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Embedding dimension and codimension of
tensor products of algebras over a field
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Abstract Let k be a field. This paper investigates the embedding dimension
and codimension of Noetherian local rings arising as localizations of tensor
products of k-algebras. We use results and techniques from prime spectra and
dimension theory to establish an analogue of the “special chain theorem”
for the embedding dimension of tensor products, with effective consequence
on the transfer or defect of regularity as exhibited by the (embedding) codi-
mension given by codim(R) := embdim(R) — dim(R).

Key words: Tensor product of k-algebras; regular ring; embedding dimen-
sion; Krull dimension; embedding codimension; separable extension.

Mathematics Subject Classification13H05, 13F20, 13B30, 13E05, 13DO05,
14MO05, 16E65

1 Introduction

Throughout, all rings are commutative with identity elements, ring homo-
morphisms are unital, and k stands for a field. The embedding dimension of
a Noetherian local ring (R, ), denoted by embdim(R), is the least number of
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generators of m or, equivalently, the dimension of m/ m? as an R/ m-vector
space. The ring R is regular if its Krull dimension and embedding dimensions
coincide. The (embedding) codimension of R measures the defect of regular-
ity of R and is given by the formula codim(R) := embdim(R) — dim(R). The
concept of regularity was initially introduced by Krull and became promi-
nent when Zariski showed that a local regular ring corresponds to a smooth
point on an algebraic variety. Later, Serre proved that a ring is regular if and
only if it has finite global dimension. This allowed to see that regularity is
stable under localization and then the definition got globalized as follows: a
Noetherian ring is regular if its localizations with respect to all prime ideals
are regular. The ring R is a complete intersection if its m-completion is the
quotient ring of a local regular ring modulo an ideal generated by a regular
sequence; R is Gorenstein if its injective dimension is finite; and R is Cohen-
Macaulay if the grade and height of m coincide. All these algebro-geometric
notions are globalized by carrying over to localizations.

These concepts transfer to tensor products of algebras over a field under
suitable assumptions. It has been proved that a Noetherian tensor product of
algebras (over a field) inherits the notions of (locally) complete intersection
ring, Gorenstein ring, and Cohen-Macaulay ring [7, 19, 33, 36]. In particular,
a Noetherian tensor product of any two extension fields is a complete in-
tersection ring. As to regularity and unlike the above notions, a Noetherian
tensor product of two extension fields of k is not regular in general. In 1965,
Grothendieck proved a positive result in case one of the two extension fields
is a finitely generated separable extension [18]. Recently, we have investi-
gated the possible transfer of regularity to tensor products of algebras over
a field k. If A and B are two k-algebras such that A is geometrically regular;
i.e., A®F is regular for every finite extension F of k (e.g., A is a separable
extension field over k), we proved that A® B is regular if and only if B is
regular and A ®y B is Noetherian [8, Lemma 2.1]. As a consequence, we estab-
lished necessary and sufficient conditions for a Noetherian tensor product
of two extension fields of k to inherit regularity under (pure in)separability
conditions [8, Theorem 2.4]. Also, Majadas’ relatively recent paper tack-
led questions of regularity and complete intersection of tensor products of
commutative algebras via the homology theory of André and Quillen [25].
Finally, it is worthwhile recalling that tensor products of rings subject to the
above concepts were recently used to broaden or delimit the context of valid-
ity of some homological conjectures; see for instance [20, 22]. Suitable back-
ground on regular, complete intersection, Gorenstein, and Cohen-Macaulay
rings is [14, 18, 24, 26]. For a geometric treatment of these properties, we
refer the reader to the excellent book of Eisenbud [15].

Throughout, given a ring R, I an ideal of R and p a prime ideal of R,
when no confusion is likely, we will denote by I, the ideal IR, of the local
ring R, and by xg(p) the residue field of R,. One of the cornerstones of
dimension theory of polynomial rings in several variables is the special chain
theorem, which essentially asserts that the height of any prime ideal of the
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polynomial ring can always be realized via a special chain of prime ideals
passing by the extension of its contraction over the basic ring; namely, if R is
a Noetherian ring and P is a prime ideal of R[Xj, ..., X,] with p := PNR, then

dim(R[X4, ..., Xy ]p) = dim(R;) + dim (KR(p)[Xl, e Xnl Py )

PRpTXY %]

An analogue of this result for Noetherian tensor products, established in [7],
states that, for any prime ideal P of A® B withp:=PNA and q:=PNB, we
have

dim(A ® B)p = dim(Ap) + dim[(KA(p) ®B) », ]

pApyB

which also comes in the following extended form

dim(A ®; B)p = dim(Ap) + dim(B;) + dim [(KA (p) ® KB(q)) P(Ap®yBg)

PAp®Bg+Ap®qBg )

This paper investigates the embedding dimension of Noetherian local rings
arising as localizations of tensor products of k-algebras. We use results and
techniques from prime spectra and dimension theory to establish satisfactory
analogues of the “special chain theorem” for the embedding dimension
in various contexts of tensor products, with effective consequences on the
transfer or defect of regularity as exhibited by the (embedding) codimension.
The paper traverses four sections along with an introduction.

In Section 2, we introduce and study a new invariant which allows to
correlate the embedding dimension of a Noetherian local ring B with the
fibre ring B/ mB of a local homomorphism f : A — B of Noetherian local
rings. This enables us to provide an analogue of the special chain theorem
for the embedding dimension as well as to generalize the known result that
“if f is flat and A and B/ m B are reqular rings, then B is reqular.”

Section 3 is devoted to the special case of polynomial rings which will be
used in the investigation of tensor products. The main result (Theorem 3.1)
states that, for a Noetherian ring R and Xj, ..., X;; indeterminates over R, for
any prime ideal P of R[X3, ..., X,,] with p := PN R, we have:

P
embdim(R[Xq,..., X = embdim(R,) + ht| ———
(R[X1 nlp) (Rp) (P[X1,-.-,Xn])
= embdim(Ry) + embdim | xr(p)[X1, ..., Xu]  »,

PRpIX] - Xn]

Then, Corollary 3.2 asserts that

codim(R[Xj, ..., X;]p) = codim(Ry)
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and recovers a well-known result on the transfer of regularity to polynomial
rings; i.e., R[Xq, ..., X,] is reqular if and only if so is R (this result was initially
proved via Serre’s result on finite global dimension and Hilbert Theorem on
syzygies). Then Corollary 3.3 characterizes regularity in general settings of
localizations of polynomial rings and, in the particular cases of Nagata rings
and Serre conjecture rings, it states that R(Xj, ..., X,) is regqular if and only if
R(X1,...,Xy) is regular if and only if R is regular.

