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On Zariski-like topologies for modules
over commutative rings

Jawad Abuhlail
Department of Mathematics and Statistics

King Fahd University of Petroleum & Minerals
Dhahran 31261, Saudi Arabia
abuhlail@kfupm.edu.sa

We consider several primeness (coprimeness) properties of submodules of a
given non-zero module over a commutative ring. Assuming suitable conditions,
several Zariski topologies are introduced on the spectrum of prime (coprime) sub-
modules in each case.
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Induced modules by an endomorphism
of finitely generated modules over
commutative rings

I. Akharraz
Department of Mathematics, Informatics and Physics

Multidisciplinary Faculty of Taza
BP. 1223 Taza-Garre, Taza, Morroco

i_akharraz@hotmail.com

(Joint work with M. E. Charkani)

Let R be a commutative ring. A finitely generated R—module M can be con-
verted into an R[X]-module by an R-endomorphism of M (see for example [1]).
In this work, we consider endomorphisms which annihilate monic polynomials.
Namely, let u be an R-endomorphism of M which annihilates a monic polynomial
f(X). Then u converts M into a R[X]/(f(X))-finitely generated module M,. We
appeal to our results from [2] to establish a structure theorem for M,, and hence
exhibit some of its applications in linear algebra.

References

[1] J. A. Hermida-Alonso and M. Pisoniro, Invariant factors of an endomor-
phism and finite free resolutions, Linear Algebra and its Applications 187
(1993) 201-226.
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The techniques of i1dealization

M. Ali
Department of Mathematics and Statistics

Sultan Qaboos University
Muscat 123, Oman

mali@squ.edu.om

Let R be a commutative ring with identity and M an R-module. The R-module
R(M) = R(+)M becomes a commutative ring with identity under the product
(r,m) (r',m') = (rr/ ,FYm+rm'’), called the idealization of M. The idealization of
a module is a well-established method to facilitate interaction between a ring on
the one hand and a module over a ring on the other. The basic construction is to
embed the module M as an ideal in a ring R (M) which contains R as a subring.
This technique was used with great success by Nagata. For a comprehensive
survey on idealization, Anderson and Winders, Huckaba can be consulted.

In this talk we develop the method of idealization particularly in the context of
multiplication, projective, flat and cancelation modules. We show, for example,
that if /(+)N is a multiplication (resp. projective, flat, cancellation) ideal of R(M)
then 7 is a multiplication (resp. projective, flat, cancellation) ideal of R. Assuming
further that M is multiplication (resp. projective, flat, cancelation) then N is a
multiplication (resp. projective, flat, cancelation) submodule of M.

Several results on necessary and sufficient conditions of a homogeneous ideal
to be pure, invertible, idempotent, nilpotent, closed, weakly prime, primary, small,
large, finitely cogenerated, 1/2 cancelation, injective or join principal will be con-
sidered. We also give necessary and sufficient conditions for R(M) to be a mul-
tiplication ring, ZPI-ring, arithmetical ring, (strongly) Priifer ring, Bezout ring,
P-ring, quasi (valuation) ring, coherent ring, finite conductor ring, (Generalized)
GCD ring, quasi-Frobenius or distinguished ring.
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On pseudo-almost valuation domains

Ayman Badawi
Department of Mathematics and Statistics

American University of Sharjah
P.O. Box 26666, Sharjah, United Arab Emirates

abadawi@aus.edu

Let R be an integral domain with quotient field K and integral closure
R’. Anderson and Zafrullah called R an almost valuation domain if for every
nonzero x € K, there is a positive integer n such that either x” € R or x " € R.
In this paper, we introduce a new closely related class of integral domains. We
define a prime ideal P of R to be a pseudo-strongly prime ideal if, whenever
x,y € K and xyP C P, then there is a positive integer m > 1 such that either
X" e R or y"P C P. If each prime ideal of R is a pseudo-strongly prime
ideal, then R is called a pseudo-almost valuation domain (PAV D). We show that
the class of valuation domains, the class of pseudo-valuation domains, the class
of almost valuation domains, and the class of almost pseudo-valuation domains
are properly contained in the class of pseudo-almost valuation domains; also we
show that the class of pseudo-almost valuation domains is properly contained in
the class of quasilocal domains with linearly ordered prime ideals. Among the
properties of PAV Ds: we show that an integral domain R is a PAVD if and only
if for every nonzero x € K, there is a positive integer n > 1 such that either
xX*€ R or ax " € R for every nonunit a € R. We show that pseudo-almost
valuation domains are precisely the pullbacks of almost valuation domains, we
characterize pseudo-almost valuation domains of the form D+ M, and we use
this characterization to construct PAVDs that are not almost valuation domains.
We show that if R is a Noetherian PAVD, then R has Krull dimension at most
one and R’ is a valuation domain; we show that every overring of a PAVD R is
a PAVD iff R’ is a valuation domain and every integral overring of R is a PAVD.
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Priifer-like conditions in pullbacks

C. Bakkari
Department of Mathematics
Faculty of Science and Technology

University S. M. Ben Abdellah
Fez, Morocco
cbakkari@hotmail.com

(Joint work with N. Mahdou)

dedicated to Alain Bouvier

We consider five possible extensions of the Priifer domain notion to the case
of commutative rings with zero divisors. We investigate their transfer in pullback
constructions in order to generate new classes of examples of rings subject to any
given Priifer-like condition.

References
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A theorem for numerical semigroups
and local rings

V. Barucci
Department of Mathematics

Sapienza, Universita di Roma
Piazzale A. Moro 2, 00185 Roma

barucci@mat.uniromal.it

The talk deals with a theorem which characterizes a certain type of numerical
semigroups, the almost symmetric semigroups. A numerical semigroup S of maxi-
mal ideal M = S\ {0}, of Frobenius number g and canonical ideal Q = {g—x | x €
Z\ S} is almost symmetric if for each y € Q, y+M C S. The theorem states that
the following conditions are equivalent:

(1) S is almost symmetric.

(2) Eachideal of M —M = {z € Z | z+M C M} is bidual as ideal of S.

(3) M — e is the canonical ideal of M — M, where e is the smallest positive
element in S.

An analogous theorem will be given for a local ring R which satisfies appro-
priate hypotheses. In particular R is supposed to have an m-canonical ideal, i.e. a
fractional ideal @ such that @ : (o : I) = I, for each regular fractional ideal I of
R, [1]. This result in case of one-dimensional Noetherian rings has applications in
the study of the canonical model of a singular curve, [2].

The philosophy of the talk is showing as the same idea can be applied in dif-
ferent contexts.

References

[1] W. Heinzer - J. Huckaba - 1. Papick, m-Canonical ideals in integral domains,
Comm. Algebra 26 (1998), 3021-3043.

