
Trace Properties and Integral Domains 

SALAH-EDDINE KABBAJ Department of Mathematical Sciences, King 
Fahd University of Petroleum and Minerals, Dhahran, Saudi Arabia 

THOMAS G. LUCAS University of North Carolina at Charlotte, 
Charlotte, North Carolina 

ABDESLAM MIMOUNI Departement de Mathematiques et Informatique, 
Faculte des Sciences Dhar Al-Mehraz, Universite de Fes, Fes, Morocco 

INTRODUCTION 

Throughout this paper, R will denote an integral domain with quotient 
field [(. ~For a pair offractional ideals I and J of a domain R we let (J : I) 

-I 
denote the set {t E [(I tI <;; J}. Often, we shall use I in place of (R: I). 
Recall that the "v" of a fractional ideal I is the set Iv = (R : (R : I)) 
and the "t;' of I is the set It = U J v with the union taken over all finitely 
generated fractional ideals contained in I. An ideal I is divisorial if I = Iv, 
and I is a t-ideal if I = It. 

Let R be an integral domain and let M be an R-module. Then the trace 
of M is the idea.l generated by the set {/ml I E H om(M, R) and m EM}. 
For a fractional ideal I of R, the trace is simply the product of I and I-I. 
We call an ideal of R a tmce ideal of R if it is the trace of some R-module. 
An elementary result due to H. Bass is that if J is a trace ideal of R, then 
J J-

I = J; Le., J-
I = (J : J) [5, Proposition 7.2]. It follows that J is a 

trace ideal if and only if J-
1 

= (J : J). (Such ideals are also referred to as 
being "strong"; see, for example, [3].) In 1987, D.D. Anderson, J. Huckaba 
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and I.- Papickproved that if I is a noninvertible ideal of a valuation domain 
V, then I(V : 1) is prime [1, Theorem 2.8]. Later in the same year, M. 
Fontana, Huckaba and Papick began the study of the "trace property" and 
"TP domains". A domain R is said to satisfy the trace property (or to be 
a TP domain) if for each R-module M, the trace of M is equal to either R 
or a prime ideal of R [8, page 169]. Among other things, they showed that 
each valuation domain satisfies the trace property [8, Proposition 2.1], and 
that if R satisfies the trace property, then it has at most one non invertible 
maximal ideal [8, Corollary 2.11]. For Noetherian domains they proved 
that if R is a Noetherian domain, then it is a TP domain if and only if it 
is one-dimensional, has at most one noninvertible maximal ideal M, and 
if such a maximal ideal exists, then M-I 

equals the integral closure of R 
(or, equivalently, M-

I 
= (M: M) is a Dedekind domain) [8, Theorem 3.5]. 

In Section 2 of [10], S. Gabelli showed that by replacing "integral closure" 
with "complete integral closure", the same list of conditions characterizes 
the class of Mori domains which satisfy the trace property. Recall that 
a Mori domain is an integral domain which satisfies the ascending chain 
condition on divisorial ideals. 

In 1988, W. Heinzel' and Papick introduced the "radical trace property" 
declaring that an integral domain R satisfies ~he radical trace property (or 
is an RTP domain) iffor each non invertible id~al I, II-I is a radical ideal. 
For Noe,therian domains, they proved that if R is a Noetherian domain, 
then it satisfies the radical trace property if and only if R p is a TP domain 
for each prime ideal P [12, Proposition 2.1]. Gabelli extended this result to 
Mori domains [10, Theorem 2.14]. 

For Priifer domains there are results concerning the trace property in [6], 
[8] and [16] and the radical trace property in [12] and [16]. For a Priifer 
domain R, Theorem 23 of [16] gives the following equivalent conditions: 

(1) R satisfies the radical trace property. 

(2) For each primary ideal Q, either Q is invertible or QQ-I is prime. 
(3) For each primary ideal Q, if Q -I is a ring, then Q is prime. 
(4) Each branched prime is the radical of a finitely generated ideal. 

(A prime ideal P is said to be branched if there is a P-primary ideal Q such 
that Q "# P [11, page 189].) 

In Theorem 10, we will show that the following statement can be added 
to this list: 

(5) For each trace ideal I, IRp = PRp for each prime P minimal over 
I. 

Moreover, we will give a new proof for the equivalence of (1)-(3). 
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According to [16], a domain R is said to satisfy·the trace propert¥ for 
primary ideals (or to be a TPP domain), iffor each primary ideal Q, eIther 

Q is invertible or QQ -I is prime. By Corollary 8 of [16], R is a TPP domai~ 
if and only iffor each primary ideal Q, either QQ -I = ,ftJ, or Q is invertible 
and ,ftJ is maximal. Also from [16], R is a PRIP domain if for each primary 

ideal Q, Q-I a ring implies Q is prime. We say that a do~ain is a~ ~TP 
domain if for each, trace ideal I, I R p = P R p for each pflme P mInImal 
over I. It is known that each RTP domain is a TPP domain [16, Theorem 
4] and that there are Noetherian domains which satisfy the radical trace 
property (and even the trace property) but are not PRIP domains (see, for 
example, [16, Example 30]). We will show that each TPP domain is an LTP 
domain and thateach PRIP domain is an LTP domain (Corollary 3). 

