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3938 Kabbaj and Mahdou
1. INTRODUCTION

All rings considered in this paper are commutative with identity elements and all
modules are unital. Let A be a ring and E an A-module. The trivial ring extension of
A by E is the ring R := A « E whose underlying group is A x E with mulitplication
given by (a, e)(d’,¢') = (ad’,ae’ + d’e). Considerable work, part of it summarized in
Glaz’s book (Glaz, 1989) and Huckaba’s book (where R is called the idealization of
E in A) (Huckaba, 1988), has been concerned with trivial ring extensions. These have
proven to be useful in solving many open problems and conjectures for various con-
texts in (commutative and non-commutative) ring theory. See for instance Damiano
and Shapiro (1984), Fossum (1973), Kabbaj and Mahdou (2003), Levin (1985),
Mahdou (2001a,b), Palmér and Roos (1973), Popescu (1985), and Roos (1981).

A ring R is coherent if every finitely generated ideal of R is finitely presented;
equivalently, if (0: a) and I NJ are finitely generated for every a € R and any two
finitely generated ideals 7 and J of R (Glaz, 1989). Examples of coherent rings are
Noetherian rings, Boolean algebras, von Neumann regular rings, valuation rings,
and Priifer/semihereditary rings. The concept of coherence first sprang up from
the study of coherent sheaves in algebraic geometry, and then developed, under
the influence of Noetherian ring theory and homology, towards a full-fledged topic
in algebra. During the past 30 years, several (commutative) coherent-like notions
grew out of coherence such as finite conductor, quasi-coherent, v-coherent, n-coherent,
and - to some extent — GCD and G-GCD rings (see the respective definitions in the
beginning of Secs. 2 and 3). Noteworthy is that both the ring-theoretic and homolo-
gical aspects of coherence run through most of these generalizations (see for instance
Glaz, 2000).

This paper investigates coherent-like conditions and related properties that a
trivial extension R := A « E might inherit from the ring A for some classes of mod-
ules E. It captures previous results dealing primarily with coherence (Glaz, 1989;
Roos, 1981), and also establishes satisfactory analogues of well-known coherence-
like results on pullback constructions (Gabelli and Houston, 1997) (see also Brewer
and Rutter, 1976; Dobbs and Papick, 1976; Dobbs et al., 1997, 1999; Fontana and
Gabelli, 1996). Our results generate new families of examples of rings (with
zerodivisors) subject to a given coherent-like condition.

The second section provides a ring-theoretic approach. We first extend the
definition of a v-coherent domain to rings with zerodivisors and develop a theory
of these rings parallel to Glaz’s study of finite conductor, quasi-coherent, and
G-GCD rings (Glaz, 2000). Afterwards, we study the possible transfer of all these
notions for various trivial extension contexts. Thereby, new examples are provided
which, particularly, enrich the current literature with new classes of coherent-like
rings with zerodivisors.

The third section treats the homological aspect. We first study conditions under
which trivial extensions yield (strong) n-coherent rings (Costa, 1994; Costa and
Kabbaj, 1996; Dobbs et al., 1997, 1999). Due to reciprocal effects (Costa, 1994,
Sec. 2), we also deal with the (n, d)-rings of Costa, i.e., those in which n-presented
modules (Bourbaki, 1998) have projective dimension at most d. In particular, the sec-
ond part of this section is devoted to Costa’s second conjecture that one may char-
acterize the (n,d)-property intrinsically by ideal-theoretic-conditions (Costa, 1994).
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Figure 1. The relations between the coherent-like notions.

We explore the scope of the validity of this conjecture in various trivial extension
non-coherent contexts. Recall at this point that Costa’s second conjecture is valid
in the class of coherent rings (Costa and Kabbaj, 1996). This fact was behind our
motivation for studying large classes of coherent-like rings. The paper closes with
an independent result showing that this conjecture holds in the class of finite conduc-
tor domains (resp., rings) for n < 2 and d = 1 (resp., d = 0). The general case is still
elusively open.

The diagram (Fig. 1) of commutative rings summarizes the relations between the
coherent-like notions involved in this paper.

2. RING-THEORETIC APPROACH

A ring R is quasi-coherent (resp., finite conductor) if (0 : @) and ;RN ---Na,R
(resp., bR N cR) are finitely generated ideals of R for any finite set of elements a and
ai,...,a, (resp., b, c) of R (Barucci et al., 1987; Glaz, 2000; Zafrullah, 1978). Also, R
is called a G-GCD ring if every principal ideal of R is projective and the intersection
of any two finitely generated flat ideals of R (Anderson and Anderson, 1980; Glaz,
2000).