[2] S.L. Kleiman - R. Vidal Martins, The canonical model of a singular curve,
preprint 2008.
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On modules of bounded projective and
flat dimension over commutative rings

S. Bazzoni
Dipartimento di Matematica Pura e Applicata

Universita di Padova
Padova, Italy

bazzoni@math.unipd.it

(Joint work with D. Herbera)

We are interested in deciding when the class &7, of modules of projective
dimension at most n, is the direct limit closure of the subclass of the “compact”
modules. However, as direct limits do not commute with the Ext functor, we
investigate the case in which the modules in &7, are direct summands of modules
filtered by the subclass of “compact” modules.

By means of conditions on the finitistic dimension of the total quotient ring,
we characterize the commutative rings for which every module in # is a direct
summand of a module filtered by finitely presented modules belonging to &;. In
particular this will solve completely the problem for integral domains and Noethe-
rian rings.

Concerning the modules of finite flat dimension we will characterize the com-
mutative rings for which the class of modules with flat dimension at most 1 is the
direct limit closure of the class of finitely presented modules in &7, generaliz-
ing the famous result by Lazard stating that every flat module is a direct limit of
finitely generated projective modules.
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On finiteness of chains of intermediary
rings

Mabrouk Ben Nasr

Faculty of Sciences of Sfax, Department of Mathematics
3018 Sfax, BP 802, Tunisia

mabrouk_bennasr@yahoo.fr

(Joint work with A. Hamdi)

An extension of integral domains R C S is said to have the “finite length of
intermediate chains of domains” property (for short FICP) if each chain of in-
termediate rings between R and S is finite. The main purpose of this paper is to
characterize when R C S has FICP in case R* (the integral closure of Rin S ) is a
finite dimensional semilocal domain. This generalizes a theorem due to Gilmer,
in which S is the quotient field of R. Examples illustrating the sharpness and the
limits of our results are settled.
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n-Perfectness in pullbacks

D. Bennis
Department of Mathematics
Faculty of Science and Technology

University S. M. Ben Abdellah
Fez, Morocco
driss_bennis@hotmail.com

(Joint work with N. Mahdou)

dedicated to Alain Bouvier

A ring is called n-perfect (n > 0), if every flat module has projective dimension
at most n [3]. The n-perfect rings have a homological characterization using the
cotorsion global dimension of rings [2], to the effect that R is n-perfect if and only
if R has cotorsion global dimension at most 7.

This paper continues the investigation of n-perfectness initiated in [1] for pull-
back constructions. It leads to further examples of n-perfect rings and allows to
compute the cotorsion global dimension of some special rings. A result involving
flatness in pullbacks is also stated.

References

[1] D. Bennis and N. Mahdou, On n-Perfect Rings and Cotorsion Dimension,
submitted for publication. (arXiv:0801.2067v1)

[2] N. Ding and L. Mao, The cotorsion dimension of modules and rings, Abelian
groups, rings, modules, and homological algebra, Lect. Notes Pure Appl.
Math., 249 (2005) 217-233.

[3] E. E. Enochs, O. M. G. Jenda, and J. A. Lépez-Ramos, Dualizing modules
and n-perfect rings, Proc. Edinb. Math. Soc. 48 (2005) 75-90.
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Geometric deformations of strong
semistability and the localization
problem in tight closure theory

Holger Brenner
Fachbereich Mathematik und Informatik

Universitéit Osnabriick
Albrechtstr. 29, Germany

hbrenner@Quni-osnabrueck.de

(Joint work with P. Monsky)

Tight closure is a theory for commutative rings of positive characteristic p
which was introduced by Hochster and Huneke twenty years ago and which has
many applications in commutative and homological algebra. Technically it as-
signs to an ideal / in a domain R the ideal (its tight closure)

I"={f €R: there exists z # 0 such that 79 € 14 for all g = pet.

One of the main open problems was whether tight closure commutes with local-
ization at a multiplicative system.

In this talk we describe an example, based on joint work with Paul Monsky,
showing that tight closure does not commute with localization. The example is
given by a normal hypersurface domain in dimension three in characteristic two
and the ideal is generated by three elements. We consider the ring as a family of
graded two-dimensional rings parametrized by the affine line. It turns out that a
certain element belongs to the tight closure of the ideal in the generic (transcen-
dental) fiber ring, but never in any special (algebraic) fiber ring. This contradicts
the localization property.

The geometry in the background of this example is the existence of a vector
bundle on a family of smooth projective curves parametrized by the affine line,
such that the bundle on the generic curve is strongly semistable, but not so on any
special curve.
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Chain conditions (a survey)

P.-J. Cahen
LATP, Faculté des Sciences et Techniques

Université Paul Cézanne
13397, Marseille Cedex 20. France

paul-jean.cahen@univ-cezanne.fr

Interesting answers have been recently given by Mabrouk BEN NASR and
Noomen JARBOUI to some famous [1] or less famous [1, 2] chain condition con-
jectures. We propose a short survey on the topic, pointing out the remaining open
questions.

References

[1] Ben Nasr, Mabrouk; Jarboui, Nodmen, A counterexample for a conjecture
about the catenarity of polynomial rings. J. Algebra 248 (2002), no. 2, 785—
789.

[2] Jarboui, Nodmen, A note on some chain conditions. Arch. Math. (Basel) 90
(2008), no. 2, 133-135.
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Integer-valued polynomials
on a subset of a valued field

J.-L. Chabert
LAMFA CNRS UMR 6140

Université de Picardie
80039 Amiens, France

jean-luc.chabert@u-picardie.fr

Let K be a field with a rank-one valuation v and let E be any subset of K. The
integer-valued polynomials on E are well studied in the case where v is discrete
with finite residue field and, more generally, when v is a rank-one valuation and
E is a precompact subset of K. Here, we no more assume that E is precompact,
and we try to undertake the study of the integer-valued polynomials on E by con-
sidering the function g : Y € R+— gy € NU{+o0} where g, denotes the number of
balls S(a,y) = {x € S| v(x—a) > y} where a € S. There is a sequence (finite or
infinite) of critical valuations {7} corresponding to the distinct values of ¢, and
the number Y., = sup; ¥, play a particular role.

In this general frame, we study several notions such as the polynomial closure
of E introduced by McQuillan [3], the characteristic function and the valuative
capacity of E, the existence of the v-orderings introduced by Bhargava [1], and a
generalization of the notion of regular subset introduced by Y. Amice [1].

References

[1] Y. Amice, Interpolation p-adique, Bull. Soc. Math. France 92 (1964) 117—
180.

[2] M. Bhargava, P-orderings and polynomial functions on arbitrary subsets of
Dedekind rings, J. reine angew. Math. 490 (1997), 101-127.