It is easy to see that for one-dimensional domains, each LTP domain is 
also an RTP domain. Also, it is known that for Mori domains, the radical 
trace property and the trace property for primary ideals are equivalent. 
In Theorem 18, we show that if R is a Mori domain, then it is an LTP 
domain if and only if it is an RTP domain. However, in general, we have 
been unable to determine whether each TPP domain is an RTP domain, or 
whether each LTP domain is an TPP domain (or RTP domain). ' 

A field is trivially an RTP domain. While most of the results in this 
paper are true for fields, the emphasis is on integral domains that are not 
fields. To avoid having to add the phrase "but not a field" when it would 
be required, we will simply assume that R is an integral domain which is 
not a field. We shall also assume that all of the ideals are nonzero. 

Notation is standard as in [Gilmer]. In particular, "<;" denotes contain
ment and "c" denotes proper containment. 

We shall make use of a number of results concerning consequences of 
I-I being a ring. We close the Introduction with a theorem where we list 
several of these results. ' 

THEOREM 0 Let R be an integral domain and let I be an ideal of R 
such that I-I is a ring. Then 

(a) I-I = (I = (Iv: Iv) = (II-I: II-I) = (II-I f
l ([14, Proposition 

2.2]). ' 

(b) ..;r l is a ring ([13, Proposition 2.1]). Moreover, VI-I = (VI : VI) 
([2, Proposition 3.3]). 

(c) p-
I is a ring for each prime P minimal over I ([13, Proposition 2.1] 

and [16, Lemma 13]). Moreover, p-
I 

= (P : P) ([14, Proposition 
2.3]). 
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1 ,LTP DOMAINS 

The first lemma we present is a variation on a result which appears in 
Fossum's book [9, Lemma 3.7]. (See also, Lemmas 0 and 1 of [16].) 

LEMMA 1 Let R be an integral domain and let Q be a primary ideal of 
R with radical P. If P does not contain QQ-I, then (R: QQ-I) = (QQ-I : 

-I 
QQ ) = (Q : Q) and so (R : I) = (Q : Q) for each ideal I such that 

-I 
Q c I ~ QQ and I S?; P. 

Proof. It is always the case that (Q : Q) ~ (QQ-I: QQ-I) = (R: QQ-I). 

Assume P does not contain QQ -I and let I be an ideal such that Q c I ~ 
QQ-l and I S?; P. Since I contains Q and is contain,ed in QQ-\ (QQ-I : 

-I -I 
QQ ) = (R : QQ ) ~ (R : I) ~ (R : Q). Obviously, QI(R : I) ~ Q. 
Since Q is P-primary and I is not contained in P, Q(R : I) ~ Q. Hence 
(R: I) ~ (Q : Q) and it follows that (R: I) = (Q : Q) = (QQ-I : QQ-I) = 

-I 
(R:QQ ).. , 

Our first use of Lemma 1 is to establish a characterization of LTP do
mains in terms of primary ideals. 

THEOREM 2 The following are equivalent for a domain R. 
(1) R is an LTP domain. 
(2) For each non invertible primary ideal Q, Q(R : Q)Rp "" PRp where 

P= vr;J. 
(3) If a primary ideal is also a trace ideal, then it is prime. 

Proof. ((1) =} (2)) Assume R is an LTP domain and let Q be a noninvertible 

P-primary ideal pf R. Since R is an LTP domain and QQ -I is a trace ideal, 
it suffices to show that P contains QQ -I. By way of contradiction assume 

-I 
there is an element t E QQ \P and set I = t2 R + Q. Then from Lemma 
1, we have (R : I) = (Q : Q). Let J = I(R : I). Then J is also contained 

-I 
in QQ . Hence we have (J : J) = (R: J) = (R: I) = (Q : Q). 

Let N be a prime minimal over J. Then J R N = N R N since R is an 
LTP domain. In particular, t E J RN' It follows that there are elements 
a E (R : I) = (J : J), q E Q and s E R\N such thatst = at2 + q. Hence, 
q = t(s - at). But a2t2 is in J since (R: I) = (J : J). Thus at E N and so 
s '- at is not in P. As neither t nor s - at is in P, we have a contradiction. 

, -I 
Hence we must have QQ ~ P. 

((2) =} (3)) Obvious. 
((3) =} (1)) Assume that if an ideal is both a primary ideal and a trace 

ideal, then it is prime. Let I be a trace ideal of R and let P be a minimal 
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prime of I. Then Q = I Rp n R is a P-primary ideal which is also a trace 
ideal. It follows that Q = P and IRp = PRp .• 

COROLLARY 3 Let R be an integral domain. If R is an RTP domain, 
a TPP domain or a PRIP domain, then R is an LTP domain. 

