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Abstract. In 1962 Brown and Halmos gave simple conditions for the product
of two Toeplitz operators on Hardy space to be equal to a Toeplitz operator.
Recently, Ahern and Cudkovié¢ showed that a similar result holds for Toeplitz
operators with bounded harmonic symbols on Bergman space. For general
symbols, the situation is much more complicated. We give necessary and suf-
ficient conditions for the product to be a Toeplitz operator (Theorem 6.1), an
explicit formula for the symbol of the product in certain cases (Theorem 6.4),
and then show that almost anything can happen (Theorem 6.7).
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1. Preliminaries

Let dA denote Lebesgue area measure on the unit disc D, normalized so that the
measure of D equals 1. The Bergman space L? is the Hilbert space consisting of
the analytic functions which are contained in L?(ID, dA). It is well known that L2
is a closed subspace of the Hilbert space L?(D,dA) and that, for each z € D, the
application:

L.:I1? — C
fo= fQ)

is continuous and can be represented as L.(f) =< f, k, >, where:

o (w) = ——— 7=+

(1—-wz =
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This means that, if P is the orthogonal projection from L?*(ID,dA) onto L2, then
P can be defined by:

wﬂw=<ﬁ&>=/gw%xﬂww>

For u € L*>°(D,dA), we define the Toeplitz operator with symbol u, T, : L? — L2
by the equation:

RUWFJMﬁ@:/$WmewMMM 1)
The operators defined in this way are the simplest and most natural Toeplitz
operators (since the product of an L and an L? fonction is always a well defined
element of L?). But, for reasons which will become evident, we prefer to consider
a more general class of Toeplitz operators.

Let u be any finite complex measure on D. In analogy with equation (1) we
can define an operator T}, on L2 by:

nﬂ@:/JM%mme) @)

If du(z) = F(2)dA(z) for some F € L'(D,dA), then we simply write T}, = T.
This operator is always defined on the polynomials and the image of any polyno-
mial is always an analytic function on the disc. We are interested in the case where
this densely defined operator is bounded in the L2 norm. This happens often. For
example, if u has compact support, then T, is not only bounded, but compact.
Thus, if F € L'(D,dA) and there is an r € (0,1) such that F is (essentially)
bounded on the annulus {z : r < |z| < 1} then F is equal to the sum of an L!
function with compact support and an L*° function and so T is a bounded op-
erator. There is, unfortunately, no characterization of the functions in L'(ID, dA)
which correspond to bounded operators. This motivates two of the following defi-
nitions.

Definition 1.1. Let F € L*(D,dA).

(a) We say that F is a T-function if the equation (1), with v = F, defines a
bounded operator on L2,

(b) If F is a T-function, we write Tg for the continuous extension of the operator
defined by equation (1). We say that Tr is a Toeplitz operator if and only if Tr is
defined in this way.

(c) If there is an r € (0,1) such that F is (essentially) bounded on the annulus
{z:r < |z| < 1} then we say that F is “nearly bounded”.

Notice that the T-functions form a proper subset of L' (D, dA) which contains
all bounded and ’nearly bounded’ functions.
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2. History and motivation

The question to be considered in this article is: When is the product of two Toeplitz
operators Ty and Ty equal to a Toeplitz operator 73 ? The corresponding question
for Toeplitz operators on the Hardy space was elegantly and simply resolved by
Brown and Halmos in 1964. Let ' be the unit circle in the complex plane and let
H? be the Hardy space on the unit disc D. As, usual, for f in L>(T) we define
the Toeplitz operator Ty by the equation

Ty(¢) = P (f9)

where PH’ is orthogonal projection from L?(I') onto H?. In this case, even a
definition in terms of the reproducing kernel, as in (1), does not give any other
Toeplitz operators. We say that a function in L*°(T") is analytic if all of it’s negative
Fourier coefficients are equal to 0. Brown and Halmos show in [7] that, for f and
g any two functions in L>(T"). TyT, = T}, if and only if either

(a) g is analytic

or

(b) f is analytic. They also show that, in both cases h = fg. The sufficiency of
these conditions is ’obvious’ since:
(1) If g is analytic, then Ty (¢) = g¢.
(2) For any ¢ € L> , T, = Ty,
In the Bergman space, as usual, things are much more complicated. Condi-
tions (a) and (b) are still sufficient - since (1) and (2) are still true - but they are
no longer necessary. Two papers on the subject have appeared recently ([1], [2]).
In [2] the authors get a Brown-Halmos type result. They show that conditions (a)
and (b) above are both necessary and sufficient under the assumptions that f, g
and h are bounded harmonic functions and that Ah = (1 — |z|2)2Ah is bounded.
More generally, in [1], Ahern considers the product TyT, for f and g bounded
harmonic functions on the disc such that f = f1 + f» and ¢ = g1 + g2 with f1, 2,91
and g» are bounded analytic functions. He shows that T;T} is a Toeplitz operator
Ty if and only if there exist p and ¢ holomorphic polynomials with degree of pq
less than or equal to 3 such that f; = po ¢, and go = g o ¢, where ¢, is the
automorphism of D defined by

ba(2) (z € D).

1-az
He also shows that, if f; or g is not equal to zero, then v # fg.