[3] D. L. McQuillan, On a Theorem of R. Gilmer, J. Number Theory 39 (1991),
245-250.
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Simple hypersurface singularities via
totally reflexive modules

L. W. Christensen
Department of Mathematics and Statistics

Texas Tech University
Lubbock, TX 79409, U.S.A.

lars.w.christensen@ttu.edu

(Joint work with G. Piepmeyer, J. Striuli, and R. Takahashi)

Striking connections between the module theory of a local ring and the char-
acter of its singularity emerged in the 1980s. A local ring with only finitely many
isomorphism classes of indecomposable maximal Cohen-Macaulay modules is
said to be of finite CM representation type. By work pioneered by Auslander, ev-
ery Cohen-Macaulay local ring of finite CM representation type is an isolated sin-
gularity. Specialization to Gorenstein rings opens to a finer description: by work
of Herzog [2], and of Buchweitz, Greuel, and Schreyer [1], a complete Gorenstein
local ring of finite CM representation type is a simple hypersurface singularity.

Let R be a local ring. To avoid the a priori condition in [1, 2] that R is Goren-
stein, we replace finite CM representation type with a finiteness condition on the
category of totally reflexive R-modules (modules of Gorenstein dimension O in
the sense of Auslander and Bridger). We prove that if the set of isomorphism
classes of indecomposable totally reflexive R-modules is finite, then either it has
exactly one element, represented by R itself, or R is Gorenstein and an isolated
singularity—if R is complete, then it is even a simple hypersurface singularity.

References

[1] R.-O. Buchweitz, G.-M. Greuel, and F.-O. Schreyer, Cohen-Macaulay mod-
ules on hypersurface singularities II, Invent. Math. 88 (1987), 165-182.

[2] J. Herzog, Ringe mit nur endlich vielen Isomorphieklassen von maximalen,
unzerlegbaren Cohen-Macaulay-Moduln, Math. Ann. 233 (1978), 21-34.
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Almost clean rings and arithmetic
rings

Francois Couchot
Laboratoire de Mathématiques Nicolas Oresme, CNRS UMR 6139,
Département de mathématiques et mécanique

Université de Caen Basse-Normandie
14032 Caen cedex, France

couchot@Omath.unicaen.fr

In this talk we will show that a commutative Bézout ring R with compact mi-
nimal prime spectrum is an elementary divisor ring if and only if so is R/L for
each minimal prime ideal L. This result is obtained by using the quotient space
pSpec R of the prime spectrum of the ring R modulo the equivalence generated
by the inclusion. When every prime ideal contains only one minimal prime, for
instance if R is arithmetic, pSpec R is Hausdorff and there is a bijection between
this quotient space and the minimal prime spectrum Min R, which is a homeo-
morphism if and only if Min R is compact. If x is a closed point of pSpec R, there
is a pure ideal A(x) such that x = V(A(x)). If R is almost clean, i.e. each element
is the sum of a regular element with an idempotent, we will show that pSpec R
is Hausdorff and totally disconnected and, Vx € pSpec R, R/A(x) is almost clean;
the converse holds if every principal ideal is finitely presented. A question posed
by Facchini and Faith at the second International Fez Conference on Commuta-
tive Ring Theory in 1995, will be also investigated. If R is a commutative ring for
which the ring Q(R/A) of quotients of R/A is an IF-ring for each proper ideal A,
we will prove that Rp is a strongly discrete valuation ring for each maximal ideal
P and R/A is semicoherent for each proper ideal A.
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Semigroups of valuations dominating
Noetherian domains

Steven Dale Cutkosky
Department of Mathematics

University of Missouri
202 Mathematical Sciences Bldg, University of Missouri,
Columbia, MO 65211 USA

cutkoskys@missouri.edu

Suppose that A is a Noetherian domain, and Vv is a valuation of the quotient
field of A which dominates A, with value group I'(v). I'(v) is an ordered subgroup
of R? with the lex order, where d is the dimension of A. The groups I'(v) which
are attainable by such v have been classified by MacLane and Schilling, Zariski
and Samuel, and Kuhlmann. However, the possible semigroups S%(Vv) of values
v(f) of nonzero elements of the maximal ideal of R are not well understood.
In Zariski and Samuel’s book “Commutative Algebra”, necessary conditions are
given for a semigroup to be a semigroup S¥(v) of a valuation v dominating a
Noetherian domain R. The restrictions are that the rational rank must be less than
or equal to the dimension d of R, and that SR (v) must be well ordered, of ordinal
type ", for some h < d.

In joint work with Bernard Teissier, we give some examples indicating that
there seem to be few restrictions on a semigroup being a valuation semigroup
dominating some noetherian domain, besides the two listed above. We show that
higher rank semigroups can be particularly chaotic. In collaboration with Kia
Dalili and Olga Kascheyeva, we show that the semigroups of rank 1 valuations
have bounded growth, which allows us to give very simple examples of subsemi-
groups of the positive rational numbers which are well ordered of ordinal type ®,
but are not the valuation semigroup of a valuation v dominating any noetherian
domain, showing that the necessary conditions of Zariski and Samuel are not suffi-
cient. We also make a study of realizable growths of rank 1 semigroups S¥(v). In
further work with Bernard Teissier, we obtain polynomial bounds for the growth
of higher rank valuations.
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On the Buchsbaumness of the
associated graded ring of semigroup

rings

M. D’Anna
Department of Mathematics and Computer Science

Universita degli studi di Catania
Catania, Italy

mdanna@dmi.unict.it

(Joint work with M. Mezzasalma and V. Micale)

Let R =k[[£81,...,15"]] be the semigroup ring associated to the numerical semi-
group S = (gi,...,gn). We study when its associated ring G(m) is Buchsbaum;
in particular, we give a theoretical characterization for G(m) to be Buchsbaum,
not Cohen-Macaulay; moreover we introduce some families of invariants for S,
connected with the Apery sets of S and of its blow-up $’ and we use them in order
to give a necessary and a sufficient condition for G(m) to be Buchsbaum.

References

[1] M. D’Anna, M. Mezzasalma and V. Micale, On the buchsbaumness of the
associated graded ring of a one-dimensional local ring, Comm. Algebra (to

appear)
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Modules admit Cousin complexes with
finite cohomologies
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Cousin complexes were introduced by Hartshorne (1966) in algebraic geome-
try and then its commutative algebra analogue is given by Sharp (1969). It is well
known that a finitely generated module M over a commutative Noetherian ring A is
Cohen-Macaulay if and only if its Cousin complex, 64 (M), is exact. Therefore the
class of finitely generated A-modules whose Cousin complexes have finitely gen-
erated cohomologies may be considered as a generalization of Cohen-Macaulay
modules. The study of this class has been started by Dibaei and Tousi [2] and
continued with Dibaei [1] and Kawasaki [3]. Also Lipman, Nayak, and Sastry
(2005, 2007) studied the idea in a more general situation in algebraic geometry.