Proof. By Theorem 2 it suffices to show that for RTP domains, TPP do
mains and PRIP domains, if an ideal is both primary and a trace ideal, 
then it is prime. Let Q be a trace ideal which is also a primary ideal of 
R. Then obviously Q-I is a ring. Hence if R is a PRIP domain, then Q is 
prime. Also, if R is either an RTP domain or a TPP domain, then we have 

QQ-I = Q is prime .• 

Stater;;ent (3) in Theorem 2 is very close to the definition of a PRIP 
domain. To see that the two are not equivalent consider the ring R = 
F[[X 3,X4,X5]] where F is a field. The idealQ = (X3,x4) is primary but 
not prime and Q-I = F[[X]] is a ring. Thus R is not a PRIP domain. 

However, note that QQ-I = (X 3 ,X4,X5 ) is the maximal ideal of Rand 

(QQ-I)-I = F[[x]]. That R is an LTP domain now follows from [8, Theo
rem 3.5] and Corollary 3. At this time we do not know whether each LTP 
domain is a TPP domain and/or whether each TPP domain is an RTP 
domain. However in Theorem 10, we prove that if R is a Priifer domain, 
then each LTP domain is also a PRIP domain, a TPP domain and an RTP 
domain. 

If R is an RTP domain (a TPP domain), then for each prime ideal P, 
both Rp and R/ Pare RTP domains (TPP domains) [16, Theorems a and 
9]. Next, we establish an analogous result for LTP domains. 

THEOREM 4 Let P be a prime ideal of a domain R and let D = R/ P: 
If R is an LTP domain, then Rp and Dare LTP domains. 

Proof. Assume R is an LTP domain. 
We first show that D is an LTP domain. Let I be a trace ideal of D. 

Since (R: I) ~ (D : I) and (I: I) ~ (I: n, (I : I) = (R : I). Thus for 
each prime N minimal over I, IRN = NRN' It follows that 1DN = NDN · 
Hence, D is an LTP domain. 

To show Rp is an LTP domain, let IRp be a trace ideal of Rp. Then 
B = I R p n R is a trace ideal of R. Hence for each prime N, minimal over 
B, BRN = NRN' The result follows from the fact that IRN = BRN for 
each N ~ P. • ' 

Our next result collects other useful information 'concerning the prime 
ideals of an LTP domain. 
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THEOREM 5 Let R be an LTP domain. Then 

(a) Each maximal ideal is at-ideal. 
(b) Each non maximal prime ideal is a divisorial trace ideal. 
(c) Each maximal ideal is either idempotent or divisorial. 

Kabbaj et al. 

Proof. To prove (a), it suffices to show that if R is an LTP domain, then 
for each finitely generated ideal I, (R : I) ;6 R. By way of contradiction, 
let I be a finitely generated ideal of R for which I-I = R. Then we also 
have (12) -1 = R. Obviously, both I and 12 are trace ideals of R. While it 
may be that IRp = PRp for some prime P, the same cannot be true for 

12. Hence if R is an LTP domain, 1-
1 ;6 R for each finitely generated ideal 

I. 
For the proof of (b), first note that by statement (2) of Theorem 2, 
-1 -1 

PP Rp = PRp . Hence we must have PP = P. 
-1 -1 -1 

Since PP = P, we also have Pv = P = (P : P) = (Pv : Pv ) [14, 
Proposition 2.2). Lemma 1 no longer applies, but in its place we simply note 
that each ideal between Pv and P has inverse equal to (R : P). Starting 
with an ideal I = r2 + P for some r E Pv \P, we can repeat the proof given 
for (1)=}(2) in Theorem 2 to show that we must have P = Pv ' 

For (c), let M be a maximal ideal which is not idempotent. Since R is 
an LTP domain, M ~ M2 (R : M\ But (R : M2) = ((R : M) : M). As 
M is not idempotent, we cannot have (R: M) = R. Hence Mis divisorial. 

• 
For a TPP domain R, it is known that if R and (I : I) satisfy INC for 

each trace ideal I, then R is an RTP domain [16, Lemma 33J. We wish to 
show that the same occurs for LTP domains. Before proving this result, we 
present a pair of useful lemmas and then prove that if I is a trace ideal of 
an LTP domain R such that R and (I : I) satisfy INC, then I is a radical 
ideal of R. 

LEMMA 6 Let I be a trace ideal of an integral domain R and let J' be 
an ideal of (I : I). 

(a) If J' contains I, then J' n R is a. trace ideal of R. 
(b) If J' is a trace ideal of (I : I), then I J' is a trace ideal of R. 