2.1. v-Coherent Rings with Zerodivisors

In view of Glaz’s recent work on finite conductor, quasi-coherent, and G-GCD
rings (Glaz, 2000), we first extend the definition of a v-coherent domain (Fontana
and Gabelli, 1996; Gabelli and Houston, 1997; Nour El Abidine, 1991, 1992) to rings
with zerodivisors. For this purpose, we review some terminology related to basic
operations on fractional ideals in an arbitrary ring (i.e., not necessarily a domain).
Let R be a commutative ring and let Q(R) denote the total ring of quotients of R.
By an ideal of R, we mean an integral ideal of R. Let I and J be two nonzero
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fractional ideals of R. We define the fractional ideal (I:J) = {x € Q(R)|xJ C I}.
We denote (R : I) by I and (I"!) ' by I, (called the v-closure of I). A nonzero frac-
tional ideal I is said to be invertible if I/I-! = R, divisorial (or a v-ideal) if I, = I, and
v-finite if I, = J, (or, equivalently, if 7=' = J~!) for some finitely generated frac-
tional ideal J of A. The v-operation on R is not necessarily a x-operation, since, in
general, (a), # (a) when a is a zerodivisor of R. However, the other basic properties
of the v-operation on integral domains (Gilmer, 1972, (32.1)(2) and (3), (32.3)(a)
and (b)) carry over to arbitrary rings.

Definition 2.1. A ring R is v-coherent if (0 : @) and (), Ra; are v-finite ideals of R
for any finite set of elements a and ay,...,a, of R.

Proposition 2.2. Let R be a ring and let us consider the following assertions:

(1) I is v-finite for any finitely generated ideal I of R.
(2) I,NJ, is v-finite for any two finitely generated ideals I and J of R.
(3) Ni<i<n Rai is v-finite for any finite set of elements ay,...,a, of R.

Then (1)=(2). Moreover, if R is an integral domain, then the three asser-
tions are equivalent, each of which characterizes v-coherence.

Proof. Assume that (1) is true and let 7 and J be any finitely generated ideals of R.
Then there exist two finitely generated ideals I; and J; such that I, = I I and
J,=J7'. So, I'V = (Iy), and J~! = (J;),, hence I,NJ, = (I"' +J1)"" = (1), +
(1)) = (1)) 0 ((),) =) ) = (I + ) which s v-finite by
hypothesis since I} + J; is a finitely generated ideal of R.

Now, assume that R is an integral domain. Then (1) <= (2) is handled by
Fontana and Gabelli (1996, Proposition 3.6), and (1) <= (3) always holds since
o Ra)' = i<i<x Ra;! for each a; € R and any integer n > 1. O

Clearly, Quasi-coherent rings are v-coherent, and if R is a domain, the above
definition matches the definition of a v-coherent domain. It is worth recalling that
v-coherent domains offer a large context of validity for the so-called Nagata’s theo-
rem for the class group (Gabelli, 1999). Also, recall from Nour El Abidine (1991)
that PVMDs (Gilmer, 1972; Zafrullah, 1978) and Mori domains (Barucci and
Gabelli, 1987) are v-coherent. Moreover, non-Krull integrally closed Mori domains
(Barucci, 1983) are (v-coherent but) not finite conductor (Zafrullah, 1978).

Let (R;),,,, be a family of rings and R =[]}, R;. For C = (c;) and A, =
(a1j);--- Ay = (an;) €R, we have (0:C)=][L(0:¢;) and (., RA =
[T21(Ni<i<, Ra:). Further for any ideals 7 =[]/, I; and J = [}, J; of R, we have

j=1
InJ =TI, (;nJy) and 17" =TT7L, 171, Then ], R; is v-coherent if and only if
sois R; for each j = 1,...,m. Thus, finite products (for instance, of Mori domains)

may provide us with original examples of v-coherent rings with zerodivisors.

Let us now examine v-coherence for rings of small weak dimension. Recall first
that rings of weak dimension 0 are precisely the von Neumann regular rings.
Moreover, Glaz showed that for a ring R of weak dimension 1 the finite conductor
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property, quasi-coherence, and coherence deflate to the mere fact that (0:c¢) is
finitely generated for every ¢ € R (Glaz, 2000, Proposition 2.2). She also proved that
the finite conductor and quasi-coherence properties coincide for rings of weak
dimension 2 (Glaz, 2000, Theorem 2.3). In contrast with these results, the next
example denies any similar effect to weak dimension on v-coherence.

Example 2.3. Let E be a countable direct sum of copies of Z/2Z with addition and
multiplication defined component wise, where Z is the ring of integers. Let
R = Z x E with multiplication defined by (a,e)(b, ) = (ab,af + be + ef). Then:

(1) w.dim(R) = 1.
(2) R is not coherent.
(3) R is a v-coherent ring.

Proof. (1) That w.dim(R) = 1 this is handled in Vasconcelos (1976, Example 1.3,
p- 10).

