
BI-AMALGAMATIONS SUBJECT TO THE ARITHMETICAL PROPERTY (?)

S. KABBAJ (1), N. MAHDOU, AND M. A. S. MOUTUI

Abstract. This paper establishes necessary and sufficient conditions for a bi-
amalgamation to inherit the arithmetical property, with applications on the weak
global dimension and transfer of the semihereditary property. The new results
compare to previous works carried on various settings of duplications and amal-
gamations, and capitalize on recent results on bi-amalgamations. All results are
backed with new and illustrative examples arising as bi-amalgamations.

1. Introduction

Throughout, all rings considered are commutative with unity and all modules
are unital. Let f : A→ B and g : A→ C be two ring homomorphisms and let J
and J′ be two ideals of B and C, respectively, such that Io := f−1(J) = g−1(J′). The
bi-amalgamation (or bi-amalgamated algebra) of A with (B,C) along (J, J′) with respect
to ( f , g) is the subring of B×C given by

A ./ f ,g (J, J′) :=
{
( f (a) + j, g(a) + j′) | a ∈ A, ( j, j′) ∈ J× J′

}
.

This construction was introduced in [26] as a natural generalization of duplications
[12, 14, 17, 18, 27, 30] and amalgamations [15, 16, 19]. In [26], the authors pro-
vide original examples of bi-amalgamations and, in particular, show that Boisen-
Sheldon’s CPI-extensions [7] can be viewed as bi-amalgamations (Notice that [15,
Example 2.7] shows that CPI-extensions can be viewed as quotient rings of amalga-
mated algebras). They also show how every bi-amalgamation can arise as a natural
pullback (or even as a conductor square) and then characterize pullbacks that can
arise as bi-amalgamations. This allowed them to characterize Traverso’s glueings
of prime ideals [29, 31, 32, 33] which can be viewed as special bi-amalgamations.
Then, the last two sections deal, respectively, with the transfer of some basic ring
theoretic properties to bi-amalgamations and the study of their prime ideal struc-
tures. All their results recover known results on duplications and amalgamations.
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Finally, it is worthwile recalling that, very recently, Finocchiaro investigated neces-
sary and sufficient conditions for an amalgamated algebra to inherit various Prüfer
conditions (including the arithmetical property) [19].

This paper studies the transfer of the arithmetical property and related notions
to bi-amalgamations. A ring R is arithmetical if every finitely generated ideal is
locally principal [20, 25]; and R is semihereditary if every finitely generated ideal is
projective [11]. The following diagram of implications summarizes the relations
between the main three notions involved in this paper:

R is semihereditary
⇓

w.dim(R) ≤ 1
⇓

R is arithmetical

where w.dim(R) denotes the weak global dimension of R. Recall that all these
properties are identical to the notion of Prüfer domain if R has no zero-divisors,
and that the above implications are irreversible, in general, as shown by examples
provided in [1, 4, 5, 6, 8, 9, 10, 12, 13, 22, 23, 24]. Very recently, these conditions
(among other Prüfer conditions) were thoroughly investigated in various contexts
of duplications [12].

This paper establishes necessary and sufficient conditions for a bi-amalgamation
to inherit the arithmetical property, with applications on the weak global dimen-
sion and transfer of the semihereditary property. Section 2 is devoted to the transfer
results, the main of which (Theorem 2.1) states that ” A ./ f ,g (J, J′) is arithmetical if and
only if both f (A) + J and g(A) + J′ are arithmetical and, for every m ∈Max(A, Io), JSm = 0
or J′S′m

= 0”. Follow several applications featuring the transfer of other related prop-
erties in bi-amalgamations, amalgamations, and duplications. All obtained results
recover and compare to previous works carried on various settings of duplications
and amalgamations, and capitalize on recent results on bi-amalgamations. (As to
previous works on pullbacks, see Remark 2.2.) In Section 3, all results are backed
with new and illustrative examples arising as bi-amalgamations.

Notice, at this point, that in the presence of the equality f−1(J) = g−1(J′), J = B if
and only if J′ = C; and in this case A ./ f ,g (J, J′) = B×C. Therefore, in this paper, we
will omit this case (i.e., J and J′ will always be proper) since it is known that the
above Prüfer notions are stable under finite products (cf. [12, p. 251]).