In this talk, I discuss a characterization of the above class in terms of uniform
local cohomological annihilators.
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An extension A C B of integral domains is said to be a trivial generic fiber
(TGF) extension, if every nonzero prime ideal of B has nonzero intersection with
A. Let K be a field and z,x1,x», ..., X, indeterminates over K. In [1], Heinzer, Rot-
thaus and Wiegand proved that the mixed polynomial/power series ring extension

K(x1,x2,....%5)[[2]] = K[x1,%2, ..., %0, 1 /x1][[2]]

is TGF for n = 1 and non-TGF for n = 3.

In this talk, we extend the result above proving the following theorem. Let
D be a Noetherian domain containing a field, @ € D a nonzero nonunit and z an
indeterminate over D. Then the generic fiber of the extension D[[z]] — D[1/a][[z]]
has dimension > dim(D/aD).
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This paper deals with a dual topology introduced by Hochster; this duality (in
the sense of Kopperman [5]) is applied to two particular classes of spaces related
to spectral spaces (namely, down-spectral spaces and up-spectral spaces). These
two classes are recently introduced by Echi and Belaid in [1]. Dual topological
properties are also introduced and studied.
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In this paper, for each prime integer p, a p-integral basis of a quartic number
field K = O() is given, where « is a root of an irreducible polynomial P(X) =
X*4aX +b € Z[X]. The discriminant dx of K and an integral basis of K are then
obtained from its p-integral bases. A necessarily and sufficient condition for the
existence of a power integral basis is given.
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We will introduce an algebraic structure called self-distributive groupoid (some-
times called also quandle). Its axiomatization comes from knot theory. Quandles
can be seen as an abstraction from groups since many important examples arise
as conjugation invariant subsets of groups. Quandles can be used, for example, to
give invariant of knots and knotted surfaces and also to study Nichols algebras. In
many situations we are faced with the following questions: Determine the general
structure of finite quandles, compute their cohomologies in particular the second
and third cohomology groups.

The talk will contain enough examples and calculations.
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Using the tools of z-ideals and associated primes, we generalize some known
results on integer-valued polynomial rings over Krull domains. These tools are
useful for studying the ring Int(D) of integer-valued polynomial rings over an in-
tegral domain D primarily because if p is any prime ideal of D such that Int(Dy,) #
D, [X], then p is a weak Bourbaki associated prime, hence a r-ideal, of D with fi-
nite residue field. Our main result is as follows. Let D be an integral domain such
that, for every -maximal ideal p of D with finite residue field, the ideal pDy N R is
principal in some polynomially dense subring R of Dy, and Int(Dy,) = Int(D),. For
instance, D could be any TV PVMD. Then (1) the domain Int(D) of integer-valued
polynomials on D is locally free as a D-module; (2) Int(S~'D) = S~!Int(D) for
any multiplicative subset S of D; (3) for every positive integer n the multivariable
integer-valued polynomial ring Int(D") decomposes as an n-fold tensor product
over D of Int(D); and (4) for any z-linked extension A of D, the domain Int(D,A)
is generated by Int(D) as an A-module, and A contains D as a polynomially dense
subring if and only if A is unramified and has trivial residue field extensions at
every t-maximal ideal of D with finite residue field.
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Let .#, be the set of all monomials of degree d in the polynomial ring S =
K|[x1,...,x,] over a field K, ordered lexicographically by x; > ... > x,,. A lexseg-
ment ideal of degree d is a subset of .#,; of the form £ (u,v) ={w e 4 |v <
w < u} for some u,v € Ay, v <u. A lexsegment ideal is an ideal of S generated
by a lexsegment. Lexsegment ideals with linear resolutions have been character-
ized in [1]. We show that all lexsegment ideals with linear resolutions have linear
quotients with respect to a suitable ordering of the generators.

A lexsegment .Z (u,v) is called completely if all its iterated shadows are again
lexsegments. For complete lexsegment ideals with linear resolution one can give
an explicit minimal free resolution by using the mapping cone construction [2].

Finally we study the depth and the dimension of lexsegment ideals. Our re-
sults show that one may compute these invariants just looking at the ends of the
lexsegment. As an application, we characterize the Cohen-Macaulay lexsegment
ideals.

We acknowledge the support provided by the Computer Algebra Systems
COCOA and SINGULAR for the extensive experiments which helped us to obtain
some of the results of this work.
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Let E be a subset of a ring D with quotient field K. The set Int(E, D) of integer
valued polynomials on E is the set of polynomials of K[X] which send E into D.
Denoting by J,,(E) the set formed by all the coefficients of all the polynomials of
Int(E, D) with degree < n, we know that J,(E) is a fractional ideal of A as soon as
E is infinite. Moreover Int(E, D) has a regular basis if and only if , Vn, J,(E) is a
principal fractional ideal of D [2]. When D =V is the ring of a discrete valuation
v, Bhargava uses sequences of E called v-orderings [1] to construct some regular
bases of Int(E,V). When E C V¢ (d > 1), Int(E,V) is the set formed by the
polynomials of K[Xj,...,Xy| which send E into V. We still denote by J,(E) the
set of all the coefficients of all the polynomials of Int(E,V) with (total) degree
< n. We first recall conditions on E such that the J,(E) are fractional ideals of
V, and distinct from V [1]. Then, we introduce the Vandermonde ideals of E and
we define the notion of v-ordering of E. Finally, we describe bases of Int(E,V)
associated to these v-orderings. This allows us to extend the notion of factorials
with respect to the subset E.
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The notion of v-ordering for a subset E of the domain V of a valuation v
introduced by M. Bhargava turns out to be very useful for the construction either of
bases of the V-module Int(E,V) of integer-valued polynomials on E, or of normal
bases of the ring C(E,V) of continuous functions from E to V. The aim of this
paper is to show that, when E is a countable and precompact subset of V, one
can construct a sequence formed by exactly all the elements of E which is a v-
ordering of E. In order to do this, we define a polynomial topology associated
with the polynomial equivalence introduced by D. MacQuillan.
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(Joint work with H. Brenner)

Let k be a field of positive characteristic. We use a geometric method to
show that given a degree bound for ideal membership in the polynomial ring
P = k[xy,...,x], one obtains a generic degree bound for membership in the tight
closure of any R -primary ideal in a standard-graded k-algebra R of dimension ¢.
Moreover, if R is normal, one also obtains a generic bound for membership in
the Frobenius closure. In low dimensions, the bound for ideal membership in
k[xi,...,x] can be computed from the known cases of the Froberg conjecture.
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An integral domain D is a v—domain if, for every finitely generated nonzero
(fractional) ideal F of D, we have (FF~')~! = D. The v—domains generalize
Krull domains, Priifer domains and other classes of Priifer-like domains and have
appeared in the literature with different names. This survey is the result of an
effort to put together information on this useful class of integral domains. In
the talk, I will try to present old, recent and new characterizations of v—domains
along with some historical remarks. I will also discuss the relationship of v—
domains with some of their various specializations and generalizations, giving
suitable examples.
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We investigate the non-uniqueness of factorization into irreducibles of poly-
nomials over finite rings. We show that different ways of defining irreducible
elements in rings with zero-divisors coincide in the polynomial ring over a suffi-
ciently nice finite ring, such as Z», or, more generally R|[x|, where R is a Galois
ring.