Proof. For (a), assume J' contains I and set J = J'nR. Since I C J', 
-1 -1 -1·· -

J C;;;I =(I:I).HenceJJ C;;;J(I:l)nRC;;;J'nR=J. 
To prove (b), assume J' is a trace ideal of (I : I) = (R : I). Then 

IJ'(R: IJ') = IJ'((R: I) : J') = IJ'j Le., IJ' is a trace ideal of R .• 

LEMMA 7 Let! be a trace ideal of an LTP domain R and let P' eN' 
be a pair of prime ideals of (I : I) which contain I. Then P' n R = N'n R. 
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Proof. Set T = (I : I) and let Q' be·a primary ideal of T thatcon~ains 
I. Then Q = Q' nR is a primary ideal of R which is also a trace Ideal 
by Lemma 6. Since R is an LTP domain, Q must be prime. If P ;6 N, 
then there is an element r E N\P. Without loss of generality, we may 
assume N' is minimal over J' = r2T + p' and that Q' = J'T N' n T. As 
the corresponding ideal Q = Q' n R is a prime ideal of R, we must have 
Q = N. But as in the proof of Theorem 2, Q contains r2 but not r. Hence 
it must be that P = N .• 

THEOREM 8 Let I be a trace ideal of an LTP domain R. If the pair R 
and (I : I) satisfy INC, then I is a radical ideal of R. 

Proof. Set T = (I : I) and assume R and (I : I) satisfy INC. Let r E ,jl 
and leeP' be a prime of T that is minimal over I. By Lemma 7, if N' is a 
maximal ideal of T that contains p', then p' n R = N' n R. But since R 
and T satisfy INC, we must then have that P' = N' j Le., each prime of T 
that is minimal over I is also a maximal ideal of T. Let J = {t E TI trE I}. 
Let Q' = IT ,nT and Q = Q'nR. By Lemma 6, Q is a trace ideal of R. 
But it is als'; a primary ideal of R, so Q must be prime. In particular, Q' 
must contain r. Hence P' cannot contain J. Since J·obviously contains I, 
we must have J = T and, therefore, I =,jl .• 

COROLLARY 9 Let R be an LTP domain. If the pair R and (I : I) 
satisfy INC for each trace ideal I, then R is an RTP domain . 

We are now in a position to show that if R is simultaneously a PrUfer 
domain and an LTP domain, then it is also an RTP domain and a PRIP 
domain. 

THEOREM 10 Let R be a PrUfer domain. Then the following are equiv

alent 
(1) R is an RTP domain. 
(2) R is a TPP domain. 
(3) R is an LTP domain. 
(4) R is a PRIP domain. 

Proof. For the equivalence of (1)-(4), Corollary 3 handles the implications 
of (1)=}(3), (2)=}(3) and (4)=}(3). Furthermore, as each RTP domain is 
also a TPP domain, all we need prove is that if R is a PrUfer LTP domain, 
then it is also an RTP domain and a PRIP domain. . . 

Assume R is an LTP domain. Since R is a Priifer domain, if T is an 
overring of R, then the primes of T are all extended from primes of R 11, 
Theorem 26.2) .. Hence the pair Rand T satisfy INC; That R is an RTP 
domain now follows from Corollary 9. 
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'. _~et 41 bea primary ideal of R . .since R is PrUfer, if 41-1 
is a ring, then 

q' ~ (q : 41) .by ~emma 4.4 of [8]; i.e., 41 is a trace ideal. Hence, 41-1 
a 

rIng Imphes 41 IS prIme and, therefore, R is a PRIP domain .• 

In [8], it was noted that if R is an almost Dedekind domain which is 
not Dedekind, then R is not a TP domain since it contains a maximal 
ideal M for which (R : M) = R. As RM is a discrete rank one valuation 

do~ain, M: ~ M rt (R : M2) = ((R : M) : M) = (R : M) = R so 
M (R: M ) = M ~ M. This same proof shows that R is not an LTP 
domain. A different way to establish this result is to use Theorem 5 and 
the fact that the only divisorial maximal ideals of a PrUfer domain are the 
invertible ones (see, for example, [14, Corollary 3.4]). 

COROLLARY 11 Let R be an almost Dedekind domain. Then the fol-
lowing are equivalent' . 

. (1) R isa TP domain. 
. (2) R is an RTP domain. 

(3) R is a TPP domain. 
(4) R is an LTPdomain. 
(5) R is Dedekind. 

~nother corollary to Theorem 5 concerns PrUfer v-multiplication do
mams. (A domain R is a PrUfer v-multiplication domain (or PVMD ~ 
sh~.rt) if Rp. is a valuation domain for each maximal t-ideal P.) For o~ 
Pr~fer domam, each maximal ideal is also a maximal t-ideal since each 
fimtely generated ideal is invertible. Thus an integral domain is a PrUfer 
d?main if and only if it is a PVMD where each maximal ideal is a maximal 
t-Ideal. 

COROLLARY 12 Let R be a PVMD. If R is an LTP domain then it is 
a PrUfer domain and also an RTP domain. ' 

Hein~er and Papick proved that the only Krull domains which satisfy 
the radIcal trace property are the Dedekind domains [12 page 112] S' 
e h K II d .. PVM ,. mce ac ru omam IS a D, Corollary 12 gives a different proof of their 
result. 