Throughout, for a ring R, Spec(R) (resp., Max(R)) will denote the set of all prime
(resp., maximal) ideals of R, and, for any ideal I of R, Spec(R, I) (resp., Max(R, I))
will denote the set of all prime (resp., maximal) ideals of R containing I.
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2. Results

Let f : A→ B and g : A→ C be two ring homomorphisms and let J and J′ be two
proper ideals of B and C, respectively, such that Io := f−1(J) = g−1(J′). All along this
section, A ./ f ,g (J, J′) will denote the bi-amalgamation of A with (B,C) along (J, J′)
with respect to ( f , g). This section investigates the arithmetical and semihereditary
properties as well as the weak global dimension in bi-amalgamations.

The first main result establishes necessary and sufficient conditions for a bi-
amalgamation to inherit the arithmetical property. To this purpose, let us adopt
the following notation:
For any p ∈ Spec(A, Io) (resp., ∈Max(A, Io)), consider the multiplicative subsets

Sp := f (A−p) + J and S′p := g(A−p) + J′

of B and C, respectively, and let

fp : Ap→ BSp and gp : Ap→ CS′p

be the canonical ring homomorphisms induced by f and g. One can easily check
that

f−1
p (JSp ) = g−1

p (J′S′p ) = (Io)p.

Moreover, by [26, Lemma 5.1], P := p ./ f ,g (J, J′) is a prime (resp., maximal) ideal of
A ./ f ,g (J, J′) and, by [26, Proposition 5.7], we have

(
A ./ f ,g (J, J′)

)
P
� Ap ./

fp,gp (JSp , J
′

S′p
).

These facts will be used in the sequel without explicit reference. Recall that a local
arithmetical ring is also called a chained ring (i.e., its lattice of ideals is totally
ordered by inclusion).

Theorem 2.1. Under the above notation, we have:

(1) A ./ f ,g (J, J′) is a chained ring if and only if both f (A)+ J and g(A)+ J′ are chained
rings and J = 0 or J′ = 0.

(2) A ./ f ,g (J, J′) is arithmetical if and only if both f (A)+ J and g(A)+ J′ are arithmetical
and, for every m ∈Max(A, Io), JSm = 0 or J′S′m

= 0.

Proof. (1) By [26, Proposition 3.1], A ./ f ,g (J, J′) arises as a pullback D := α× A
Io
β

with Ker(α) = J, Ker(β) = J′, and p1(D) = f (A) + J (resp., p2(D) = g(A) + J′) where p1

(resp., p2) denotes the restriction to D of the projection of ( f (A)+ J)× (g(A)+ J′) into
f (A) + J (resp., g(A) + J′). Moreover, recall that the chained ring notion is stable
under factor ring and f (A)+J

J �
g(A)+J′

J′ [26, Proposition 4.1(3)]). Therefore, the result
follows readily from [19, Proposition 4.9].

(2) First note that (1) is the local version of (2). In order to see this, recall
that A ./ f ,g (J, J′) is local if and only if both f (A) + J and g(A) + J′ are local; and
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m ./ f ,g (J, J′) is the maximal ideal of A ./ f ,g (J, J′), where m is the unique maximal
ideal of A containing Io [26, Proposition 5.4]. Moreover, in view of the isomorphism

A ./ f ,g (J, J′)
0× J′

� f (A) + J

given by [26, Proposition 4.1(2)], we deduce that

m ./ f ,g (J, J′)
0× J′

' f (m) + J

is the maximal ideal of f (A) + J and, similarly, g(m) + J′ is the maximal ideal of
g(A) + J′. Hence Sm and S′m shall consist of units only so that JSm = J and J′S′m

= J′,
as desired.

Now, assume that A ./ f ,g (J, J′) is arithmetical. Letm ∈Max(A, Io) andM :=m ./ f ,g

(J, J′). Therefore
Am ./ fm,gm (JSm , J

′

S′m
) �

(
A ./ f ,g (J, J′)

)
M

is a chained ring (since the arithmetical property is stable under localization). By
(1), JSm or J′S′m

is null, as desired. Next, let L ∈ Spec( f (A)+ J) and consider the prime

ideal of A ./ f ,g (J, J′) given by

L :=
(
L× (g(A) + J′)

)
∩

(
A ./ f ,g (J, J′)

)
.