Let A and B be two k-algebras such that A® B is Noetherian and let P be
a prime ideal of A®; B with p := PN A and g4 := PN B. Due to known behavior
of tensor products of k-algebras subject to regularity (cf. [8, 18, 19, 33, 36]),
Section 4 investigates the case when A (or B) is a separable (not necessarily
algebraic) extension field of k. The main result (Theorem 4.2) asserts that, if
K is a separable extension field of k, then

embdim(K®; A)p = embdim(A,) + embdim[(K ®x KA(p)) Py J
KeppAp

In particular, if K is separable algebraic over k, then
embdim(K®; A)p = embdim(Ay).
Then, Corollary 4.5 asserts that
codim(K®; A)p = codim(A,)

and hence K®; A is regular if and only if so is A. This recovers Grothendieck’s
result on the transfer of regularity to tensor products issued from finite
extension fields [18, Lemma 6.7.4.1].

Section 5 examines the more general case of tensor products of k-algebras
with separable residue fields. The main theorem (Theorem 5.1) states that if
kp(q) is a separable extension field of k, then

embdim(A®; B)p = embdim(A,) + embdim(B,)

+ embdim (KA(p)®k KB(q)) P(Ap@;Bg)
pAp®kBq+Ap®quq

Then, Corollary 5.2 contends that
codim(A ® B)p = codim(A) + codim(B;)

recovering known results on the transfer of regularity to tensor products
over perfect fields [33, Theorem 6(c)] and, more generally, to tensor products
issued from residually separable extension fields [8, Theorem 2.11].

The four aforementioned main results are connected as follows:
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Proposition 4.1

N

Theorem 3.1 U Theorem 5.1

N 7

Theorem 4.2

Of relevance to this study is Bouchiba, Conde-Lago, and Majadas’ recent
preprint [4] where the authors prove some of our results via the homology
theory of André and Quillen. In the current paper, we offer direct and self-
contained proofs using techniques and basic results from commutative ring
theory. Early and recent developments on prime spectra and dimension
theory are to be found in [3, 5, 6, 7, 29, 30, 31, 34, 35] for the special case of
tensor products of k-algebras, and in [1, 11, 17, 22, 24, 26, 27] for the general
case. Any unreferenced material is standard, as in [24, 26].

2 Embedding dimension of Noetherian local rings

In this section, we discuss the relationship between the embedding dimen-
sions of Noetherian local rings connected by a local ring homomorphism.
To this purpose, we introduce a new invariant p which allows to relate the
embedding dimension of a local ring to that of its fibre ring.

Throughout, let (A, m,K) and (B, n,L) be local Noetherian rings, f : A — B
a local homomorphism (i.e., mB := f(m)B C 1), and I a proper ideal of A. Let

. I+m2
pa(l) := dlmK( 0 )

Note that 14 (I) equals the maximal number of elements of I which are part of
aminimal basis of m; so that 0 < 14 (I) < embdim(A) and p4 (i) = embdim(A).

Next, let yg (I) denote the maximal number of elements of IB := f(I)B which
are part of a minimal basis of n; that is,

. IB+mn2
[“j;(l) := up(IB) = dlmL( " )

It is easily seen that if xy,...,x, are elements of m such that f(x;),..., f(x,) are
part of a minimal basis of 1, then x1,...,x, are part of a minimal basis of m
as well. That is, 0 < y};(l) < pa(l). Moreover, if | is a proper ideal of B and
7 : B — B/] is the canonical surjection, then the natural linear map of L-vector

IB+n? IB+n%+4] | o
T e yields pg/{ (1) < k(D).

spaces

Proposition 2.1. Under the above notation, we have:
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embdim(B) = (1) + embdim(B/IB).

In particular,
embdim(A) = u4(l) + embdim(A/I).

Proof. The first statement follows easily from the following exact sequence
of L-vector spaces

IB + n? n n n/IB
00— —_— = — = — 0.
n2 n? IB+n2  (n/IB)?
The second statement holds since pa(I) = pf“ ). O

Recall that, under the above notation, the following inequality always
holds: dim(B) < dim(A) + dim(B/mB). The first corollary provides an ana-
logue for the embedding dimension.

Corollary 2.2. Under the above notation, we have:
embdim(B) < embdim(A) —embdim(A/I) + embdim(B/IB).
In particular,
embdim(B) < embdim(A) + embdim(B/ mB).

It is well known that if f is flat and both A and B/m B are regular, then
B is regular. The second corollary generalizes this result to homomorphisms
subject to going-down. Recall that a ring homomorphism / : R — S satisfies
going-down (henceforth abbreviated GD) if for any pair p C g in Spec(R) such
that there exists Q € Spec(S) lying over g, then there exists P € Spec(S) lying
over p with P C Q. Any flat ring homomorphism satisfies GD.

Corollary 2.3. Under the above notation, assume that f satisfies GD. Then:
(a) codim(B) = (yf;(m) —dim(A)) + codim(B/ mB).

(b) codim(B) + (embdim(A) - y{;(m)) = codim(A) + codim(B/ m B).

(c) B is regular and yé(m) = embdim(A) & A and B/ mB are reqular.

Proof. The proof is straightforward via a combination of Proposition 2.1 and
[26, Theorem 15.1]. O

Corollary 2.4. Under the above notation, assume that f satisfies GD. Then:
(a) codim(B) < codim(A) + codim(B/ m B).
(b) If B/ m B is reqular, then codim(B) < codim(A).

