SYSTEMS OF DIFFERENTIAL EQUATIONS
Systems of first order linear differential equations with constant coefficients were used
in §7.1 to motivate the introduction of eigenvalues and eigenvectors, but now we can
delve a little deeper. For constants a_(ij) , the goal is to solve the following system for
the unknown functions u_i (t).

and this solution is completely determined by the eigenpairs (λ_i, v_i). It turns out that u
also can be expanded in terms of any complete set of independent eigenvectors. Let’s
summarize what’s been said so far.

An Application to Diﬀusion
Important issues in medicine and biology involve the question of how drugs or chemical
compounds move from one cell to another by means of diﬀusion through cell walls.
Consider two cells, as depicted in Figure 7.4.1, which are both devoid of a particular
compound. A unit amount of the compound is injected into the ﬁrst cell at time t = 0, and
as time proceeds the compound diﬀuses according to the following assumption.

At each point in time the rate (amount per second) of diﬀusion from one cell to the other
is proportional to the concentration (amount per unit volume) of the compound in the
cell giving up the compound—say the rate of diﬀusion from cell 1 to cell 2 is α times
the concentration in cell 1, and the rate of diﬀusion from cell 2 to cell 1 is β times the
concentration in cell 2. Assume α, β > 0.
Problem: Determine the concentration of the compound in each cell at any given time t,
and, in the long run, determine the steady-state concentrations. Solution: If u_k = u_k (t)
denotes the concentration of the compound in cell k at time t, then the statements in the
above assumption are translated as follows:

An innumerable variety of physical situations can be modeled by
and the form of the solution (7.4.6) makes it clear that the eigenvalues and eigenvectors
of A are intrinsic to the underlying physical phenomenon being investigated. We might
say that the eigenvalues and eigenvectors of A act as its genes and chromosomes because
they are the basic components that either dictate or govern all other characteristics of A
along with the physics of associated phenomena.
For example, consider the long-run behavior of a physical system that can be modeled
by
We usually want to know whether the system will eventually blow up or will settle down
to some sort of stable state. Might it neither blow up nor settle down but rather oscillate
indeﬁnitely? These are questions concerning the nature of the limit
and the answers depend only on the eigenvalues. To see how, recall that for a complex
number λ = x + iy and a real parameter t > 0,

Predator–Prey Application
Consider two species of which one is the predator and the other is the prey, and assume
there are initially 100 in each population. Let u_1(t) and u_2(t) denote the respective
population of the predator and prey species at time t, and suppose their growth rates are
given by

Problem: Determine the size of each population at all future times, and decide if (and
when) either population will eventually become extinct.

