the H* norm fork = 0, 1, see
Theorem 4.4. However, for £ = r results in Tables I-III confirm the optimal convergence results
given in Theorem 4.4. Theoretically it is difficult to prove such practically expected results for
semilinear hyperbolic problems. For £ = r 4 1, all the assumptions which are given in Section
II on the quadrature rule are satisfied, and hence we expect to obtain optimal order convergence
rates in L, and H' norms. Such results are demonstrated numerically below. It is clear from Table
I that for £ = r 4 1, we obtained better convergence rates and error bounds.
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