Proof. The proof is direct via a combination of Corollary 2.2 and the known
fact that dim(B) = dim(A) + dim(B/ mB). m|
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3 Embedding dimension and codimension of polynomial
rings

This section is devoted to the special case of polynomial rings which will
be used, later, for the investigation of tensor products. The main result of
this section (Theorem 3.1) settles a formula for the embedding dimension
for the localizations of polynomial rings over Noetherian rings. It recov-
ers (via Corollary 3.2) a well-known result on the transfer of regularity
to polynomial rings; that is, R[Xj,...., X;] is regular if and only if so is R.
Moreover, Theorem 3.1 leads to investigate the regularity of two famous
localizations of polynomial rings in several variables; namely, the Nagata
ring R(X1,X>, ..., Xy) and Serre conjecture ring R(X1, X3, ..., X;;). We show that
the regularity of these two constructions is entirely characterized by the
regularity of R (Corollary 3.3).

Recall that one of the cornerstones of dimension theory of polynomial
rings in several variables is the special chain theorem, which essentially asserts
that the height of any prime ideal P of R[Xj, ..., X;] can always be realized
via a special chain of prime ideals passing by the extension (PNR)[Xj, ..., X;].
This result was first proved by Jaffard in [22] and, later, Brewer, Heinzer,
Montgomery and Rutter reformulated it in the following simple way ([12,
Theorem 1]): Let P be a prime ideal of R[Xj, ..., X;] with p := PN R. Then

ht(P) = ht(p[ X1, ..., Xu]) + ht( . In a Noetherian setting, this for-

p[Xl,...,Xn])

mula becomes:

dim(R[X1, ..., Xp]p) = dim(Rp)+ht(L)

p[Xlr---/Xn] (1)
= dim(Rp) +dim (KR(p)[Xl,...,Xn] Py )
PRp[X) - Xn]
where the second equality holds on account of the basic fact rﬁ N % =0.

The main result of this section (Theorem 3.1) features a “special chain theo-
rem” for the embedding dimension with effective consequence on the codi-
mension.

Theorem 3.1. Let R be a Noetherian ring and X1, ..., X, be indeterminates over R.
Let P be a prime ideal of R[X1, ..., X,] with p := PNR. Then:

P
bdim(R[Xj, ..., X, ]p) = embdim(R,) + ht[ ————
embdim(R[Xj, ..., Xy]p) = embdim(Ry) (P[X1,.--,Xn])
= embdim(R,) + embdim (KR(p)[Xl, e Xnl by

PRp[Xq,..Xnl
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Proof. We use induction on n. Assume # =1 and let P be a prime ideal of
R[X] with p:=PNR and r := embdim(R,). Then p, = (a1, ...,ar)R, for some
ai,...,ar € p. We envisage two cases; namely, either P is an extension of p or
an upper to p. For both cases, we will use induction on r.

Case1: Pisanextension of p (i.e., P = pR[X]). We prove that embdim(R[X]p)
=r.Indeed, wehave Pp = PRp[X]pR,,[X] =(aq, ...,ar)Rp[X]pRP[X] =(ai,...,a;)R[X]p.
So, obviously, if p, = (0), then Pp = 0. Next, we may assume r > 1. One can
easily check that the canonical ring homomorphism ¢ : R, — R[X]p is in-
jective with ¢(p,) C Pp. This forces embdim(R[X]p) > 1. Hence, there exists
j€{l,..,n}, say j=1, such that a:=a; € p with { € Pp\Pl% and, a fortiori,
% €pp \p;- By [24, Theorem 159], we get

embdim(R[X]p) =1+ embdlm(£ R[Xl)

NS )
embdim(R,) =1 +embd1m( —)) v )
@

Therefore embd1m(( @ )) ) r—1 and then, by induction on 7, we obtain
(11)

embdim( a )[X] p )—embdlm(( " ))a)) 6)

A combination of (2) and (3) leads to embdim(R[X]p) =7, as desired.
Case 2: Pis an upper top (i.e., P # pR[X]). We prove that embdim(R[X]p) =
r+1. Note that PR,[X] is also an upper to py and then there exists a (monic)

polynomial f € R[X] such that f is irreducible in xr(p)[X] and PR,[X] =
pRy[X]+ fRy[X]. Notice that pR[X] + fR[X] € P and we have

Pp = PRp[X]pr,[x1 = (PRp[X]+ fRy[X)pr,1x]
X1+ fRIXDRp[X]pr,[x) = (p[X]+ fRIX]p
= p[Xlp + fR[X]p = (a1, ...,ar, f)R[X]p.

Assume r = 0. Then P is an upper to zero with Pp = fR[X]p. So that
embdim(R[X]p) < 1. Further, by the principal ideal theorem [24, Theorem
152], we have

embdim(R[X]p) > dim(R[X]p) = ht(P) =

It follows that embdim(R[X]p) = 1, as desired.
Next, assume 7 > 1. We claim that pR[X]p & Plz,. Deny and suppose that

pR[X]p C P%. This assumption combined with the fact Pp = p[X]p + fR[X]p

yields % = fR[X] p as R[X]p-modules and hence Pp = fR[X]p by [24, Theo-
P
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rem 158]. Next, let a € p. Then, as § € Pp = fR[X]p, there exist g € R[X] and
s,t € R[X]\ P such that t(sa— fg) = 0. So that tf g € p[X], whence tg € p[X] C P
as f ¢ p[X]. It follows that tsa = tfg € P? and thus § € P§ = f2R[X]p. We iterate
the same process to get { € P}, = f"R[X]p for each integer n > 1. Since R[X]p is
a Noetherian local ring, (1 P = (0) and thus f =0in R[X]p. By the canonical
injective homomorphism R, < R[X]p, { = 0in Ry,. Thus p, = (0), the desired
contradiction.

Consequently, pR[X]p = (a1,...,ar)R[X]p € PIZ,. So, there exists j € {1,...,n},
say j=1,suchthata:=a; € Pp \P%J and, a fortiori,a € p, \pz. Similar arguments
as in Case 1 lead to the same two formulas displayed in (2). Therefore

embdim (5) =r—1 and then, by induction on r, we obtain
@’&
. [R . R
embdlm(@ X] e ) =1+ embdlm((@)(%) . @)

A combination of (2) and (4) leads to embdim(R[X]p) =7 +1, as desired.
Now, assume that #n > 2 and set R[k] := R[Xj, ..., Xi] and p[k] = p[X3, ..., Xk]
for k:=1,..,n. Let P’ := PNR[n—-1]. We prove that embdim(R[n]p) = r +

ht(%). Indeed, by virtue of the case n =1, we have

n]
. . P
embdim(R[n]p) = embdim(R[n —1]p/) + ht(,—) . (5)
P'[Xy]

Moreover, by induction hypothesis, we get

mbdim(R[n—1]p) =r+ht P 6)
e p)= =11}
L P'[X,] P ..