(2) Let x=(2,0) € R. Then (0:x)={(a,e) € R|(a,e)(2,0) =0} ={(a,e) €
R|(2a,0) = 0} = 0 x E which is not a finitely generated ideal of R. Therefore, R is
not a coherent ring.

(3) Notice first that an element s € R is regular if and only if s = (a,0) with
a € Z\2Z. This easily follows from the four basic facts: E is Boolean; 2F = 0,
ae = e for any a € Z\2Z and e € E; and for any e # 0 € E, there exists f A0 € E
such that ef = 0.

Next, we wish to show that each ideal of R is v-finite which implies that R is
v-coherent. Let J be an ideal of R and let I = {a € Z/(a,e) € J for some ¢ € E}.
Assume [ = 0. Let s be any regular element of R. Clearly, (0,e) = 5(0,¢) for any
e € E. It follows that sJ = J and hence J~! = Q(R) = (R(0,¢))”" for any e # 0 € E.
Now, assume / = xZ, where x is a nonzero integer. We claim that J=' = (R(x,0)) "
Indeed, let y/s € Q(R), where y = (a,e) € R and s = (b,0) is a regular element. It
can easily be seen that sR = bZ x E. Then y/s € J™' < yJ C sR < (a,e)J C bZ x
E< al C bZ & ax € bZ & (a,e)(R(x,0)) C sR < y/s € (R(x,0))"". Thus, in both
cases, J is v-finite, as asserted. O

While a ring R which is a total ring of quotients trivially is v-coherent, R need
not be finite conductor (Glaz, 2000, Example 3.5). The following construction may
offer new contexts that illustrate this fact.

Example 2.4. Let (R, M) be any local ring with M? = 0. Then:

(1) R is a v-coherent ring that is not G-GCD.
(2) The following conditions are equivalent.

(1) R is a coherent ring.
(i) R is a quasi-coherent ring.
(iii) R is a finite conductor ring.
(iv) (0:¢) is finitely generated for every c € R.
(v) M is finitely generated.
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Proof. (1) That R is v-coherent that is straightforward since R = Q(R) is a total
ring of quotients. Let ¢ # 0 € M. Then Ann(c) = (0:c¢) = M. Hence Rc is not
projective (since not free), so that R is not a G-GCD ring (Glaz, 2000).

(2) Clearly, we only need prove (v) = (i). Assume that M is finitely generated
and let 7 be a finitely generated proper ideal of R. Let {xi,...,x,} be a minimal
generating set of I and consider the exact sequence of R-modules:

0— Ker(u) = R" 51— 0

where u(ai,...,a,) => 1 a;x;. We claim that Ker(u) =[[M =: M". Indeed,
M"™ C Ker(u) is clear since M> =0 and x; € M for each i = 1,...,n. On the other

hand, Ker(u) C M" since {xj,...,x,} is minimal. Therefore, Ker(u) = M" is a
finitely generated R-module (since M is). Hence, I is finitely presented and thus R
is coherent. ]

2.2. Results of Transfer and Examples

This subsection investigates the possible transfer of the coherence properties for
various trivial extension contexts. Our results generate new families of examples
subject to a given coherent-like condition.

For the convenience of the reader, we next discuss some basic facts connected to
trivial ring extensions. These will be used frequently in the sequel without explicit
mention. Let A be a ring and E and A-module and let R := A o E be the trivial ring
extension of A by E. An ideal of R of the form I < IE, where I is an ideal of A, is
finitely generated if and only if 7 is finitely generated (Glaz, 1989, p. 141). Also recall
that R has always its Krull dimension equal to the Krull dimension of A (Huckaba,
1988, Theorem 25.1(3)).

For a general description of modules over a trivial ring extension, we refer the
reader to Glaz (1989, pp. 140 and 141). Here, we describe a specific type of R-
modules that play a crucial role within the R-module structure, namely, finitely gen-
erated free R-modules and their R-submodules. Let n be a positive integer. Define the
“multiplication’” on E by elements of A" within E" through the natural A-bilinear
map ¢:A"xE— E" defined by ae=o¢(a,e):=(ae) ., for any a=
(ai)|<jc, € A" and e € E. Now let U be an A-submodule of A" and E’ an A-submo-
dule of E" such that UE C E'. Let U  E' denote the set U x E' with natural addition
and scalar multiplication defined by (a,e)(u, ¢') = (au,ae’ + ue). Clearly, U x E' is
an R-module; and, under this notation, the finitely generated free R-module R"
identifies with A" oc E". Also, U o E' is a finitely generated R-module only if U
is a finitely generated A-module. Conversely, let M be an R-submodule of R”.
Set U :={uec A"|(u,e') € M for some ¢ € E"} and E' := {¢' € E"|(u,¢') € M for
some u € A"}. It is easily seen that U and E’ are A-modules such that M C U « E'.
The next example illustrates the fact that equality does not hold in general.