If J * L, then by [26, Proposition 5.3(2)],

( f (A) + J)L �
(
A ./ f ,g (J, J′)

)
L

is arithmetical. Next, assume that J ⊆ L. By [26, Lemma 5.2], we have

L := p ./ f ,g (J, J′)

where p := f−1(L) ∈ Spec(A, Io) and one can easily verify that L = f (p) + J. So,

Ap ./
fp,gp (JSp , J

′

S′p
) �

(
A ./ f ,g (J, J′)

)
L

is a chained ring. By (1), fp(Ap) + JSp is a chained ring and (as seen above) with
maximal ideal fp(pAp) + JSp . The fact that fp(Ap) + JSp is local yields:

Claim 1. fp(Ap) + JSp = ( f (A) + J)L.

Indeed, first observe that

Sp = ( f (A) + J)\ ( f (p) + J) = ( f (A) + J)\L

and, hence, both fp(Ap) + JSp and ( f (A) + J)L are subrings of BSp . The forward
inclusion is obvious. To prove the other, let x ∈ ( f (A) + J)L; that is,

x =
f (a) + i
f (s) + j

=

(
1

f (s) + j

)(
f (a)
1

)
+

i
f (s) + j

for some a ∈ A, s ∈ A\p and i, j ∈ J. Clearly, it suffices to show that
1

f (s) + j
∈ fp(Ap) + JSp .
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This is true since one can check that
f (s) + j

1
=

f (s)
1

+
j
1
< fp(pAp) + JSp

as fp(pAp) + JSp is the maximal ideal of fp(Ap) + JSp , proving the claim.
By (1), ( f (A) + J)L is arithmetical. Consequently, f (A) + J is (locally) arithmetical
and so is g(A) + J′ via similar arguments.

Conversely, assume f (A)+ J and g(A)+ J′ are arithmetical and, ∀m ∈Max(A, Io),
JSm or J′S′m

is null. Let M ∈Max(A ./ f ,g (J, J′)). Suppose that J× J′ *M. By [26,
Proposition 5.3(2)], there is L, say, in Spec( f (A) + J) such that

(A ./ f ,g (J, J′))M � ( f (A) + J)L.

So, in this case, (A ./ f ,g (J, J′))M is obviously arithmetical. Next, suppose J× J′ ⊆M.
By [26, Proposition 5.3(1) & Lemma 5.1], there is a unique m ∈Max(A, Io) such that

M =m ./ f ,g (J, J′).

By hypothesis we have, say, J′S′m
= 0. Now, let L := f (m)+ J, a prime ideal of f (A)+ J.

It follows, via [26, Proposition 4.1(2)] and Claim 1, that:(
A ./ f ,g (J, J′)

)
M

� Am ./ fm,gm (JSm ,0)
� fm(Am) + JSm
= ( f (A) + J)L.

So, in this case too, (A ./ f ,g (J, J′))M is arithmetical. Consequently, A ./ f ,g (J, J′) is
arithmetical, completing the proof of the theorem. �

Remark 2.2. In Proposition 3.2 of [26], it is proved that every bi-amalgamation
A ./ f ,g (J, J′) can be viewed as a conductor square with conductor J× J′. Boynton
examined the transfer of the arithmetical property to conductor squares in the
special case where the conductor ideal is regular [8, Theorem 3.3] (and also [9,
Theorem 4.1]). We cannot appeal to this result in the context of Theorem 2.1
since, under the assumption “J× J′ is regular,” the bi-amalgamation A ./ f ,g (J, J′)
can never satisfy the arithmetical property (because of the necessary condition:
∀m ∈Max(A, Io), JSm = 0 or J′S′m

= 0). This remark is also valid for the forthcoming
Corollary 2.8 (on the weak global dimension) and Corollary 2.11 (on the semi-
hereditary property).

Remark 2.3. Observe that Theorem 2.1(1) can also read as follows: A ./ f ,g (J, J′) is a
chained ring if and only if “J = 0 and g(A) + J′ is a chained ring” or “J′ = 0 and f (A) + J
is a chained ring” which is obvious from the facts that the chained ring notion is
stable under factor ring and f (A)+J

J �
g(A)+J′

J′ [26, Proposition 4.1(3)]).