The elasticity of the multiplicative monoid of R[x] is infinite, and what is more,
p2 is infinite, meaning that there are examples of a product of 2 irreducibles also
factoring as a product of m irreducibles, for arbitrarily large m.
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A domain D is said to be divisorial if each of its nonzero ideals is divisorial.
These domains have been studied by Bass [1], Matlis [6], Heinzer [5], Bazzoni
and Salce [2], and Bazzoni [3]. In [4], joint work with S. El Baghdadi, we studied
domains in which each w-ideal of D is divisorial and dubbed such domains w-
divisorial domains. In part this work is a sequel to that paper.

Our main goal is to study whether w-divisoriality transfers from D to the poly-
nomial ring D[X]. Although we do not give a definitive answer, we do show that
the property transfers in many cases, and we analyze the difficulties in the general
case.
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Let R be a commutative ring and let f be a polynomial with coefficients in R.
Denote by c(f), the content of f, the ideal of R generated by the coefficients of f.
A ring R is called a Gaussian ring if ¢(f)c(g) = c(fg) for any two polynomials
f and g with coefficients in R. Gaussian rings were defined by Tsang in 1965
and became an active topic of investigation due to their connection to Kaplan-
sky’s conjecture, which was solved between 1997 and 2005. The focus of these
investigations lies in the comparison between the Gaussian property and several
other ring theoretic and homological properties. Specifically the properties under
consideration are:

(1) R 1s a semihereditary ring.

2) w.dimR < 1

(3) R is an arithmetical ring.

(4) R is a Gaussian ring.

(5) R is a Priifer ring.

If R is an integral domain all five properties coincide with the Priifer domain no-
tion. For general rings the situation is more complicated and investigating it took
a number of paths and approaches.

This talk will survey the results obtained by the speaker and other authors
comparing the five properties in a general setting or under restrictions imposed
on the total ring of quotients of the rings involved. We will also survey recent
work done by others investigating the behavior of these properties in pullback
ring constructions. We will conclude with an overview of the speaker’s work in
progress on the behavior of these properties in commutative group rings.
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Exceptional sequences of vector bundles/sheaves over a variety X are special
generators of the additive category D?(CohX). Kapranov proved the existence
of tilting bundles over homogeneous varieties. King conjectured in [Ki97] the
existence of tilting sequences of vector bundles on projective varieties which are
obtained as quotients of Zariski open subsets of affine spaces.

Although the conjecture does not hold in general, it remains the problem
of constructing examples of varieties admitting tilting bundles. For toric vari-
eties, examples of exceptional bundles have been given by Altmann and Hille in
[AH99], and by Costa and Mir6-Roig in [CM-R04].

The goal of my talk is to give further examples of projective varieties carrying
exceptional sequences of vector bundles. The varieties are obtained as geometric
invariant quotients of affine spaces by linear actions of reductive groups, as in
King’s conjecture.
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Let r be an ideal system (a star operation) on a cancellative monoid or a do-
main D. Then D is called r-Priifer if every r-finite r-ideal is r-invertible. First
we discuss relative versions of the concept of r-invertibility (motivated by a re-
cent manuscript of D.D.Anderson, D.F.Anderson, M.Fontana and M.Zafrullah)
and apply it to characterize Priifer-like monoids and domains. Then we prove
a generalized version of Bazzoni’s conjecture: If r is finitary, then an r-Priifer
monoid is of Krull type if every r-locally principal r-ideal is r-invertible. We
apply this result to characterize monoids and domains whose r-ideal (class) semi-
group is Clifford.
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Let A C B be an extension of commutative rings with unity and Xi, ..., X, a set
of indeterminates over B. In this talk we study some chain conditions in pullbacks
of the form R = A+ (X, ..., X,)B[X1,...,X,]. We show that R is Noetherian if and
only if A is Noetherian and B is a finitely generated A-module, and that Spec(R)
is Noetherian if and only if Spec(A) and Spec(B) are Noetherian. We also inves-
tigate necessary and sufficient conditions for the ring R to be strongly Laskerian,
Laskerian or ZD.
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We compute the first André-Quillen homology modules for the simple over-

rings of integrally closed domains and we study an ideal-theoretic condition aris-
ing from the vanishing of H;.
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Let D be a domain with quotient field K. We denote by Int(D) the ring of
integer-valued polynomials, i.e., Int(D) := {f € K[X] | f(D) C D} [2]. For each
x € D, x # 0, we consider the ring By(D) = {f € K[X] |Va € D,f(xX +a) €
D[X]}, called Bhargava ring [3]. We have B,(D) = N,cpD[*>4] and Int(D) =
Uorep Bx(D) [3]. The fact that for each unit u € D, B, (D) = D[X] leads us to
first classify the elements x € D such that B, (D) # D[X]. We then give a detailed
description of the prime spectrum of B, (D). Also, we shed some light on the
problem of lifting prime ideals of D[X] to B, (D). In this context, we determine
conditions under which the extension ideal p[X] € Spec(D[X]) is lost in B, (D).
As a consequence of these investigations, we give an approximation to dimB, (D).
We then compute the valuative dimension of B, (D) and give necessary and suffi-
cient conditions for B, (D) to be a Jaffard domain [1].
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We deal with subrings of the type R = A+ 1 of a domain T of D+ I type where
D is a domain and / is a nonzero prime ideal of T, generalizing the classical A +M
construction. We examine the possible transfer of the universal catenarity from A
and T to R. This study allows us to generalize and improve some known results
and to provide several interesting applications and examples.
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In this paper, we introduce the notion of (n,d)-perfect ring which is, in some
way, a generalization of the notion of A(n) ring. We state some basic results and
survey the relationship between the A(n) and (n,d)-perfect properties. We also
investigate the (n,d)-perfect property in pullback rings.
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The ¢-class semigroup of an integral domain R, denoted S;(R), is the semi-
group of fractional 7-ideals modulo its subsemigroup of nonzero principal ideals
with the operation induced by ideal ¢-multiplication. We recently proved that
if R is a Krull-type domain in the sense of Griffin [1], then S;(R) is a Clifford
semigroup. In this work, we extend Bazzoni and Salce’s study of groups in the
class semigroup of a valuation domain or of a Priifer domain of finite character
to a larger class of integral domains. Precisely, we describe the idempotents of
S:(R) and the structure of their associated groups when R is a Krull-type domain.
Indeed, we prove that there are two types of idempotents in S,(R): those repre-
sented by fractional overrings of R and those represented by finite intersections of
t-maximal ideals of fractional overrings of R.
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Over a Dedekind domain D, every Artinian D-module M is a direct sum of a
module of finite length and a finite number of injective hulls of simple modules,
M=F & (P!, E(S;)). In this talk, we provide more classes of rings over which
Artinian modules have the same decomposition, and we give characterizations of
those rings. We also study the rings over which the injective hull of any simple
module is Artinian almost finitely generated (strongly co-Noetherian rings) and
their connection with the structure of Artinian modules.
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(Joint work with M. H. Park)
Let V be a rank-one non-discrete valuation domain. While the ring of entire func-