Example 2.5. Let (A, M) be a local domain which is not a field, £ := A/M, and
R:= A x E be the trivial ring extension of A by E. Let J= R(x,1), where

Copyright © Marcel Dekker, Inc. All rights reserved.
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x#0eM. Set I ={ac Al(a,e) €J for some e € E} and E = {e € E|(a,e) €J
for some a € A}. Then JC I x E'.

Proof. One may easily check that I = Ax and E' = E. Further, we claim that
(x,0) € I < E'\J. Deny. We have (x,0) = (a,e)(x,1) for some (a,e) € R so that
x = ax. Hence a = 1 € M, the desired contradiction. O

Nevertheless, it is easily seen that M = U o< E' if and only if 0 oc E' C M if and
only if U x 0 C M.

Example 2.5 shows that (Huckaba, 1988, Theorem 25.1(1)) is not true. This was
confirmed by the author Huckaba (1988) through a private e-communication.

Theorem 2.6. Let (A,M) be a local ring and E an A-module with ME = 0. Let
R := A x E be the trivial ring extension of A by E. Then:

(1) R is a v-coherent ring that is not G-GCD.

(2) R is coherent (resp., quasi-coherent, finite conductor) if and only if A is
coherent (resp., quasi-coherent, finite conductor), M is finitely generated,
and E is an (A/M)-vector space of finite rank.

Before proving Theorem 2.6, we establish the following Lemma.

Lemma 2.7. Under the hypotheses of Theorem 2.6, (0:c) is a finitely generated
ideal of R for each ¢ € R if and only if (0: a) is a finitely generated ideal of A
for each a € A, M is finitely generated, and E is an (A/M)-vector space of finite
rank.

Proof. Assume that (0:c¢) is a finitely generated ideal of R for each ¢ € R. Let
a€A and set c¢:=(a,0) €R. Then (0:c¢)=(0:a)x E, where E' ={e€E]|
ae = 0}. Therefore, (0 : a) is a finitely generated ideal of A. Let ¢ # 0 € E and set
¢:=(0,e) € R. Similar arguments show that M is a finitely generated ideal of A since
(0:¢) =M x E. Further, assume that M o< E =) | R(x;,¢;), where x; € M and
e; € E for each i =1,...,n. Then EC " (A/M)e;, and hence E is an (A/M)-
vector space of finite rank.

Conversely, let ¢ :== (a, e) # 0 € R. If a is invertible in A, then c is invertible in R.
Then, without loss of generality, we may assume that a € M. Hence, (0:c) =
{(b, f) € R|(ab,be) =0} = {(b, f) € M x E|ab =0} (since if b is invertible in A,
then (b, f) is invertible in R, and so ¢ = 0, a contradiction). It can easily be seen that
ifa=0then (0:c) =M x E, and if a # 0 then (0:¢) = (0: a) x E. In both cases,
(0:¢c) is a finitely generated ideal of R since M and (0 : a) are finitely generated
ideals of A and E is an (A/M)-vector space of finite rank, completing the proof of
Lemma 2.7. OJ

Proof of Theorem 2.6. (1) One may easily verify that R is local with maximal
ideal M « E and that each element of R is either a unit or a zerodivisor.
Then R = Q(R) is v-coherent. Let ¢ 20 € M and e # 0 € E. Clearly, (c,e) is a
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zerodivisor. Hence R(c,e) is not projective (since not free), so that R is not a
G-GCD ring (Glaz, 2000).

(2) Assume that R is a coherent ring. By Lemma 2.7, it remains to show that A
is coherent. Let / = >"! | Aa;, where a; € M and set J := )" | R(a;,0). Consider the
exact sequence of R-modules:

0— Ker(u) = R"=A" x E"5 ] — 0

where u((b;, ei)<i<,) = 21 (bi, ei)(ai, 0) = (301, aib;,0) since a; € M for each
i =1,...,n. On the other hand, consider the exact sequence of A-modules:

0 — Ker(v) = A" 510

where v((bi)<;<,) = Yij aibi. Then, Ker(u) = Ker(v) «c E*. But J is finitely
presented since R is coherent, so Ker(u) is a finitely generated R-module and hence
Ker(v) is a finitely generated A-module. Therefore, [ is a finitely presented ideal of A,
so A is coherent.

Conversely, let J be a finitely generated ideal of R and let § := {(a;,¢;)},.,<, bea
minimal generating set of J, where a; € M and ¢; € E. Consider the exact sequence of
R-modules:

0 — Ker(u) = R"5J =0

where u((bi, fi)1<icn) = Dory(ai €)(bi, fi) = Oon_j aibi, > i bie;) since a; € M for
each i=1,...,n. Further, the minimality of S yields Ker(u) = {(b:, fi);;c, €
R"| Y1 aib; = 0}. Let I :=>." | Aa; and consider the surjective A-module homo-
morphism v defined above. Then Ker(v) is a finitely generated A-module since A
is coherent. Consequently, Ker(u) = Ker(v) o< E" is a finitely generated R-module.
Therefore, J is finitely presented and hence R is coherent.