COROLLARY 13 Let R be an almost Krull domain. Then the following 
are equivalent 

(1) R is a TP domain. 
(2) R is an RTP domain. 
(3) R is a TPP domain. 
(4) R is an LTP domain. 
(5) R is a Dedekind domain. 
(6) R is a PRIP domain. 
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Proof. It suffices to show (4) implies (5). Assume R. is an LTP .domain. 
Since R is an almost Krull domain, Rp is a Krull domain for each prime 
ideal P. By Theorem 4, each Rp is also an .LTP domain. Hence from 
Corollary 12, each Rp is a Dedekind domain. It follows that R is analmost 
Dedekind domain. From Corollary 11, we have that R is Dedekind .• 

In [15], J. Lipman considered ideals of one-dimensional semi-local 
Macaulay rings. He defined an open ideal I of such a ring to be "star 
ble" if U(I n : In) = (I :l). Building on Lipman's work, J. Sally and W. 
Vasconcelos developed a more general notion of stability by declaring an 
ideal to be stable if it was projective over its endomorphism ring [19, page 
323]. For a nonzero ideal I of an integral domain '(or just an ideal which 
contains an element which is not a zero divisor of a ring), their condition is 
equivalent to saving that I is invertible as an ideal of (I : I) (since for such 
an ideal, being projective is equivalent to being invertible). In general,an 
ideal I of a domain R can be such that U(In : In) = (I: I) without being 
stable in the sense of Sally and Vasconcelos. For example, this will be true 
for an ideal whose inverse is equal to R. But, if an ideal I is stable in the 
sense of Sally and Vasconcelos, then it will be true that (In: 1 n) = (I : I) 
for each positive integer n. Hence, I will be stable in . the sense of Lip
man. As in [1], we say that an ideal I is L-stable (for Lipman-stable) if 
U(In : In) = (I : I) and SV-stable (for Sally-Vasconcelos-stable) if I is 
invertible as an ideal of (I: I). 

Heinzer and Papick showed that if R is an RPT domain and I is.an 
integrally closed ideal of R, then I is L-stable [12, Remark 2.13a]. They also 
observed that in an RTP domain, each ideal J is such that JJ-

1 
='In J-

n 

(where J-n denotes the inverse of In) [12, Remark 2.13b]. Our next result 
considers the radical ideals of an RTP domain. In [13], E. Houston and the 
three authors of this paper proved that if a radical ideal I can be realized as 
an intersection of divisorial radical ideals which are also trace ideals,' then 
I is a trace ideal [13, Proposition 3.15]. We shall make use of this result in 
the proof below. 

THEOREM 14 Let R be an RTP domain. Then each radical ideal of R 
is L-stable. 

Proof. Let I be a radical ideal of R. We first consider the two opposite 
cases of I being invertible and I being a trace ideal. Next we show that 
I RM is L-stable for each maximal ideal. This will complete the proof since 
n(BRM : BRM ) = (B : B) for each ideal B of R. 

If I is invertible, then so is each power of I. Hence I is L-stable' since 
(In: In) = R for each positive integer n. 

n -n -1 
If I is a trace ideal of R, then I I = II = I [12, Remark 2.13b]. 
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Hence (In :In) <;;; (In I-n : In I- n) = (I : I) and it follows that I is 
L-stable. 

Let M be a maximal ideal of R. Then RM is an RTP domain by Theorem 
4. If M does not contain I, then 1 R M = R M' so I R M is trivially L-stable. 
If M not only contains I, but is also minimal over I, then MRM = IRM· 
As MRM is either invertible or a trace ideal of R M , IRM is L-stable. If 
M conta.ins I but is not minimal over I, then each of the minimal primes 
of I R M is a divisorial trace ideal of R M [Theorem 5]. That I R M is a trace 
ideal of RM now follows from [13, Proposition 3.15]. Hence, we again have 
that I R M is L- stable. + 

Two of the questions raised in [16] concerning RTP domains were whether 
(I : I) will always be an RTP domain when R is an RTP, and whether INC 
would always hold between R and (I : I) when R is an RTP domain and 
I is a trace ideal. Our next example shows that the answer to the first of 
these questions is NO. Then we prove that the answer to both questions is 
YES when we restrict to trace ideals which are SV-stable. 

EXAMPLE 15 Let V be the power series ring F(X, Y)[[Z]] where F is a 
field and let R = F+zV. Then V is a valuation domain with maximal ideal 
M = z F(X, Y)[[z]] and R is pseudo-valuation domain. By [16, Theorem 31], 
R is an RTP domain. Let I be the ideal z(F[X,Y] + M). Then it is clear 
that (I: I) = F[x, Y]+M. There are a number of ways to verify that (I : I) 
is not an RTP domain. For example: (a) (I : I)/M = F[x, Y] is a Krull 
domain which is not an RTP domain since it is not Dedekind (Theorem 4 
and [12, page 112]); or (b) the maximal ideal N = (x, Y)(I : I) is neither 
idempotent nor divisorial (Theorem 5); or (c) the ideal P = xCI : I) is a 
principal prime ideal which is not maximal (Theorem 5). 