tions is a Bezout ring, we show that V[[X]]y _ () is not even a Priifer domain. This
is an answer to Eakin and Sathaye’s question of 1982.
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Given a family of commutative rings {Ry }qeca, We investigate the family of Ar-
tinian subrings of [[ycq Re- Let R be a subring of a ring T, we say that (R, T)
is a zero-dimensional pair if each intermediate ring between R and T is zero-
dimensional. We also examine the question of when a pair ([Tyeca Ro, [1oea Te)
is zero-dimensional, where {(Ry, Ty) } qca is a family of zero-dimensional pairs.
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dedicated to Alain Bouvier

This lecture sheds light on Alain Bouvier’s recent contribution in spectra and
dimension theory of polynomial rings. The first part deals with different properties
of the Krull and valuative dimensions and the related topic of Jaffard domain. The
second part studies the universal catenarity of integral domains; particularly, LFD
Priifer domains, domains of global dimension 2, and GD-domains. Correlations
to the altitude formula and Kaplansky’s strong S-properties are also emphasized.
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An ideal is semiregular if it contains a finitely generated dense ideal, and it is
regular if it contains an element that is not a zero divisor. The trace of a dense
ideal 7 of a ring R is the (trace) ideal I(R : I) where (R:1) = {t € Q(R) |tI C R}
(Q(R) denotes the complete ring of quotients of R). Extending definitions for trace
properties of integral domains (see [1] and [2]), we say that R is an (Qo-)RTP ring
if the trace of each noninvertible (semi)regular ideal is a radical ideal, and R is an
(Qo-)LTP ring if IRp = PRp for each (semi)regular trace ideal / and each prime P
minimal over /. If R is an RTP ring (Qo-RTP ring) and 7 is a (semi)regular ideal of
R, then R/I is a Qp-RTP ring. One consequence of this is that the homomorphic
image of an RTP domain is always a Qp-RTP ring. Similar statements hold for
LTP rings, Qp-LTP rings and LTP domains.
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dedicated to Alain Bouvier

The goal of this paper is to give a sufficient condition to resolve Costa’s con-
jecture for each positive integers n and d with n > 4. Precisely, we show that
if there exists a local ring (A, M) such that A4 (M) = n and an (n + 2)-presented
A-submodule of M™, where m is a positive integer (In particular, if M contains
a regular element), then one can construct an example of (n + 4,d)-ring which
is neither (n+ 3,d)-ring nor an (n+4,d — 1)-ring. Finally, we construct a local
ring (B, M) such that Ag(M) = 0 (resp., Ag(M) = 1) and so we exhibit for each
positive integer d, an example of (4,d)-ring (resp., (5,d)-ring) which is neither
a (4,d — 1)-ring (resp., neither a (5,d — 1)-ring) nor a (2,d’)-ring (resp., nor a
(3,d")-ring) for each positive integer d’.
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Let R be an integral domain. The class semigroup of R, denoted .(R), is
the semigroup of nonzero fractional ideals modulo its subsemigroup of nonzero
principal ideals [1, 2]. We define the z-class semigroup of R, denoted .7 (R),
as the t-analogue of .(R), that is, the semigroup of fractional 7-ideals mod-
ulo its subsemigroup of nonzero principal ideals with the operation induced by
t-multiplication. In this talk we will investigate ring-theoretic properties of a
Noetherian domain that reflect reciprocally in the Clifford or Boolean property
of its z-class semigroup.
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Infinite Hilbert 2-class field tower of
quadratic number fields
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Let k be a number field and Cy, the ideal class group of k. Let k! be the Hilbert
2-class field of & (i.e., the maximal Abelian unramified 2-extension of k), and for
n > 2, let k" be the Hilbert 2-class field of *~!. Then

kcklckc..ck'c

is the Hilbert 2-class field tower of k. We say that the tower is finite if k" = k!
for some n, and infinite otherwise. We define the 2-rank of C, as the dimension of
the elementary Abelian 2-group Cy/ C,% viewed as a vector space over [F:

ranky(Cy) = dimg, (Ck/CI%%

where [, is the finite field with two elements. Suppose now that k is an imag-
inary quadratic number field. In [Tours de corps de classes et estimations de
discriminants, Invent. Math. 44 (1978), 65-73], J. Martinet conjectured that if
ranky(Cy) = 4, then k has infinite Hilbert 2-class field tower. In this article, we
give a positive answer to this conjecture in the case where the discriminant of k is
divisible by at most one negative prime discriminant.
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Let R be a (not necessarily local) Noetherian ring and let M be a non-zero
finitely generated R-module. Let I be an ideal of R and ¢ a non-negative in-
teger, such that dimH}(M ) <1 for all i <. Itis shown that the R-modules
HY(M),H} (M),...,H!"! (M) are I-cofinite and the R-module Homg (R/I, H}(M))
is finitely generated. This immediately implies that if dimR/I = 1, then H,’ (M)
is I-cofinite for all i > 0. This is a generalization of the main results of Delfino-
Marley [1] and Yoshida [2]. Also, we prove that if R is local and dim H. Il (M) <2
for all i < ¢, then the R-modules

Ext}(R/I,H}(M)) and Homg (R/I, H:(M))

are weakly Laskerian for all i <7 and all j > 0. Consequently, it follows that the
set of associated primes of H;(M) is finite for all i > 0, whenever dimR /I < 2.
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Uni-multivariate decomposition of polynomials is a special case of absolute
factorization. Recently, thanks to the Ruppert’s matrix some effective results
about absolute factorization have been improved. We show that with a Jacobian
matrix we can get sharper bounds for the special case of uni-multivariate decom-
position.
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dedicated to Alain Bouvier