Now, assume that R is quasi-coherent. We only need show that (,_,., Ra; is a
finitely generated ideal of A for each a; € M. This is straightforward since
Ni<ica R(ai,0) = (N <ic, Aa;i) < 0 is a finitely generated ideal of R.

- Conversely, let J = (,.,-, R(a;,e;), where a; € M and e; € E. We may suppose
that jC R(a;,e;) for each i =1,...,n. Let (a,e) € J. Then, there exist b; € A and
fi € E such that (a,e) = (b;, f;) (a;, €;) = (a;b;, bie;) for each i =1,...,n. We claim
that b; € M for each i = 1, ..., n. Deny. Then, there exists j such that b; is invertible
in A and so is (b;, f;) in R. Hence (aj, e;) = (b}, f;)" ' (a,e) € J yielding J = R(a;, ¢)),
a contradiction. Therefore, (a,e) = (a;b;,0). It follows that J =, .,.,(Aa; x 0) =
(N<j<, Aa;) < 0 is finitely generated in R since (,.,., Aa; is by hypothesis finitely
generated in A. Thus R is quasi-coherent. o

Finally, similar arguments as above with n = 2 lead to the conclusion for the
finite conductor property, to complete the proof of Therorm 2.6. O

Next, we explore a different context, namely, the trivial ring extension of a
domain by its quotient field.
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Theorem 2.8. Let A be a domain which is not a field, K = qf(A), and R := A x K
be the trivial ring extension of A by K. Then:

(1) R is not a finite conductor ring. In particular, R is neither quasi-coherent
nor coherent.
(2) R is a v-coherent ring if and only if A is v-coherent.

Proof. (1) Let x:=(0,1) € R. Then (0:x) =0 K is not a finitely generated
ideal of R. Therefore, R is not a finite conductor ring, as asserted.

(2) Observe first that (a,e) € R is regular if and only if a # 0, and that
(0:¢)=0x K for any c:=(0,e) # 0 € R. Further, (Huckaba, 1988, Theorem
25.1(4)) yields (<<, R(ai,ei) = Nycien(Ra; x K) = ((;<;<, Rai) x K, for every
finite set of elements (a;,e;),.;<, of R (with a; # 0 for each i). Now, Let I be
any nonzero ideal of A and E any A-submodule of K with IK C E and let
J:=1xE. By Huckaba (1988, Theorem 25.10), we have J'= (I x E)"' =
I"xK=(IxIK )71. Finally, since I o IK is finitely generated if / is, the conclusion
is straightforward. O

New examples of original coherent-like rings with zerodivisors with arbitrary
Krull dimensions may stem from Theroems 2.6 and 2.8, as shown by the following
constructions.

Example 2.9. Let K be any field and Xj, X5, ... be indeterminates over K. Let n be
any integer >1,A = K[[X}, ..., X,]] the power series ring in n variables over K, and
R := A « K. Then, by Theroem 2.6, R is an n-dimensional coherent ring that is not
G-GCD.

Example 2.10. Let A be as in the above example and R := A «x K[Y], where Y is
another indeterminate over K. Then, by Theroem 2.6, R is an n-dimensional
v-coherent ring that is not finite conductor.

Example 2.11. Let R :=Z[X,,...,X,—1] x Q(X1,...,X,-1), Where n is any integer
>1,Z the ring of integers, and @ the field of rational numbers. Then, by Theorem
2.8, R is an n-dimensional v-coherent ring that is not finite conductor.

More examples are provided in the next section, denying any possible interplay
between some of these coherent-like conditions and n-coherence.

3. HOMOLOGICAL APPROACH

For a nonnegative integer n, an R-module E is n-presented if there is an exact
sequence F, — F, | — --- — Fy — E — 0 in which each F; is a finitely generated
free R-module (Bourbaki, 1998). In particular, “0-presented’’ means finitely gener-
ated and “l-presented’” means finitely presented. Throughout, pd,(E) and fdg(E)
will denote the projective dimension and the flat dimension of E as an R-module,
respectively. Also w.dim(R) will denote the weak dimension of R.
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In 1994, Costa introduced a doubly filtered set of classes of rings, called the
(n,d)-rings, with the aim of obtaining a good understanding of the structures of
some non-Noetherian rings (Costa, 1994). The Noetherianity forces the regularity
of the (n, d)-rings. However, outside Noetherian settings, the richness of this classi-
fication resides in its ability to unify classic concepts such as von Neumann regular,
hereditary, Dedekind, semihereditary, and Priifer rings.