The ideal I i!l the example above is not a trace ideal of R. Thus this 
example leaves open the possibility that (I : I) may be an RTP domain 
when I is a trace ideal of R. In our next result we show that if I is SV
stable, then not only will (I : I) be an RTP domain, but the pair Rand 
(I: I) will satisfy INC. 

THEOREM 16 Let I be a trace ideal of an RTP domain R. If I is 
SV-stable, then 

(a) (I: I) is an RTP domain. 
(b) Each ideal of (1:1) that contains I is invertible as an ideal of (I: I). 
(c) Each prime of (I : I) that contains I is minimal over I. 
(d) The pair R and (I: I) satisfy INC. 

Proof. Assume I is SV-stable. To simplify notation, set T = (I: I). Hence 
I(T:I)=T. 
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We will first show that Tis anRTP domain. To this end letlbe a·trace 
ideal of T and let '{!J denote the radical of J in T. Then'{!J is a trace 
ideal of T [13, Proposition 2.1]. By Lemma 6, both IJ and I'{!J are trace 
ideals of R. Since R is an RTP domain, both are radical ideals. Hence we 
must have I J = I '{!J. That J = '{!J now follows from the assumption 
that I is an invertible ideal of T = (I: I). Thus (I: I) is an RTP domain. 

For part (b), let 13 be an ideal of (I : I) which contains I. Then J = 
B(T : B) will be a trace ideal of T that contains I. By part (a), IJ is then 
a radical ideal of R. It follows that I J = In J = I = IT since I C J. As 
I is an invertible ideal of T, J = T; i.e., B is an invertible ideal of T. 

By (b), each prime of T that contains I is invertible. That each of these 
primes must then be maximal ideals of T follows from Lemma 1 (see also 
11, Theorem 7.6]). Therefore each such prime is also minimal over I. For 
a pair of distinct primes p' C N' of T where p' does not contain I, then 
P = P' n Rand N = N' n R will be distinct primes of R (no matter 
whether I is invertible or not) [7, Theorem 1.4]. It follows that the pair R 
and (I : I) satisfy INC .• 

We have not been able to prove an analogous result for either TPP 
domains or LTP domains. The best we have been able to do is prove 
that statements (b) and (c) will hold for a prime P' if p' nR is minimal 
over I. 

THEOREM 17 Let R be an LTP domain and let I be a trace ideal R 
which is invertible as an ideal of (I: I). Let P' be a prime of (I: 1) which 
contains I and let P = P' n R. Then 

(a) P' survives in (IRp : IRp). 
(b) If P is minimal over I, then p' is both maximal and invertible as 

an ideal of (I : I). 

Proof. Set T = (I : I). 
Since P = p' n R, R p <;;; T p" Since I is invertible as an ideal of T, 

Tp. = (ITp, : ITp') = (ITp' : I) ;2 (IRp : I) = (IRp : IRp). Hence p' 
survives in (IRp : IRp). 

Assume P is minimal over I. If p' is not invertible as an ideal ofT, then 
there will be a prime N' which contains P' and is a trace ideal of T. Also 
N' n R = P by Lemma 7. So, without loss of generality, we may assume 
that p' is a trace ideal ofT. Hence I p' is a trace ideal of Rand P is minimal 
over IP'. As R is an LTP domain, we have IP'Rp = PRp = IRp. 

Set T(p) = (IRp : lRp). Obviously, IRp is an invertible ideal of 

T(p)' Hence P'T(p) = P'[IRp(T(p): IRp)] = (P'IRp)(T(p) : IRp) = 
IRp(T(p) : IRp) = T(p). This contradicts the fact that p' survives in 
(I Rp : I RpJ. Thus it must be that p' is invertible. + . 
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2 MORI DOMAINS 

If I is an ideal of a Mori domain R, then It = Iv = Av for some finitely 
generated ideal A contained in I [17, Theoreme 1]. This property of a Mori 
domain makes dealing with the various trace properties much easier. For 
one thing it guarantees that if R is an LTP domain, then not only is each 
maximal ideal divisorial, but also that each is the v of a finitely generated 
ideal. We begin this section by showing that each Mori LTP domain is also 
a Mori RTP domain. We also give a characterization of Mori LTP domains 
in terms of SV-stability. 

THEOREM 18 Let R be a Mori domain which is not a field. Then the 
following are equivalent 

(1) 
(2) 
(3) 
(4) 

R is an RTP domain. 
R is a TPP domain. 
R is an LTP domain. 
For each maximal ideal M and each M-primary ideal Q, M is SV

-1 
stable and QQ contains M. 

(5) For each maximal ideal M, M is SV-stable and each maximal ideal 
of (M : M) that contains M is invertible as an ideal of (M : M). 

(6) For each nonzero radical ideal I, I is SV-stable and each maximal 
ideal of (I : I) that contains I is invertible as an ideal of (I : I). 