In this lecture we are going to highlight the work of Alain Bouvier in the area
of non-Noetherian commutative ring theory which is now receiving considerable
attention by several active groups all over the world. Bouvier’s work made a
valuable addition to the literature and helped stimulate a lot of research in the
theory of class groups and divisibility.
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Let A C § be an extension of domains having quotient fields Q and F, respec-
tively. In this talk we consider the somewhat special situation where F =S+ Q
and A = SN Q. If such a relation is satisfied, then A C S is necessarily faithfully flat
(in fact, it is pure), and hence there is a strong relationship between A and S. An
example of such a phenomenon is where K is a field, S = K[[X]] and A = K[X] x).
Indeed, K((X)) = K(X) + K[[X]], and K[[X]]NK(X) = K[X](x). Thus, roughly
speaking, for the extensions A C § we are interested in, the elements of F' can be
expressed “meromorphically” via Q and S. For such an extension, we are specif-
ically interested in the A-subalgebras R of S such that QR = F, and hence have
quotient field . Such rings R have many peculiar properties. For example, their
completions (where the notion of completion is allowed to vary here over several
possible choices of linear topologies) are isomorphic to an idealization of the com-
pletion of S, and hence ramify in a strong way. (And when R is Noetherian this
is what makes them, in Nagata’s terminology, “bad.”) Moreover, such rings R are
intimately connected to S-submodules of Qf /0> the module of Kahler differentials
of the extension F'/Q. Exploiting this fact allows one to construct a wide range of
bad Noetherian, and Noetherian-like, rings. Valuations are specifically useful for
this purpose, and make it possible to find bad Noetherian rings in “good” places;
e.g., as overrings of affine domains.
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It is known that the global dimension of trivial ring extensions is often infinite.
Recently, Bennis and Mahdou [2] introduced and studied the Gorenstein global
dimension of rings. In this paper, we compute the Gorenstein global dimension
for some trivial ring extensions and show that it remains also infinite. This study
provides us with a counter-example showing that the transfer of the notion of
Gorenstein projective module does not hold in pullback constructions in general.
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We define a new class of rings (and domains), related to divived rings and
going-down rings. A ring morphism A — B is called prime if B/PB is torsion-free
over A /P for each prime ideal P of A. Then a ring extension R C S is called straight
if each of its subextensions is prime. A ring A is dubbed extensionally straight if
A is straight in Tot(A) and straight if A/P is extensionally straight for each prime
ideal P of A. Actually, a straight domain is nothing but an extensionally straight
domain. The following implications hold: Locally divided = straight = going-
down. None of these implications can be reversed in general. However, they
can be reversed for wide classes of rings, such as the class of seminormal rings.
The stability of the class of (extensionally) straight rings with respect to usual
algebraic constructions is discussed.

One part of the above material was already given at a talk during the Algebra
Conference, Venezia 2002. Since then, many progresses have been accomplished.
A first paper is to appear soon in Comm. Algebra. A second paper need only to
be couched down.



Commutative Algebra and Applications, June 23-28, 2008, Fez, Morocco 53

Characterization of rings with only
finitely many subrings

M. Picavet
Laboratoire de Mathematiques

Université Blaise Pascal
63177 Aubiere Cedex France

Martine.Picavet@math.univ-bpclermont.fr

(Joint work with D.E. Dobbs and G. Picavet)

We give a complete characterization of commutative rings which have only
finitely many subrings. The two main results are the following :

A ring R has only finitely many subrings if and only if R is of the form
Flt1,...,ty], where F[t;] has only finitely many subrings for each i =1,...,n and
where F is the prime ring of R.

Now, let R be a singly generated ring over its prime ring F'. Then R has only
finitely many subrings if and only if (exactly) one of the following four conditions
holds :

(1) R is a finite ring;

(2) R ~ Z[1 /n] for some positive integer n;

(3) R is a module-finite ring extension of Z, which is not a domain, and the
conductor (Z : R) = {r € R | rR C Z} is nonzero;

(4) R is of the form Z][t], is not integral over Z, is not an integral domain,
there exist integers a,b > 2 such that ar = b, and the greatest common divisor
d = (a,b) of the minimal such a and the corresponding b satisfies the following
conditions : d > 1, ot is integral over Z, where a = ad and there does not exist
a prime number p such that ker(¢) C pZ[X], where ¢ is the ring homomorphism
¢ : Z[X] — R sending X to .

We also get the following characterization for direct products of rings :

A nontrivial ring direct product of ring [[;; R; has only finitely many subrings
if and only if 7 is finite, each R; has only finitely many subrings, and there is at
most one i € I such that R; has characteristic 0.
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(Joint work with Francesca Tartarone)

In this work in progress with Francesca Tartarone, we introduce, as a natu-
ral generalization of stable domains (domains in which each ideal is projective in
its endomorphism ring), the domains in which each ideal is flat in its endomor-
phism ring, which we have called “flat-stable domains”. We give some general
result on flat ideals, some example of flat-stable domain and show that this class
is strictly included between the class of stable domains and the class of finitely
stable domains (the domains in which each finitely generated ideal is projective
in its endomorphism ring). Moreover, we study how this property transfers to
localizations and to general overrings.
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The self-idealization of a commutative ring is iterated countably many times,
producing an inverse-direct system of rings. We investigate the rings which are
the inverse limit and the direct limit of this system. A slight modification of this
construction, iterated uncountably many times, gives rise to modules resembling
the uncountably generated uniserial modules over valuation domains and their
clones, namely, the non-standard uniserial modules.
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Let R be an Artinian Gorenstein Ring of embedding dimension four. We
will give a general structure for a class of these ideals with a Hilbert function
(1,4,7,...,7,4,1). If after a change of variables, the three quadratic generators
form an ideal of height one, we will give the structure of the free resolution for
these ideals. This extends the results of Iarrobino and Srinivasan. Some of these
are joint work with my student Sabine El-Khoury.

Let R = k[x,y,z,w| be the polynomial ring and 7 be a height four homogeneous
ideal with H(I) = (1,4,7,...,7,4,1). Suppose I, has height 1. If J = I Nk[x,y,Z7],
then J is either Gorenstein or of type two. If J is Gorenstein, then we have the
structure from the theorem of Iarrobino and Srinivasan. If J is of type two, then we
get the structure of these mysterious Gorenstein ideals 7 built from the resolution
of R/J.
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I will present the history of the computation of integral closures, starting with
Dedekind’s determination of the integral closures of cyclic extensions of the ring
of integers, and ending with our recent joint work.