Given nonnegative integers n and d, a ring R is called an (n, d)-ring if every
n-presented R-module has projective dimension <d; and a weak (n, d)-ring if every
n-presented cyclic R-module has projective dimension <d (equivalently, if
every (n — 1)-presented ideal of R has projective dimension <d — 1). For instance,
the (0,1)-domains are the Dedekind domains, the (1,1)-domains are the Priifer
domains, and the (1,0)-rings are the von Neumann regular rings (Costa, 1994).
Costa’s paper concludes with a number of open problems, including his second con-
jecture that the (n, d)- and weak (n, d)-properties are equivalent. This conjecture is
valid in the class of coherent rings (Costa and Kabbaj, 1996).

The first part of this section studies the transfer of the n-coherence properties
(see definitions below) to trivial ring extensions. Due to reciprocal effects
(Costa, 1994, Sec. 2), results of transfer for the (n,d)-property are also provided.
Our purpose, in the second part, is mainly to test the validity of Costa’s second
conjecture for non-coherent contexts.

3.1. n-Coherence and Strong n-Coherence

Recall from Dobbs et al. (1997, 1999), for n > 1, that R is n-coherent if each
(n — 1)-presented ideal of R is n-presented; and that R is strong n-coherent if each n-
presented R-module is (n + 1)-presented (This terminology is not the same as that of
Costa (1994), where Costa’s “n-coherence’’ is our “strong n-coherence’’). In particular,
“l-coherence’ coincides with coherence, and one may view “0-coherence’” as Noether-
ianity. Any strong n-coherent ring is n-coherent, and the converse holds for n = 1 or for
coherent rings (Dobbs et al., 1999, Proposition 3.3). Strong n-coherence arose naturally
in Costa’s study (Costa, 1994) of the (n, d)-rings. As a matter of fact, every (n, d)-ring is
strong max{n, d}-coherent (Costa, 1994, Theorem 2.2); and an (n,d)-ring is strong
r-coherent (r < n) only if it is an (r, d)-ring (Costa, 1994, Theorem 2.4).

Our main result examines the context of trivial ring extensions of domains by
their respective quotient fields.

Theorem 3.1. Let A be a domain which is not a field, K = qf(A), and R := A x K
be the trivial ring extension of A by K. Let n > 2 and d > 1 be integers. Then the
following hold:

(1) R is not coherent.
(2) R is strong n-coherent (resp., n-coherent) if and only if so is A.
(3) R isan (n,d)-ring (resp., a weak (n,d)-ring) if and only if so is A.

The proof of this theorem lies mainly on the following two lemmas which
characterize, respectively, finitely generated and n-presented R-submodules of free
R-modules.
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Let us fix the notation for the next two results. Let R be as in Theorem 3.1
and let H be an R-submodule of R™, where m is an arbitrary positive integer.
SetU = {x € A"/(x,e) € H for some e € K"} and E = {e € K"/(x,¢) € H for some
xe A"}

Lemma 3.2. Under the above notation, the following statements are equivalent:

(1) H is finitely generated and E is a K-vector space.
(i1) U is finitely generated and H = U x KU.

Proof. (i)==(ii) Let H =", R(x;,¢;) (C U x E), where p is a positive integer,
x; € A", and ¢ € K™ for each i=1,...,p. Necessarily, U=>" Ax; and
E=3" Ae;+KU. Next assume KUC E. Then there exists a nonzero K-vector
space F with finite rank such that F & KU = E. Write ¢; = y; + z;, where y; € F
and z; € KU for each i = 1,..., p. From above, it follows that E = )" | Ay; ® KU
and thus F =37 Ay, Consequently, F (and hence K) is a finitely generated
A-module, the desired contradiction. Hence, E = KU. Now let y € E = KU. Then
y=>>"bix;, where b;e K for each i=1,...,p. So (0,y)=>7%,(0,b;)
(x;,e;) € H. It follows that 0 o E C H; equivalently, H = U «x KU.

(i) => (1) Straightforward. U

Lemma 3.3. Let n be an integer >1. Under the above notation, the following
statements are equivalent:

(1) H is n-presented.
(i1)) U is n-presented and H = U x KU.

Proof. (1)=(ii)) By induction on n. Assume n=1. As above, write H =

P R(xi, fi), where p is a positive integer, x; € A", and f; € K™ for each
i=1,...,p.Wehave U= )"  Ax;and E = (Zf;l Aﬁ) + KU. Let F' be a K-vector
space such that F’' @ KU = K™. Then, f; = g; + h;, where g; € F’ and h; € KU for
each i=1,...,p. Hence E = ()7, Ag;) ® KU. Further, it easily can be seen that
H =" R(x;,g). Consider the exact sequence of R-modules:

0— Ker(w) — R* 5 H — 0

W= {(ai);., , €A’/ > aixi=0and 377 aigi =0} and E':={(e)_, ,€
K?/ 5" eix; =0}. Clearly, E' is a K-vector space and Ker(w) is a finitely
generated R-submodule of R” (since H is finitely presented). By Lemma 3.2, W is

where w((ai, e); ) = Y0 (ai, ) (xi, &) = (D0 axi, o0y aigi + Y0 eixi). Set

.....
.....