As an illustrative example for Theorem 2.1, Example 3.1 provides an original
arithmetical ring which arises as a bi-amalgamation.
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Recall that the amalgamation of A with B along J with respect to f is given by

A ./ f J :=
{
(a, f (a) + j) | a ∈ A, j ∈ J

}
.

Clearly, every amalgamation can be viewed as a special bi-amalgamation, since
A ./ f J = A ./idA, f ( f−1(J), J). Accordingly, Theorem 2.1 covers the special case of
amalgamations, as recorded below.

Corollary 2.4. Under the above notation, we have:

(1) A ./ f J is a chained ring if and only if both A and f (A) + J are chained rings and
J = 0 or f−1(J) = 0.

(2) A ./ f J is arithmetical if and only if both A and f (A) + J are arithmetical and, for
every m ∈Max(A, f−1(J)), JSm = 0 or f−1

m

(
JSm

)
= 0.

Remark 2.5. Recently, Finocchiaro proved the following result for the transfer of the
arithmetical property to amalgamations: ”Assume that, for each m ∈Max(A, f−1(J)),
either fm is surjective or f−1

m

(
JSm

)
, 0. Then, A ./ f J is arithmetical if and only if A is

arithmetical, JSm = 0 for eachm ∈Max(A, f−1(J)), and for anym′ ∈Max(B) not containing
J, the ideals of Bm′ are totally ordered by inclusion” [19, Proposition 4.10]. Corollary 2.4
covers this result due to the basic fact that if fm is surjective and JSm , 0 then
f−1
m

(
JSm

)
, 0; combined with the two-type maximal ideal structure of A ./ f J (cf.

[16, Proposition 2.6] and [19, Proposition 2.5]); precisely, Am � (A ./ f J)
m./ f J when

JSm = 0 and Bm′ � (A ./ f J)
m′

where m′ =
{
(a, f (a) + j) ∈ A ./ f J | f (a) + j ∈m′

}
.

Remark 2.6. Assume J , 0. Then Remark 2.3 combined with [26, Corollary 4.6]
yield: A ./ f J is a chained ring (resp., valuation domain) if and only if f−1(J) = 0 and
f (A) + J is a chained ring (resp., valuation domain).

For an original example of arithmetical ring arising as an amalgamation, see
Example 3.2. Next, let I be a proper ideal of A. The (amalgamated) duplication of
A along I is a special amalgamation given by

A ./ I := A ./idA I =
{
(a,a + i) | a ∈ A, i ∈ I

}
.

The above corollary recovers known results on the transfer of the arithmetical
property to duplications, as shown below.

Corollary 2.7 ([12, Theorem 3.2(1) & Corollary 3.8(1)]). We have:

(1) A ./ I is a chained ring if and only if A is a chained ring and I = 0.
(2) A ./ I is arithmetical if and only if A is arithmetical and Im = 0, ∀m ∈Max(A, I).

As another application of Theorem 2.1, we get necessary and sufficient condi-
tions for a bi-amalgamation to have weak global dimension at most 1. For this
purpose, let Nil(R) denote the nilradical of a ring R.
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Corollary 2.8. Assume w.dim( f (A) + J) ≤ 1, w.dim(g(A) + J′) ≤ 1, J ∩Nil(B) = 0,
J′∩Nil(C) = 0 and, ∀m ∈Max(A, Io), JSm = 0 or J′S′m

= 0. Then w.dim
(
A ./ f ,g (J, J′)

)
≤ 1.

The converse holds if Io is radical.

Proof. Recall that a ring R has weak global dimension at most 1 if and only if
R is arithmetical and reduced [5, Theorem 3.5]. A combination of this fact with
Theorem 2.1 and [26, Proposition 4.7] (on the transfer of the reduced property)
leads to the conclusion. �

The converse of Corollary 2.8 is not true in general. A counter-example in the
special case of amalgamations is given in Example 3.3. Also, as an illustrative
example for this result, Example 3.4 features an original example of a ring with
weak global dimension ≤ 1 which arises as a bi-amalgamation.

For the special case of amalgamations, we get a more well-rounded result:

Corollary 2.9. Under the above notation, we have:
w.dim(A ./ f J)≤ 1 if and only if w.dim(A)≤ 1, f (A)+ J is arithmetical (resp., Gaussian),
J∩Nil(B) = 0 and, for every m ∈Max(A, f−1(J)), JSm = 0 or f−1

m

(
JSm

)
= 0.