Note that the prime ideals and — both survive in kr(p)[n], respec-

pln] pln]
tively. Hence, as kr(p)[#] is catenarian and (R/p)[n —1] is Noetherian, we
obtain

P\ (PIXa] P\ P’ P
ht(p[n])_ht( o0l )+ht(P,[Xn])_ht(p[n_1])+ht(P,[Xn]). @)

Further, the fact that xr(p)[X1, ..., X,1] is regular yield

ht(;ﬁ) = embdim(KR(p)[Xl,--~,Xn] Pp ) ®)

PRpIX - Xn]

So (5), (6), (7), and (8) lead to the conclusion, completing the proof of the
theorem. 0
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As a first application of Theorem 3.1, we get the next corollary on the (em-
bedding) codimension. In particular, it recovers a well-known result on the
transfer of regularity to polynomial rings (initially proved via Serre’s result
on finite global dimension and Hilbert Theorem on syzygies [28, Theorem
8.37]. See also [24, Theorem 171]).

Corollary 3.2. Let R be a Noetherian ring and X1, ..., Xy, be indeterminates over R.
Let P be a prime ideal of R[X3, ..., Xn] with p :== PN R. Then:

codim(R[Xj, ..., Xy ]p) = codim(Ry).
In particular, R[Xq, ..., X;] is regular if and only if R is regular.

Theorem 3.1 allows us to characterize the regularity for two famous lo-
calizations of polynomial rings; namely, Nagata rings and Serre conjecture
rings. Let R be a ring and X, Xj, ..., X, indeterminates over R. Recall that
R(Xy,..., X,) = SIR[X], ..., X,,] is the Nagata ring, where S is the multiplicative
set of R[Xj, ..., X;] consisting of the polynomials whose coefficients generate
R. Let R(X) := U™'R[X], where U is the multiplicative set of monic polyno-
mials in R[X], and R{(X3, -+, X;;) := R(Xq, ..., X,_1){Xy). Then R(Xq,...,X;,) is
called the Serre conjecture ring and is a localization of R[Xj, ..., X;].

Corollary 3.3. Let R be a Noetherian ring and X, ..., X,, indeterminates over R. Let
S be a multiplicative subset of R[X1, ..., Xy]. Then:

(a) STIR[Xq, ..., Xn] is regular if and only if Ry is regular for each prime ideal p of R
such that p[Xy,..., X, ]NS =0.

(b) In particular, R(Xy, ..., Xy) is regular if and only if R(Xy, ..., Xy) is reqular if and
only if R[Xq, ..., Xu] is reqular if and only if R is regular.

Proof. (a) Let Q = S'P be a prime ideal of S~'R[Xj,..,, X,], where P is
the inverse image of Q by the canonical homomorphism R[Xj,..., X,] —
S7IR[X3, ..., Xn] and letp := PNR. Notice that STIR[Xj, ..., Xulo = R[X3, ..., Xulp

and
-1 p

STpIXt, e Xl ~ pIXy, e Xl
natural homomorphism R[Xj, ..., X,] — %[XL...,X,I]. Therefore, by (1), we

where S denotes the image of S via the

obtain
e . . Q
dim(S7'R[X1, ..., Xu]o) = dim(R[ X1, ..., Xu]p) = dim(R,) + ht( ———————
im (S RIXi, -, Xnlo) = dim(RIX, - Xulr) = dim(Ry) +ht( e s—=—)
©)
and, by Theorem 3.1, we have
embdim(S™'R[Xj, ..., X,]g) = embdim(R[X1, ..., Xu]p)
Q (10)

= embdim(R,) + ht{ ——————).
(Rp) (s-lp[xl,...,xn])
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Now, observe that the set {QNR | Q is a prime ideal of ST'R[Xj, ..., X, ]}
is equal to the set {p | p is a prime ideal of R such that p[Xj,..., X,]NS = 0}.
Therefore, (9) and (10) lead to the conclusion.

(b) Combine (a) with the fact that the extension of any prime ideal of
R to R[Xj, ..., Xs] does not meet the multiplicative sets related to the rings
R(Xy,...,X;;) and R(Xq, ..., Xp). |

4 Embedding dimension and codimension of tensor
products issued from separable extension fields

This section establishes an analogue of the “special chain theorem” for the
embedding dimension of Noetherian tensor products issued from separable
extension fields, with effective consequences on the transfer or defect of
regularity. Namely, due to known behavior of a tensor product A ®; B of two
k-algebras subject to regularity (cf. [8, 18, 19, 26, 33, 36]), we will investigate
the case where A or B is a separable (not necessarily algebraic) extension
field of k.

Throughout, let A and B be two k-algebras such that A ® B is Noetherian
and let P be a prime ideal of A®; B with p := PNA and g := PN B. Recall that
A and B are Noetherian too; and the converse is not true, in general, even if
A = Bis an extension field of k (cf. [16, Corollary 3.6] or [34, Theorem 11]). We
assume familiarity with the natural isomorphisms for tensor products and

their localizations as in [9, 10, 28]. In particular, we identify A and B with

A®B A

their respective images in A®; B and we have __a®&%> A ® — and
p&B+A®q p

Ap® B, = S™1(A®;B) where S := {s®t|s€ A \p,t € B\g}. Throughout this and

next sections, we adopt the following simplified notation for the invariant y:

HP(PAY) 1= iy, p), (PAY) and up(GAg) = 1l ) (4Bg)

wherei: A, — (A®;B)p and j: B; — (A ® B)p are the canonical (local flat)
ring homomorphisms.