.....

Zl’.’zl a;x; =0}. Therefore, the exact sequence of A-modules of natural
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homomorphisms
0—-W-— A" —-U—0,

upon tensoring by the flat A-module R, yields the exact sequence of R-modules
0> Wi R=2Wx KW =Ker(w) = R - U ®4R=U x KU — 0.

It follows that U is finitely presented and H = U x KU.
The inductive step is carried out just as we did for the case n = 1 above, provided
one substitutes the induction hypothesis for Lemma 3.2.

(i)=> (1) Straightforward. [

Proof of Theorem 3.1. (1) is already handled by Theorem 2.8(1). Specifically,
R(0,1) =0 A is finitely generated ideal of R which is not finitely presented
(by Lemma 3.3).

(2) and (3) follow readily from a combination of Lemma 3.3 with the next three
facts:

(a) R is a faithfully flat A-module.

(b) For n>2, a ring B is n-coherent if and only if every (n — 1)-presented
submodule of a finitely generated free B-module is n-presented.

(c) Forn>2andd >1,aring Bis an (n,d)-ring if and only if every (n — 1)-
presented submodule of a finitely generated free B-module has projective
dimension <d — 1. O

For n <1 or d =0, the (n, d)-property may not survive, in general, in the trivial
extension R (even under strong assumption on A). This is illustrated by the next
example.

Example 3.4. Let A be any arbitrary Priifer domain (i.e., (1, 1)-domain) and let R be
the trivial ring extension of A by its quotient field. Then R is a (2, 1)-ring which is
neither a semihereditary ring (i.e., (1, 1)-ring) nor a 2-von Neumann regular ring
(i.e., (2, 0)-ring).

Proof. That R is a (2, 1)-ring which is not a (1, 1)-ring is ensured by Theorem 3.1(3)
and (1), respectively. Now, let J := R(a,0), where « is a non-zero non-invertible ele-
ment of A. Since (a, 0) is a regular element of R, then the ideal J of R has no non-zero
annihilator. By Mahdou (2001a, Theorem 2.1), R is not a 2-von Neumann regular
ring. O

The Bézout property, however, does transfer reciprocally from A to R, as shown
by the next result.

Proposition 3.5. Let R be as in Theorem 3.1. Then R is a Bezout ring if and only if
A is a Bezout domain.
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Proof. Assume R is a Bézout ring and let I be a finitely generated proper ideal of A.
Then J :=1 x IK = I « K is a finitely generated ideal of R. So J = R(a, ¢) for some
a € A and e € E. Therefore, I = Aa and hence A is a Bézout domain.

Conversely, let J be a finitely generated proper ideal of R. Set [:=
{a € A/(a,e) € J for some e € K}. We consider two cases.

Case 1. I=0. Necessarily, J =0 (1/b)L for some b#0€ A and some
finitely generated proper ideal L of A. Further, L = Aa since A is a Bézout domain.
Hence J =0 < A(a/b) = R(0,a/b), as desired.

Case2. 1#0. Let (a,e) € Jsuch that a # 0. Then, (a,¢)(0 x K) =0 x K C J;
equivalently, / =1 «x IK = I < K. But I = Aa for some a € A since A is a Bézout
domain. Therefore, J = I «x K = R(a,0), completing the proof. O

Noteworthy is that new families of examples of non-semihereditary Bézout rings
stem from the combination of Example 3.4 and Proposition 3.5.

At this point, for the convenience of the reader, we recall from Kabbaj and
Mahdou (2003) the main result that establishes the transfer of the (n,d)-property
to trivial ring extensions of local rings by their respective residue fields.

Theorem 3.6 (Kabbaj and Mahdou, 2003, Theorem 1.1). Let (A, M) be a local ring
and let R := A < A/M be the trivial ring extension of A by A/M. Then:

(1) Risa (3, 0)-ring provided M is not finitely generated.
(2) Risnota (2,d)-ring, foreach integerd > 0, provided M contains a regular
element.

Clearly, Theorems 3.1 and 3.6 generate original examples of n-coherent rings
which, moreover, reflect no obvious correlation between (strong) n-coherence and
the large class of finite conductor rings.

Example 3.7. Let Z be the ring of integers and Q = qf(Z). Then R:=Z x Q is a
strong 2-coherent ring which is not a finite conductor ring.