Proof. Combine Corollary 2.4(2) and [26, Corollary 4.9] with the well-known facts
that w.dim(R) ≤ 1 if and only if R is reduced and arithmetical (resp., reduced and
Gaussian) [5, Theorems 3.5 & 4.8]. �

Remark 2.5 is also valid for Corollary 2.9 and [19, Proposition 4.11] on the weak
global dimension. See Example 3.3 where w.dim(A ./ f J)≤ 1 and w.dim( f (A)+ J)>
1. Corollary 2.9 recovers a known result for duplications:

Corollary 2.10 ([12, Theorem 4.1(1)]). We have:
w.dim(A ./ I) ≤ 1 if and only if w.dim(A) ≤ 1 and Im = 0, ∀ m ∈Max(A, I).

A ring R is semihereditary if and only if R is coherent and w.dim(R) ≤ 1 [5,
Theorem 3.3]. A combination of this fact with Corollary 2.8 and [26, Proposition
4.2] establishes the transfer of the semihereditary property to bi-amalgamations in
the special case of Noetherian settings.

Corollary 2.11. Assume that f (A)+ J and g(A)+ J′ are Noetherian semihereditary rings,
J∩Nil(B) = 0, J′∩Nil(C) = 0 and,∀m ∈Max(A, Io), JSm = 0 or J′S′m

= 0. Then, A ./ f ,g (J, J′)
is a Noetherian semihereditary ring. The converse holds if Io is radical.

For the special case of amalgamations, we have a more well-rounded general
result. For this purpose, we first recall the following result which examines the
transfer of coherence to amalgamations.
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Lemma 2.12 ([2, Theorem 2.2]). Suppose that f−1(J) and J are finitely generated in A
and f (A) + J, respectively. Then: A ./ f J is coherent if and only if A and f (A) + J are
coherent.

Contrast this result with [19, Proposition 4.14] on the transfer of coherence to
amalgamations. The next result is a combination of this lemma and Corollary 2.9
with the well-known fact that R is semihereditary if and only if R is coherent and
w.dim(R) ≤ 1 [5, Theorem 3.3].

Corollary 2.13. Suppose that f−1(J) and J are finitely generated in A and f (A) + J,
respectively. Then: A ./ f J is semihereditary if and only if A is semihereditary, f (A) + J
is coherent arithmetical (resp., Coherent Gaussian), J∩Nil(B) = 0 and, for every m ∈
Max(A, f−1(J)), JSm = 0 or f−1

m

(
JSm

)
= 0.

See Example 3.3 where A ./ f J is semihereditary and f (A) + J is not semiheredi-
tary. Corollary 2.13 recovers a known result for duplications:

Corollary 2.14 ([12, Theorem 4.1(2)]). Suppose I is finitely generated. Then:
A ./ I is semihereditary if and only if A is semihereditary and Im = 0, ∀ m ∈Max(A, I).

Contrast this result with [19, Corollary 4.15] on the transfer of the semihereditary
property to amalgamations.

3. Examples

First, as an illustrative example for Theorem 2.1, we provide a family of non-
reduced arithmetical rings which arise as bi-amalgamations.

Example 3.1. Let (A,m) be a valuation domain, K := qf(A), E a finitely generated
A−module such that Em = 0, and B := AnE the trivial ring extension of A by E, and
C := K[[X]]. Consider the natural injective ring homomorphisms f : A ↪→ B and
g : A ↪→ C and let J := 0nE. We claim that the bi-amalgamation R := A ./ f ,g (J,0)
is a non-reduced arithmetical ring. Indeed, notice first that f−1(J) = g−1(0) = 0,
f (A) + J = B, and g(A) = A. Further, B is (local) arithmetical by [28, Theorem
3.1]. So, R is a chained ring by Theorem 2.1. However, R is not reduced by [26,
Proposition 4.7] as J2 = 0.

Next, as an illustrative example for Corollary 2.4, we provide a non-reduced
arithmetical ring which arises as an amalgamation.