Recall that A ® B is Cohen-Macaulay (resp., Gorenstein, locally complete
intersection) if and only if so are A and the fibre rings x4 (p) ® B (for each
prime ideal p of A) [7, 33]. Also if A and the fibre rings x4 (p) ® B are regular
then so is A® B [26, Theorem 23.7(ii)]. However, the converse does not hold
in general; precisely, if A® B is regular then so is A [26, Theorem 23.7(i)] but
the fibre rings are not necessarily regular (see [8, Example 2.12(iii)]).

From [7, Proposition 2.3] and its proof, recall an analogue of the special
chain theorem (recorded in (1)) for the tensor products which correlates the
dimension of (A ® B)p to the dimension of its fibre rings; namely,
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dim(A®; B)p = dim(4,) + ht[ ——
kD)p = p p®kB

(11)
= dim(A4,) + dim[(KA(p)@)kB) », )
pAp®kB

Our first result reformulates Proposition 2.1 and thus gives an analogue
of the special chain theorem for the embedding dimension in the context of
tensor products of algebras over a field.

Proposition 4.1. Let A and B be two k-algebras such that A®y B is Noetherian and
let P be a prime ideal of A® B with p:= PNA and q:=PNB. Then:

(a) embdim(A ®; B)p = pip(pAp) +embdim [(KA(}?) ®B) », )
pAp®y B

(b) codim(A & B)p + (embdim(A,) - up(pAy)) =

codim(Ay) + codim ((K A(p) ® B) Py )
pAp® B

(c) (A® B)p is regular and up(pAp) = embdim(Ay) if and only if both A, and

(KA(p)®kB) p, areregular.
pAp®y B

Recall that an extended form of the special chain theorem [7] states that

dim(A 2 B)p = dim(Ap) + dil’n(Bq) +dim [(KA (P) QK KB (q)) P(Ap®;.By) ) .
PAp®By+Ap®aBy
In this vein, notice that, via Proposition 4.1(a), we always have the following
inequalities:
pApeyB ]

embdim(A & B)p < embdim(A,) + embdim | (xa(p)®B) »,

< embdim(A,) + embdim(By;)

+ embdim (KA(p)®k KB(CI))IWW]‘

PAp®Bq+Ap®aBg

Let us state the main theorem of this section.

Theorem 4.2. Let K be a separable extension field of k and A a k-algebra such that
K® A is Noetherian. Let P be a prime ideal of K®y A with p := PNA. Then:

embdim(K® A)p = embdim(A4,) + ht(ngp)

= embdim(A,) + embdim((K@k KA(p)) Py )

KeypAp

If, in addition, K is algebraic over k, then embdim(K ®; A)p = embdim(A,).
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The proof of this theorem requires the following two preparatory lemmas;
the first of which determines a formula for the embedding dimension of the
tensor product of two k-algebras A and B localized at a special prime ideal P
with no restrictive conditions on A or B.

Lemma 4.3. Let A and B be two k-algebras such that A®y B is Noetherian and
let P be a prime ideal of A®,B with p:= PNA and q:=PNB. Assume that
Pp = (p®xB+A®kq)p. Then:

(a) up(pAp) = embdim(Ap) and pp(qB;) = embdim(B).
(b) embdim(A ® B)p = embdim(A,) + embdim(B,).

Proof. We proceed through two steps.
Step 1. Assume that K := B is an extension field of k. Then g = (0) and Pp =
Pp(Ap & K)p,. Let n := embdim(Ap) and let ay, ..., a, be elements of p such that

pp= (”Tl, ey ”T”)Ap. Our argument uses induction onn.If n =0, then A, is a field

and p, = (0); hence Pp = (0), whence embdim(A ® K)p = 0, as desired. Next,

supposen >1. Wehave Pp = (“T], v ‘%) (A®K)p. If embdim(A® K)p =0, (A®
K)p is regular and sois A, by [26, Theorem 23.7(i)]. Hence, n = dim(A,) = 0 by
(11). Absurd. So, necessarily, embdim(A ®; K)p > 1. Without loss of generality,

we may assume that - € Pp \P%J. Note that we already have 7 €p, \p%. Now,

P . L A . P A p
——— is a prime ideal of — ®, K with ——— N — = —. By [24,
ek ° P N EN S TR
A
Theorem 159], we obtain embdim [(m) =n—1. By induction, we get
1)) .2
(aq)

embdim (i ®k K)
@

el

We conclude, via [24, Theorem 159], to get

P
(a1)® K

embdim(A ® K)p = 1+embdim {((ai ®x K) ] =n.
1 P
(a1)® K

Moreover, observe that (K A(P) Sk K) r, isafield as Pp = (p®; K)p. By Propo-

pperK

sition 4.1, we have
up(pAp) = embdim(A & K)p = embdim(Ay). (12)

Step 2. Assume that B is an arbitrary k-algebra. Since Pp = (p® B+ A ®kq)p,
then P(Ap 2% Bq) = pAp R Bq + Ap R qu, hence (KA (p) @k xB (q)) P(Ap@;Bg) is

pAp®yBa+AperaBy
an extension field of k. So, apply Proposition 4.1 twice to get
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embdim(A®; B)p = up(qBy) + 1t ry  (pAp)- (13)

ARy qBg

Further, notice that

( Py L (Pq)p, __Pr_(p&xB+ASq»
A®xqBy/ 75,05 (A®kngz)4Pq (A®q)p (A®q)p
peB+A®cg B
= () 2 (pe=) . =(pexx
( A®cq )%k‘l (p kq)ﬁq (7’ k B(”/))AQ;ZBQ

Therefore, by (12), we get

wor, (pAp)zembdim((A@)kKB(q)) Py ]zembdim(Ap).

A®yqBg A®yqBg

Similar arguments yield

u p, (qBg) = embdim((KA(p) ®B) » ) = embdim(By)

pAp®i B pAp®y B

and, by the facts 0 < up(pAp) < embdim(A,) and u », (9B;) < up(gB,), we
PAp@cB
obtain o
up(pAp) = embdim(A,) and up(qB;) = embdim(B,)

completing the proof of the lemma via (13). O

The second lemma will allow us to reduce our investigation to tensor
products issued from finite extension fields.