Proof. Obviously, (6) implies (5). By [16, Theorem 4] and Corollary 3, it 
suffices to show that (3) implies (4), (4) implies (5), (5) implies (1), and (1) 
implies (6). 
[(3):}(4)] Assume R is an LTP domain and let M be a maximal ideal of R. 

-1 
For each M-primary ideal Q, either Q is invertible or QQ is M-primary. 
Thus since R is an LTP domain, QQ-l must contain M. Also from our 
assumption that R is an LTP domain, each nonmaximal prime ideal is a 
divisorial trace ideal [Theorem 5]. Obviously, every invertible ideal is SV
stable, so we need only consider the case where M is not invertible as an 
ideal of R. From (the proof of) Theorem 5, if A is a finitely generated 

ideal of R then A-I = R only if A = R. But as R is also a Mori domain, 
" M-1 = A -I for some finitely generated 'ideal A ~ M [17, TMoreme 1]. It 

follows that M = Mv = Av' Set T = (R : M). As M is not invertible, T 
is a ring equal to (M : M). Since R is an LTP domain, each nonmaximal 
prime of R is divisorial. Thus no such prime can contain A. Also, no other 
maximal ideal can contain A, since each maximal ideal is divisorial. Hence 
M is minimal over A, and, therefore A is M-primary. By Theorem 2 we 
have M ~ A(R : A) = A(R : M) = AT ~ MT = M. So M is a finite7 
generated ideal of T. As M is not invertible as an ideal of R, neither is M . 

z z 
Thus, again by Theorem 2, M ~ M (R: M ) = M[M((R : M) : M)] = 
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M[M(T: M)] ~ MT = M. In particular, we haveM[M(T: M)] =M. As 
M is finitely generated as an ideal of T, Nakayama's Lemma implies that 
M(T : M) = Tj i.e., M is SV-stable. ' 
[(4):}(5)] Assume that for each maximal ideal M and each M-primary ideal 

Q, Mis SV-stable and QQ-I contains M. Let M be a fixed maximalideal 
of R. As in the proof of (3) implies (4), there is nothing to prove if M is 
invertible as an ideal of R. Hence we assume that M is not invertible as 
an ideal of R. Set T = (JIf : M) and let N be a maximal ideal of T that 
contains M. Set B = N(T: N). As Bis a trace ideal of T, BM is a trace 
ideal of R by Lemma 6. Since N contains M, BM is M-primary. Hence, 
by Theorem 2, BM = M = MT. As M is invertible as an ideal of T, we 
haveB=T. , 
[(5):}(1)] Assume that for each maximal ideal M, M is SV-stable and each 
maximal ideal of (M : M) that contains M is invertible as an i.deal of 
(M : M). Let M be a maximal ideal of R and let N be a maximal Ideal of 
(M : M) that contains M. Since R is a Mori domain, so is (M : M)[18, 
page 11], [3, Corollary 11]. It follows that N has height one [4, Th;orem 
2.5], and, therefore, M has height one. Hence R must be one-dimensiOnal. 

Let Q be an M-primary ideal of R. Since the radical trace property 
and the trace property for primary ideals are known to be equivalent for 
one-dimensional domains, we need only show that Q(R : Q) contains M. 
In (M : M) each maximal ideal that contains Q also contains M and, 
therefore, each such ideal is invertible and minimal over Q. It follows that 
no maximal ideal of T can contain Q(T : Q) [13, Proposition 2.1]. Hence 
Q(T: Q) = T. Hence, M = MT = QM(T : Q) ~ Q(R : Q), and, therefore, 
R is an RTP domain. 
[(1):}(6)] Assume R is an RTP domain and let I be a nonzero radical ideal 
of R. By Proposition 2.1 of [13], there is nothing to prove if I is invertible. 
Hence we assume that I is not invertible. From the argument above, R 
is one-dimensional and each maximal ideal is divisorial (or see [10, Section 
2]). It follows that I is divisorial. Since R isa Mori domain, only finitely 
divisorial prime ideals can contain I. In this case that means that I is a 
finite intersection of maximal ideals. Let {Ml' Mz"'" Mn} denote the set 
of invertible maximal ideals that contain I and let {NI' Nz' •.. , N m } denote 
the set of noninvertible maximal ideals that contain I. Set A = n Mk and 
B = n N

k
• Then A and Bare comaximal with A an invertible ideal of R 

[13, Proposition 2.1] and B a trace ideal of R [13, Proposition 3.15]. Hence, 
I = An B = AB. Since A is invertible, we have (I : I) = (AB: AB) ;= (B : 
B). Thus to show that I is SV -stable, it suffices to show that B is SV -st~ble. 
Set T = (I: I). As B is a trace ideal of R, we also have T = (R : B). Smce 
B is divisorial, Bv = Cv for some finitely generated ideal C ~ B. Moreover 
..;c = B. As in the proof of (3) implies (4), B = BT = CT. Let J be a 
trace ideal of T that contains B. Then by Lemma 6, JB isa trace ideal 
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of R . . It follows that J B = J n B = B since R is an RTP domain. But 
since B is finitely generated as an ideal of T, J B = BT is possible only if 
J = T. Hence each ideal of T that contains B is invertible as an ideal of 
T. In particular, B is invertible as an ideal of T, as is each maximal ideal 
of T that contains B. 