Proof. Straightforward via Theorems 3.1 and 2.8. O

Example 3.8. Let (V, M) be a nondiscrete valuation domain. Then R :=V «x V/M
is a 3-coherent ring which is neither 2-coherent nor a finite conductor ring.

Proof. R 1isa (3, 0)-ring by Theorem 3.6(1) (since M is not a finitely generated ideal
of A). Hence R is 3-coherent. Further R is not a (2, 0)-ring by Theorem 3.6(2). So by
Costa (1994, Theorem 2.4) R is not 2-coherent. Finally, Theorem 2.6(2) ensures that
R is not a finite conductor ring. O
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3950 Kabbaj and Mahdou
3.2. Costa’s Second Conjecture

A well-known fact about semihereditary rings is that a ring R is a (1, 1)-ring if
and only if it is a weak (1, 1)-ring. In this vein, Costa’s second conjecture is that the
(n,d)-property and the weak (n,d)-property are equivalent for any non-negative
integers n and d. So far, it has been shown that this conjecture is valid under the
coherence assumption (Costa and Kabbaj, 1996). It remains however elusively open,
in general.

Our modest objective in this subsection is mainly to test its validity beyond the
class of coherent rings. In this line, two results are stated generating two new con-
texts of validity for this conjecture. The first of these involves trivial ring extension
issued from coherent domains.

Theorem 3.9. Let A be a non-trivial coherent domain, K = qf(A), and R := A x K.
Then, for any integers n > 2 and d > 1,R is a non-coherent ring such that the
following statements are equivalent:
(1) Risan (n,d)-ring.
(ii) R is a weak (n,d)-ring.
(iii) w.dim(A) <d.

Proof. (i)<=(il) is a straightforward application of Theorem 3.1(1) and (3)
combined to Costa and Kabbaj (1996, Proposition 2).

()= (ili) Assume R is an (n,d)-ring. By Theorem 3.1(3) and Costa (1994,
Theorem 2.4), A is a (1, d)-domain, hence w.dim(A) < d by Glaz 1989, Theorem 1.3.9).

(il)= (1) Assume that w.dim(A) < d.Let M :=1I x K be any arbitrary max-
imal ideal of R, where I is a maximal ideal of A (cf. Huckaba, 1988, Theorem 25.1).
We have fds(7) < d — 1 and so fdgr(M) < d — 1 (since M =2 I ® R and R is A-flat). By
Costa (1994, Theorem 4.1), R is a (d + 1, d)-ring. Further, by Theorem 3.1(2), R is
strong 2-coherent. It follows that R is a (2, d)-ring (by Costa, 1994, Theorem 2.4)
and hence an (n, d)-ring, as desired. O

Recall that a ring R is finite conductor if any ideal I of R with u(I) < 2 is finitely
presented, where u(I) denotes the cardinality of a minimal set of generators of 1
(Glaz, 2000, Proposition 2.1). Our next (and last) theorem tests Costa’s second con-
jecture in the class of finite conductor rings. As might be expected, the “u(7) < 2”
assumption (in the above definition) restricts the scope of this result to n =2 and
d< 1.

Theorem 3.10. Let R be a finite conductor ring. Then:
(1) The following statements are equivalent:
(i) R is a Priifer domain.

(i1)) R is a (2,1)-domain.
(iii)) R is a weak (2,1)-domain.

Copyright © Marcel Dekker, Inc. All rights reserved.

Marcer DekkER, Inc. ﬂ
270 Madison Avenue, New York, New York 10016 6



Downloaded By: [King Fahd University of Petroleum and Minerals] At: 07:53 20 September 20

ORDER | _=*_[Il REPRINTS

Trivial Extensions 3951
(2) The following statements are equivalent:

(1) R is a von Neumann regular ring.
(i) R isa (2,0)-ring.
(iii)) R is a weak (2,0)-ring.

Proof. (1) We need only prove (iii)=>(i). Suppose that (iii) holds. Let I be
an arbitrary 2-generated ideal of R (i.e., u(I) <2). Then [ is finitely presented,
and hence projective by (iil). Therefore R is a Priifer domain by Gilmer (1972,
Theorem 22.1).

(2) We need only prove (iii) = (i). Suppose that (iii) holds. It suffices to
show that each principal ideal of R is a direct summand of R. Let I be a principal
ideal of R. Then I is finitely presented by hypothesis, so that R/I is a 2-presented
cyclic R-module, and hence projective by (iii). Therefore the following exact
sequence splits:

0—-I—R—R/I—0

leading to the conclusion. O

Remark 3.11. Assertion (1) of Theorem 3.10 cannot extend to rings with zerodivi-
sors. Indeed, Let R := Z x E as in Example 2.3. Then R is a finite conductor ring
which is not a semihereditary ring (since it is not coherent). On the other hand, by
Costa (1994, Theorem 4.5), R is a (2, 1)-ring since wdim(R) = 1.
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