Lemma 4.4. Let K be an extension field of k and A a k-algebra such that K®; A is
Noetherian. Let P be a prime ideal of K® A. Then, there exists a finite extension
field E of k contained in K such that

embdim(K®; A)p = embdim(F ® A)g
for each intermediate field F between E and K and Q := PN (F®; A).
Proof. Letz, ...,z € K®Asuchthat P =(z1,...,z:) K& A; and foreachi=1,....t,
letz;:= % a;j®ajwitha;j€ Kanda;€ A. LetE:= k({aij li=1,.,t;j=1, ...,ni})
and Q ]=_1P N(E®; A). Clearly, z1, ...,z: € Q and hence P = Q(K®; A) = K® Q.
Apply Lemma 4.3 to K& A = K®p (E®; A) to obtain embdim(K®; A)p =

embdim(E ®; A)g. Now, let F be an intermediate field between E and K and
Q :=PN(F®¢A). Then

P=Q' (K&xA)=Ke Q' (14)

since Q' N(E® A) = Q. As above, Lemma 4.3 leads to the conclusion. m|
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Next, we give the proof of the main theorem.

Proof of Theorem 4.2. We proceed through three steps.
Step 1. Assume that K is an algebraic separable extension field of k. We claim
that

Pp=(K&p)p- (15)

A P
Indeed, set Sy, := ; \ {0}. The basic fact X

A -
N= = (0) yields
Py Y

(K@ A)p _ A 3
Kep)p =(K®k p) , —(K®kKA(P))

gL _
Kegp p (o)
where K®; k4 (p) is a zero-dimensional ring [30, Theorem 3.1], reduced [37,
Chap. III, §15, Theorem 39], and hence von Neumann regular [24, Ex. 22, p.

64]. It follows that (K R KA(p)) is a field. Consequently, (K®p)p =

Sy (=)
Pp, the unique maximal ideal of (K gk A)p, proving our claim. By (15) and
Lemma 4.3, we get embdim(K®; A)p = embdim(Ay).

Step 2. Assume that K is a finitely generated separable extension field of k.
Let T = {xy, ..., x;} be a finite separating transcendence base of K over k; that is,
K is algebraic separable over k(T) := k(x1,...,x¢). Let S := k[T]\ {0} and notice
that

K&y A = Koy (K(T)® A) = K&yr) ST A[T].
Let PNS~LA[T] = S~'P’ for some prime ideal P’ of A[T]. Note that P’ N A =p.
Then, we have
embdim(K®; A)p = embdim (K &t sflA[T])P
embdim (S‘lA[T]5_1P,), by Step 1
embdim (A[T]p)

embdim(A,) + ht(l%), by Theorem 3.1.

Moreover, note that

A A
K&y ; = K®k(T) (k(T) B ;)

ST1A[T]

=~ K
®K(T) 5_1P[T]

and
P S71A[T] 3 s-1p

Kep  S71p[T] ~ S~1pIT]
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as K& p = K®r) S™'p[T] so that (K& p) N STLA[T] = S~!p[T]. Therefore the

-1
integral extension SS 1A[[;:]] — K& % is flat and hence satisfies the Going-
P
down property; that is ht( P ) = ht( S ) = ht( ) It follows that
property; T ST Kenp)
embdim(K®; A)p = embdim(A,) + ht(%w).

Step 3. Assume that K is an arbitrary separable extension field of k. Then,
by Lemma 4.4, there exists a finite extension field E of k contained in K such
that

embdim(K ® A)p = embdim(E®; A)g

where Q := PN(EQ®; A). Let Q denote the set of all intermediate fields between
E and K. For each F € Q, note that P = Q' (K®; A), where Q' := PN (F®; A), as
seen in (14); and by Lemma 4.4 and Step 2, we obtain

embdim(K®; A)p = embdim(F ®; A)g’ = embdim(A,) + ht(Fg ’ ) (16)
k

A A
Further, as the ring extension F®y E — K& ? satisfies the Going-down

property, we get

Q p
() mll) "

Next let K& p C Py € P1 C ... € P, = P be a chain of distinct prime ideals of

K®y A suchthatn:= ht( P

Keyp
checks that there exists a finite extension field G of k contained in K such that,
foreachi=1,..,n,t;€ G&Aand thust; € Q/\ Q;_,, where Q] := P;N(G& A).
LetH:=k(E,G)e Qand Q;:=P;,N(H®A) foreachi=1,...,n. Thent; € Q;\ Q;_1
for each i = 1,...,n. Therefore, we get the following chain of distinct prime

ideals in H® A

). Lett; € P;\P;_q foreachi=1,...,n. Onereadily

HepCQ&cQiS..cQu=Q :=PN(H®A).

It follows that ht(%) >n and then (17) yields ht(%};p) = ht(%kp). Fur-

ther, K® k4 (p) is regular since K is separable over K [18, Lemma 6.7.4.1].
Consequently, by (16), we get

embdim(K®; A)p = embdim(Ap) + ht( P )

K®kp

embdim(A,) + embdim((K@kKA(p)) Py )

KeypAp
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completing the proof of the theorem.

As a direct application of Theorem 4.2, we obtain the next corollary on
the (embedding) codimension which extends Grothendieck’s result on the
transfer of regularity to tensor products issued from finite extension fields
[18, Lemma 6.7.4.1]. See also [8].

Corollary 4.5. Let K be a separable extension field of k and A a k-algebra such that
K® A is Noetherian. Let P be a prime ideal of K®y A with p := PN A. Then:

codim(K®; A)p = codim(Ay).

In particular, K& A is regular if and only if A is regular.
Proof. Combine Theorem 4.2 and (11). O

5 Embedding dimension and codimension of tensor
products of algebras with separable residue fields

This section deals with a more general setting (than in Section 4); namely, we
compute the embedding dimension of localizations of the tensor product of
two k-algebras A and B at prime ideals P such that the residue field k(P N B)
is a separable extension of k. The main result establishes an analogue for an
extended form of the “special chain theorem” for the Krull dimension which
asserts that

. 1 1 P
dim(A®; B)p = dim(Ap) +dim(B,) + ht(M)

= dim(Ap) +dim(B;) + dim (KA (p) ®x KB(q)) P(Ap®Bg) ] .

As an application, we formulate the (embedding) codimension of these con-
structions with direct consequence on the transfer or defect of regularity.
Here is the main result of this section.