If M I is a maximal ideal of T that contains I but not B, then M'n R = 
M for some k [7, Theorem 1.4]. Moreover M I is invertible as an ideal of 
T ;ince each of the M. s are invertible ideals of R [7, Theorem 1.4]. • 

3 

By combining Theorems 16 and 18, we have the following. 

COROLLARY 19 Let R be a Mori RTP domain. Then for each nonzero 
radical ideal I, (I : I) is an RTP domain and the pair R and (I : I) satisfy 
INC. 

One of the classic examples of a Mori domain which is not Noetherian 
is the. ring R = F+x F[X, Y] where F is a field. If this ring is localized at 
its maximal ideal M = X F[ X, Y], the resulting ring is a two-dimensional 
quasi-local Mori domain whose maximal ideal is SV-stable. As RM is two
dimensional, it cannot be an RTP domain. The corresponding power se
ries ring F+x F[[x, Y]] is also a two-dimensional Mori domain. Unlike R, 
F+x F[[X, Y]] is quasi-local, but like R, the maximal ideal X F[[X, Y)) is SV
stable. We will do more with this ring in Example 21, but first we give an 
example of a local one-dimensional Noetherian domain where the maximal 
ideal is SV-stable yet the ring is not an RTP domain. 

EXAMPLE 20 Let R = F[[x3 ,x· ,X7]] where F is a field. Then 

(a) R is a local one-dimensional Noetherian domain with maximal ideal 
M = (X3 ,X· ,X7)R. 

(b) (R: M) = (M: M) = F[[x 2,x 311. 
(c) M(M: M) = X3 F[[X2 ,X3]] is invertible as an ideal of (M : M). 
(d) R is not an RTP domain. For example, Q = (X· ,x6 ,X7)R is an 

M-primary ideal for which (Q : Q) = (R : Q) = F[[Xll. 

For the ring R = F +X F[[x, yll, the ideal P = YX F[[x, yll is a height 
-1 -1 -1 -1 [[]] one prime ideal. Since Y is in P and X is not, P P = X F X, Y , 

the maximal ideal of R. In our next example we show that even though R 
is. not an RTP domain, the maximal ideal X F[[x, yll is the trace of each 
primary ideal whose radical has height one. 

EXAMPLE 21 Let R = P +x F[[x, Yll and let M = X F[[x, yll. Then 

(a) Mis SV-stable and the ideal M(x, Y)F[[X, Y]] is an M-primary trace 
ideal. 

(b) Each height one prime of R has the form fM for some irreducible 
f E (x, Y)F[[x, y]]\x F[[X, Y]]. 
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(c) If Q is a primary ideal of R whose radical has height one,. then 
Q = fn M for some irreducible f E (x, Y)F[[x, Yll\x F[[x, Y]l. 

(d) If Q is a primary ideal of R whose radical has height one, then 
-1 

QQ =M. 

Proof· Since M is not invertible as an ideal of R, (R : M) =. (Mj M) is a 
ring. Specifically, (R : M) = F[[x, Y]]. Obviously, M is invertible as an 
ideal of (M: M). As N = (X,Y)F[[x,Y]] is a trace ideal of F[[x,Yll, MN 
is a trace ideal of R by Lemma 6. 

Let P be a height one prime ideal of R. Then there is a unique prime ideal 
pI of F[[x, Y]] which contracts to P, namely pI = {g E F[[x, Ylli gM ~ P}. 
Since F[[x, Y]] is a local UFD, pI is a principal prime of F[[x, Y]]. Thus 
pI = f F[[x, Y]] for some irreducible f E F[[x, yll. As P has height one, f 
is not a multiple of X and it follows that P = M pI = X pI = X f F[[x, yll. 

Continuing with the notation above, let Q be a P-primary ideal. Since 
P does not contain M, Rp = F[[x, Yllp ' is a discrete rank one valuation 

domain. Hence QRp = fn Rp for some integer n. By contracting this ideal 

to R we see that Q = X fn F[[x, Y]] = t M. Since Q is a principal multiple 
-1 n -1 -1 

of M, Q = (llf)M and from this it follows that QQ = M .• 
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Pullbacks and Coherent-Like Properties 
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INTRODUCTION. 

Let I be a nonzero ideal of a domain T, cp: T -+ Til the natural 
projection and D a domain contained in Til. Let R = cp-l(D) be 
the domain arising from the following pullback of canonical homo
morphisms. 

R --+ D 
! ! 
T --+ Til 

We explicitly assume that ReT and we shall refer to this as a 
diagram of type (~). If I = P is a prime ideal of T, we use X(P) 
to denote the residue field of Tp and qf(D) the quotient field of 
D. The case where T = V is a valuation domain is of particular 
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