Example 3.2. Let (A,m) be a valuation domain, E a nonzero divisible A-module
whose submodules are totally ordered by inclusion (e.g., E := qf(A)), and B :=
An E the trivial ring extension of A by E. Consider the natural injective ring
homomorphism f : A ↪→ B and let J := 0nE. Then, the amalgamation R := A ./ f J
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is a non-reduced arithmetical ring. Indeed, f−1(J) = 0 and f (A) + J = B is a chained
ring by [3, Theorem 4.16]. So, R is a chained ring by Corollary 2.4 but not reduced
by [15, Proposition 5.4] since J∩Nil(B) , 0.

The converses of Corollary 2.8 and Corollary 2.11 are not true in general. A
counter-example is given below in the trivial case of an amalgamation where
A ./ f J � A and f (A) + J = B.

Example 3.3. Consider the canonical surjective ring homomorphism f :Z→Z/4Z
and let J denote the zero ideal of Z/4Z . Then, Z ./ f J �Z is a Dedekind domain
and f (Z) + J =Z/4Z is not reduced so that w.dim(Z/4Z) > 1.

Next, in order to illustrate Corollary 2.8, one may use bi-amalgamations to
enrich the literature with new examples of non-semihereditary rings with weak
global dimension ≤ 1 from the existing ones.

Example 3.4. Let Ao be a Noetherian ring with w.dim(Ao) ≤ 1 and let I be a
proper ideal of Ao such that Im = 0, ∀ m ∈Max(Ao, I)

(
e.g.,Ao := Z/12Z and I :=

4Z/12Z; clearly, Im1 = 0 and Im2 = 0, where m1 := 2Z/12Z and m2 := 3Z/12Z
)
.

Let A := Ao ./ I be the amalgamated duplication of Ao along I. By Corollary 2.10,
w.dim(A) ≤ 1. Let D be any non-coherent ring with w.dim(D) ≤ 1 (e.g., [24, Ex-
ample 4.1]). Finally, consider the natural ring homomorphisms f : A� Ao and
g : A ↪→ A×D, and let J := I and J′ := (I ./ I)×D. Then, the bi-amalgamation
R := A ./ f ,g (J, J′) is a non-semihereditary ring with weak global dimension ≤ 1.
Indeed, notice first that f−1(J) = g−1(J′) = I ./ I. Then, we have w.dim( f (A) + J) =

w.dim(Ao) ≤ 1 and w.dim(g(A) + J′) = w.dim((A× 0) + ((I ./ I)×D)) = w.dim(A×
D) = sup{w.dim(A),w.dim(D)} ≤ 1. Moreover, let m ./ I ∈Max(A, I ./ I). Neces-
sarily, m ∈Max(Ao, I). Therefore, Sm./I = f (A− (m ./ I)) + J = (Ao−m) + I and hence
JSm./I = Im = 0. Now, Ao and D are reduced and so are A and A×D. By Corol-
lary 2.8, w.dim(R) ≤ 1. Finally, note that R is not coherent (and, a fortiori, not
semihereditary) since R

J×0 � g(A) + J′ = A×D is not coherent (as D is not coherent).

Next, as an illustrative example for Corollary 2.11, we provide a new example
of semihereditary ring which arises as a bi-amalgamation.

Example 3.5. Let A be a Noetherian semihereditary ring and let I be a proper ideal
of A such that Im = 0, ∀ m ∈Max(A, I)

(
e.g., A := Z/12Z and I := 4Z/12Z

)
. Let

B := A ./ I be the amalgamated duplication of A along I and let D be a Noetherian
semihereditary ring. Finally, consider the natural injective ring homomorphisms
f : A ↪→ B and g : A ↪→ A×D, and let J := I ./ I = I× I and J′ := I×D. Then, the bi-
amalgamation R := A ./ f ,g (J, J′) is a Noetherian semihereditary ring. Indeed, note
that f−1(J) = g−1(J′) = I and, ∀ m ∈Max(A, I), Sm := f (A−m) + I× I =

(
(A−m) + I

)
×
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(A−m)+ I

)
. So that JSm = (I× I)Sm � Im× Im = 0.Moreover, f (A)+ J = A ./A = A×A

and g(A) + J′ = A×0 + I×D = A×D are Noetherian semihereditary rings (since so
are A and D). Therefore, Corollary 2.11 leads to the conclusion.
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