Theorem 5.1. Let A and B be two k-algebras such that A®y B is Noetherian and
let P be a prime ideal of A® B with p:=PNA and q:=PNB. Assume xg(q) is
separable over k. Then:

embdim(A® B)p = embdim(A4,) + embdim(B,) +}“(E§E§é31§;5)
= embdim(A,) + embdim(B;)

+mmmﬂm@&m@)mww)]

pAp®; Bg+Ap®qBg
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Proof. Notice first that, as «g(g) is separable over k, k4(p) ® xp(9) is a regular
ring and hence

embdim (K (p)® x (q)) = ht( P(dy ®cBq) )
A k KB P(A B =
PAP®IEB§?‘IE‘PQWBQ PAp ® By +Ap @1 4B,

2
p&xB+A®cq)

So, we only need to prove the first equality in the theorem and, without loss
of generality, we may assume that (4, 1) and (B, m) are local k-algebras such

B
that A ®, B is Noetherian, o is a separable extension field of k, and P is a

prime ideal of A®; B with PNA =n and PN B = m. Similar arguments used
in the proof of Lemma 4.4 show that there exists a finite extension field K of

) . B
k contained in - such that

P B B
Fom ~ QA )= 0o

where Q :=

Aom N (A®K). Since % is separable over k and K is a finitely

generated intermediate field, then K is separably generated over k (cf. [21,
Chap. VI, Theorem 2.10 & Definition 2.11]). Let t denote the transcendence
degree of K over k and let ¢y, ..., ¢; € B such that {cy,...,¢;} is a separating tran-
scendence base of K over k; i.e., K is separable algebraic over Q :=k(cy, ..., ).
Also ¢y, ...,c; are algebraically independent over k with

mnNklcy,...,ct] = (0). (19)

So one may view A®k[cy, ...,c:] = Alcy, ..., c] as a polynomial ring in ¢ indeter-
minates over A. Set S :=k[cy,...,c:]\ {0} ; k(t) :=k(cq,...,ct) ; Alt] :=Alcq, ..., ct]-
Then, we have

PNS=mNS=0 and A®S'B=S"A[t]®S'B. (20)

Next, let T := ﬁ NA®Q)=QN(A® Q) and consider the following

S™'B S™'B
canonical isomorphisms of k-algebras 0; : A®y T — (A ®k k(t))®k(t) S

and 0, : A®; nE; — (A® Q)®q nEt As A® K = (A® Q)®q K, by (15) we obtain
Qo= (T®aq K)Q =T(A® K)Q and hence
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(is), =alin?), ~acfant)

ASM Wiks (k).
= T(A&: K)o (A®k 2)
), o
:T(A®kK)(A®k—) ) =T(A®k—) )
mBka ¥ S
= (0" (o(r(ame 1)) L = (0" (rea)
m A@m m A@m

Moreover, on account of (19) and by considering the natural surjective ho-
momorphism of k-algebras k[cy, ..., ct] N klc1,...,ct] defined by ¢(c;) = ¢; for

each i =1,...,t, we get klcq,...,ct] i k[c1,...,ct] inducing the following natu-
ral isomorphism of extension fields ¢ := S~ ¢ : k(t) — k(cq, ..., ¢;) = Q. Then,

¢ induces a structure of k(t)-algebras on (2 and thus on - We adopt a

B
second structure of k(t)-algebras on o inherited from the canonical injec-

tion k(t) <, 571, Indeed, consider the following k-algebra homomorphisms

k(t) N 5:1] ﬁ RN % defined by 2(0() = a for each a € k(t), and where y is the

isomorphism of k-algebras defined by y(g) = g for each b € B and each s € S.

B
It is easy to see that these two structures of k(t)-algebras coincide on e This

is due to the commutativity of the following diagram of homomorphisms of
k-algebras
i S'B
k(t) —
® S~lm

oN Ly
B
m
since, for each a := Jg € k(t) with f € k[cy,...,ct] and s € S, we have

_e) _
) @

Ll |

(yod)(@) =y@) =

Now, consider the following isomorphism of k-algebras

- S'B B
Y= 00(1a®y)o0;": (A ®k()) @ iy A eq

where, for eacha€ A, a €k(t), b € B, and s € S, we have
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lp((ﬂ ®r ) ®k(t) 5 ) 0> ((1A 0y )/) aQ g)) (Ll ®k7/ ))

=0, (a ®x yoz)(a y E ) a®k (OC)V(E)))
(

= (a®: 1) ®q ¢( a)y(z) = (a8 c;l)(@())@g y( )
= (lLa&P)agra)®ny(?)

Next, let6: A®S™1B— S7LA[t] () S ~1B denote the canonical isomorphism

of k-algebras mentioned in (20) and let S™'H := ST1PN S~'A[t] where H is a
prime ideal of A[t] with HN S = 0. Therefore

-1 -1
llf(s_lH L0 5—1i) = (a8 H)@a - )

S1m
B
= (1a®P)(SH)®n e

(22)
Claim: 5(S™P)s(5-1p) = (ST H &y ST1B+ ST A[H] @ S~'m)

8(571p)
Indeed, consider the following commutative diagram (as ¢ = y 1)

1 o B
“1(A®B)=Ag 5B 257 Ag &

1a®iT T

1 0]
A& k(t) A% A Q
where 77:§1B —> S8

S Im

denotes the canonical surjection (with moi = i) and

the vertical maps are the canonical injections. Also, it is worth noting that
14 ® ¢ is an isomorphism of k-algebras. Hence

- AQm

NASQ) =148 P) (((1 A®(yo n))_l( T ‘XI’Dk m)) n(Ae k(t)))
(La@@)(SPN(ASKK(D)) = (L& P)(ST'PN ST A[H])
= (1a® )™ H).

(23)
It follows, via (21), (23), and (22), that
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p B
(o)
(A®km) P 2 ®0 m/_L

A®m Aggmt

= 6" (L sk @) H) 00 %)

-1
= 9;1 (gb(S‘lH@k(t) 5 B) )

21

P
A®m

S~lm

A®Iim

5B
— -1(¢g-1
_(1A®ky)(61 (S H ey s—1m>) .