I will concentrate mostly on the algorithmic aspects of the computation. The
first algorithmic consideration is due to Stolzenberg from 1975, and was improved
by Seidenberg. A more effective method for computing the integral closure of
affine domains is due to Grauert, Remmert, and de Jong, and further modifications
and refinements are due to Vasconcelos. These algorithms successively approx-
imate the integral closure from below, namely by building successively strictly
larger rings between the original ring and its integral closure. Based on a special-
ized 2003 algorithm of Leonard—Pellikaan [2] we prove a more general version
of the construction of the integral closure that starts instead with a finitely gen-
erated module over the ring that contains the integral closure, and the successive
steps produce strictly smaller submodules that contain the integral closure. We
also prove a new algorithm for computing the integral closure of ideals. We im-
plemented both algorithms in Macaulay?2 [1].
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It is well-known that the ring Int(Z) = {f € Q[X] | f(Z) C Z} is a Priifer
domain and the set of its valuation overrings is completely known (in particular,
the set of the valuation overrings in which a fixed prime number p is not invertible
is in bijection with the p-adic completion of Z, Z\D). We generalize this fact giving
a characterization of the Priifer overrings of Z[X], by describing the set of their
valuation overrings. In particular we fix a prime number p € Z and consider the
set T}, of the valuation overrings of Z,[X]. On T,, we put an order described by S.
MacLane in [1] and study properties of some sub-collections of 7),. In particular,
if R is an integrally closed domain, with Z,[X] C R C Q[X], we denote by T,,(R)
the set of the valuation overrings of R (then 7,(R) C 7,). We find results which
allows to use some of these order-theoretic information on 7,(R) to study the
multiplicative ideal structure of R.
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I will survey some developments in the study of direct-sum decompositions
of modules. The idea is to examine direct-sum behavior by looking at monoids
of isomorphism classes of modules. To be precise, let R be a ring, and let ¢ be
a class of modules closed under isomorphism, finite direct sums, and direct sum-
mands. Assume there is a set V(%) C € of representatives; thus each element
M € ¥ is isomorphic to exactly one element [M]| € V(%). We make V(%) into
an additive monoid in the obvious way: [M]+ [N] = [M & N]. This monoid en-
codes information about the way modules in 4" decompose as direct sums of other
modules in €.

For example, given a module M, we let +(M) be the class of modules that
are isomorphic to direct summands of direct sums of finitely many copies of M.
If R is a (commutative Noetherian) local ring and M is a finitely generated R-
module, then V(+4(M)) is a finitely generated Krull monoid. Conversely, there is
a “realization theorem” [1]: given any finitely generated Krull monoid H, there
is local ring R with a finitely generated R-module M such that V((+M)) = H.
Using the realization theorem, one can find an indecomposable finitely generated
module M over a local ring such that M, M (2), oM (100) have only the obvious
direct-sum decompositions, whereas M (101) o~ v W, where V and W are non-
isomorphic indecomposables. On the other hand, using the fact that V(+(M)) is a
Krull monoid, one can show that if M and N are finitely generated indecomposable
modules over a local ring and M (P) = N(@) for positive integers p and ¢, then p =g
and M = N. I will describe some more subtle restrictions on direct-sum relations
that emerge from this point of view.
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We consider prime ideals in mixed polynomial power series rings of the form
k[[x]][y] and k[y][[x]] and their relations when one such ring is contained in an-
other. We give some pictures of the prime spectra. Also we give some results
concerning a question of Hochster and Yao: “What can you say about a complete
local domain S that is an extension of another complete local domain R such that
the maximal ideal of S intersects R in its maximal ideal and the O ideal of S is the
only ideal of S that intersects R in 0?”
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Let (R,m) be a Noetherian local ring and let a be a proper ideal of R. Let
Hi (—) denote the i-th local cohomology module of — with support in V(a). It
is of great importance in algebraic geometry and commutative algebra to have
(non-)vanishing results for the local cohomology modules H’a(M ), i € N, for an
R-module M. Our approach in this talk is to study (non-)vanishing results for the
local cohomology for modules finite over a local homomorphism. Recall that an
R-module M is called finite over a local homomorphism ¢: (R,m) — (S,n), if M
is a finitely generated S-module. One would expect of modules finite over a local
homomorphism to behave, in a way, very much like finitely generated ones. But
this is not true in general.
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LetR=kly;j,: 1 <i<n,1 < j; <b;] be the polynomial ringinm = by +---+b,
indeterminates over a field k. Let D = D(by,by,...,b,) be the matrix

yir - Y, 0 - 0 0 0O 0 --- 0
0 - 0 yy =+ Yy, 0 - 0 0 -~ 0
0 - 0 0 -+ 0 0 - 0 Yy - Yup,

Let I;(D) be the transversal monomial ideal in R generated by t-minors of D. The
ideal I;(D) is a square-free monomial ideal and the minimal free resolution of
R/I;(D) is known. We outline a modification of this resolution and compute the
Betti numbers of ;(D).

LetS=klx;j: 1 <i<n,1 < j<b]be the polynomial ring in nb indeterminates
over k and let P = [C1C; - - - Cp] be a generic pluri-circulant matrix where Cj is the
circulant matrix with the first row (x1 joX2j - - - Xy j) . If k possesses the nth
roots of unity and char(k) { n then S/;(P) = R/I;(D) withby = by, = --- = b, = b.
It is known that, for a suitable monomial order on S, certain set of 7-minors of the
first # rows of P forms a Grobner basis for I; (P). We show that for b =2, in(%;(P)),
the initial ideal of I;(P), is a stable monomial ideal. Using the Eliahou-Kervaire
resolution for stable monomial ideals, we show that all Betti numbers of in(Z;(P))
and [, (D) are equal.
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Let A = K[t",...,t%] be the coordinate ring of a monomial curve C cor-
responding to the numerical semigroup S minimally generated by a sequence
ai,....an. Let gr, (A) = @;0(m’/m1) be the associated graded ring of A with
respect to the maximal ideal m = (t,,...,t%).

In this talk we present the Betti numbers of gr,,(A), in the case that it is Cohen-
Macaulay and

U=e+d—2
where d is dimension, e is multiplicity and u is the embedding dimension of the
ring A.
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Let R be a local one-dimensional integral domain, with maximal ideal 9T and
field of fractions Q. We consider the algebraic entropy ent,, defined using the
invariant gen, where, for M a finitely generated R-module, gen(M) is its mini-
mal number of generators. Our purpose is to relate some natural properties of R
with the algebraic entropies ent,(¢) of the elements ¢ € Q, regarded as endomor-
phisms in Endg(Q). Specifically, let R be dominated by an Archimedean valuation
domain V, with maximal ideal P. We examine the uniqueness of V, the transcen-
dency of the residue fields extension V /P over R/91, and the condition for R to be
a pseudo-valuation domain. We get mutual information between these properties
and the behavior of ent,, focusing on the conditions ent,(¢) = 0 for every ¢ € Q,
entg(Y) = oo for some Y € Q, and entg(¢) < oo for every ¢ € Q.