Agm

Further, notice that

P s-ip
=(14®
AQm (L4 &)

—————|. Then the isomorphism
A®S~Im
14 ® y yields the canonical isomorphism of local k-algebras

-1

S B .
(1A®kV)P1(A®k S—lm) i —>(A®kﬁ) , with

A®kS*lm Aeym

(L&) s'p (P
ASKYIP A® S Im)_s-1p -

AQ.m/|_p

A®k5—1 m A®km

S7'B
=(1a® V)P 61_1 (S_1H®k(t) ) c1p

S~lm
A®k5_1m
Therefore
S~'B s-p
07 ST Heyy —— =|-— 24
! ( K0 6T ) _s1p A® S tm/ _s-1p @)
A®kS’1m

A®kS’1m
Moreover, consider the following commutative diagram

A®STIB % ST1A[H @ S~IB

US| ll L :
S™'B S™'B
AQy 7 ﬁ) S_lA[t] Bk
S~lm

S~Im

where 711 =14 ® 7t and 1o = 1514 ® 7 are the canonical surjective homo-
morphisms of k-algebras. Hence
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S7!B S7!B
-1|p-1(c-1 - -1|g-1
Uy (91 (S He®yp S—lm)) = (010m1) (S He®yp S—lm)

S—l

= (112 00) 1(5 1H®k(t) =

S7!B

— 5-1 -1{¢-1

=0 (7‘(2 (S H®k(t) S—lm))

=571 (S Hey ST1B+ ST Alt] & S~'m)

so that

-1

S1B
1 =1 _ -1(c-1 -1 -1 -1
0; (s H & S_lm)—nl(é (S H ey SB+S A @ S'm))

571 (ST H &y S B+ S LAt @y SIm)
A®S~tm '

It follows, via (24), that

S1Pg S7tp s
T —= ] o, TS H® o)
(A®S™im)g1p A®S™tm) _s1p S~lm/_s-1p
A®k5’1m A®k5’1m
(075 Hewy STB+ ST Alt @i ST m)
- -1
A®S™Im o1p
A®kS’lm

-1(c-1 -1 -1 -1
67 (ST H @k STIB+ ST Al @4y ST m),
(A®; S~Tm)g-1p

,]P

and thus S7'Pgp = 6*1(5*1H ®kp STIB+ STLA[H] @y Sflm)silp. Also, note
that the isomorphism of k-algebras 6 induces the isomorphism of local k-

algebras
Op: (A® ST'B)g-1p — (ST A[t] ®(s) ST B)ss-1p)- Hence

551 (8(S7P)ss-1p)) = S Ps-1p

= o5 ((S_1H®k(t) S71B+ S Altl @y 5_1“‘)6(5-11’))

so that 5(57113)5(5—113) = (571H®k(t) S71B+ SflA[t] k() Sflm)

claim.
It follows, by Lemma 4.3 applied to S™'A[t] &) S™'B, that

s(5-1p) PTOVING the

Usis-1p) (ST mS ™' Bgr,,) = embdim(S ™' Bs-1,,) = embdim(B)

so that, by Proposition 4.1, we have
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embdim(A®; B)p = embdim ((A® S~'B)s-1,) = embdim (S A[t] &k S~ B)s(s-1p)

_ _ . _ S-1B
= ly(s-1p)(ST'MS 1 Bg1,,) +embdim| (ST A[t] & m) s
= A[t]@k(t)S’lm
. . _ S71B
= embdlm(B) +embd1m[(5 lA[t] ®k(t) m) 5(5-1p)

S’lA[t]®k<[)S’1m

-1
= embdim(B) + embdim [(A ®k ;—13) o1p

/\@kS’l m

_1B

Finally, as
rem 4.2, that

= = % is a separable extension field of k, we get, by Theo-
~Im

1 1

n®(S~1B/S1m)
s-1ip
NS 1B+ A®; S~ Im

. 1 P
= embdim(A) + embdim(B) + ht W)

= embdim(A) + embdim(B) + ht

completing the proof of the theorem. O

As a direct application of Theorem 5.1, we obtain the next corollary on
the (embedding) codimension which recovers known results on the transfer
of regularity to tensor products over perfect fields [33, Theorem 6(c)] and,
more generally, to tensor products issued from residually separable exten-
sion fields [8, Theorem 2.11]. Recall that a k-algebra R is said to be residually
separable, if kr(p) is separable over k for each prime ideal p of R.

Corollary 5.2. Let A and B be two k-algebras such that A ® B is Noetherian and
let P be a prime ideal of A®B with p:=PNA and q:=PNB. Assume xg(q) is
separable over k. Then:

codim(A ® B)p = codim(A) + codim(By).
Proof. Combine Theorem 5.1 and (18). O

Note that if k is perfect, then every k-algebra is residually separable.
Now, if k is an arbitrary field, one can easily provide original examples
of residually separable k-algebras through localizations of polynomial rings
or pullbacks [2, 13]. For instance, let X be an indeterminate over k and
K € L two separable extensions of k. Then, the one-dimensional local k-
algebras R := K+ XL[X]x) € S := L[X]x) are residually separable since the
extensions k C xg (XL[X](x)) = K € ks (XL[X](x)) = L € xr(0) = x5(0) = L(X)
are separable over k by Mac Lane’s Criterion and transitivity of separabil-
ity. Also, similar arguments show that the two-dimensional local k-algebra
R’ := R+ YL(X)[Y](y) is residually separable, where Y is an indeterminate
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over k. Therefore, one may reiterate the same process to build residually
separable k-algebras of arbitrary Krull dimension.

Corollary 5.3. Let A be a finitely generated k-algebra and B a residually separable
k-algebra. Let P be a prime ideal of A®y B with p := PN A and q:= PNB. Then:

codim(A ® B)p = codim(A) + codim(By).
In particular, A®y B is regular if and only if so are A and B.

Corollary 5.4. Let k be an algebraically closed field, A a finitely generated k-algebra,
p a maximal ideal of A, and B an arbitrary k-algebra. Let P be a prime ideal of A®y B
such that PN A = p and set q :== PN B. Then:

codim(A & B)p = codim(Ap) + codim(By).
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