In this article we discuss the question for more general symbols. We find
necessary and sufficient conditions for the product of certain symbols to be a
Toeplitz operator and give a formula for the symbol of the product. Much work
remains to be done, both in resolving the question for operators with completely
arbitrary symbols and in getting a more precise description of a 'T-function’.



4 Issam Louhichi, Elizabeth Strouse, and Lova Zakariasy IEOT

3. The Mellin transform and Mellin convolution

One of our most useful tools in the following calculations will be the Mellin trans-
form (closely related, using the change of variables s = e™*, to the Laplace trans-
form).

The Mellin transform @ of a function ¢ is defined by the equation:

0= [ ot tas

We shall apply the Mellin transform to functions in L'([0,1],rdr) (considered to
be equal to zero on the interval ]1,00[). It is clear that, for these functions, the
Mellin transform is (well) defined on {z : Rez > 2} and analytic on {z : Rez > 2}.
It is important that a function is determined by the value of a certain number of
its Mellin coefficients. This following lemma is proved in [9].

)

Lemma 3.1. Let ¢ € L'([0,1],rdr). If there exist ng,p € N such that:
P(no+pk) =0 forall keN
then ¢ = 0.
When considering the product of two Toeplitz operators we shall often be
confronted with the “Mellin” or “multiplicative” convolution of their symbols. We

denote the Mellin convolution of two functions f and g by f *,s ¢ and we define it
to be:

o)) = [ 10T

The multiplication *,; is related to the normal convolution by the change of vari-
ables discussed above.

It is easy to see that the Mellin transform converts the convolution product
into a pointwise product, i.e that:

(F a1 9)(r) = F(r)g(r)
and that, if f and g are in L'([0, 1], rdr) then so is f *s g.

4. Products of Toeplitz operators with radial symbols

Let ¢ € L'(D,dA) be a radial function, i.e. suppose that:
p(z) =¢(lz))  (zeD).

Then, if ¢ is a T-function, the Toeplitz operator with symbol ¢ acts in a very
simple way. In fact, if we define the function ¢, on [0,1] by

er(s) = p(s)
then a direct calculation shows that:

I for k #1
<Tp(27),2 >_{2¢:(2k+2) for k =1 (3)
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so that, if kK € N:
T, (%) = (2k + 2)7,(2k + 2)2*. (4)

Thus T, is a diagonal operator on L? with coefficient sequence
((2k +2)27(2k +2)) -

This makes it relatively simple to work with the product of two operators with
such radial symbols.
Remark:In the following, we shall often identify an integrable radial function ¢ on
the unit disc with the corresponding function ¢, defined on the interval [0, 1] . For
example, if we speak of the multiplicative convolution *; of two radial functions
1 and @9 , we mean the radial function @3 such that @3, = @1 % 2, Similarly,
the Mellin coefficients of an integrable radial function ¢ are defined to be those of
the function ;..
Now, we define the “radialization” of a function f € L'(D,dA) by:
1 2T )
rad(f)(z) = — fez)dt.

2m Jo
It is clear that a function f is radial if and only if rad(f) = f. This permits us to
prove a very simple but essential proposition.

Proposition 4.1. Let o € L*(D,dA). Then the following assertions are equivalent:
(a) For all k > 0 there exist A, € C such that T,(z*) = A\gzF.
(b) ¢ is a radial function.

Proof: Writing out the integrals and changing the order of integration, we see that,
for each n,m € Z:

1 2m
< Trad(tp)zna 2™ > = b (/ el(mn)tdt> < Twz", 2™ >
2\ Jo
- <Tpz", 2" > forn=m
B for n #m

Thus Tye4(0) = Ty if and only if (a) is true. And T,.qq¢,) = T, if and only if
rad(y) = ¢.

Corollary 4.2. Let @1 and @2 be radial T-functions. If T, T,, = Ty then v is a
radial T-function.

Proof: Using equation (4) to calculate T, T}, (2") we see that Proposition 4.1
implies that ¢ is a radial function. Moreover, Ty, is clearly a bounded operator.

We are now ready to answer the question: when is the product of two Toeplitz
operator with radial symbols equal to a Toeplitz operator? The answer to this
question is a consequence of our main theorem but we state it separately here to
motivate our other calculations.
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Proposition 4.3. Let ¢ and 2 be radial T-functions. Then T, T, is equal to the
Toeplitz operator Ty if and only if 1 is a solution of the equation:

I #pr 1h = @1 %01 @2 (5)

Proof: By direct calculation
T, Ty (27) = Ty (2F) for k >0
if and only if

(2K + 2) = o1 war P2 (2k + 2
2k+2¢(k+ ) = 1 *m p2(2k +2) (6)
But, using Lemma 3.1, equation (5) is equivalent to equation (6) since:
1

L(2k +2) = X1 (2k +2) = T

One can now have fun calculating lots of products of Toeplitz operators. For
example:

DT — 2T . m n#*m
T"Z‘HT"ZIW — n—m~z| n—m~z| 7&
Tizjn(ientoglz) n=m

5. Products of Toeplitz operators with quasihomogeneous symbols

Let R be the space of square integrable radial functions on D. As before, we identify
these functions with the associated functions on [0, 1] that are square integrable
with respect to rdr measure. By using that trigonometric polynomials are dense
in L?(D,dA) and that, for k; # ko, e*19R is orthogonal to e?*2'R we see that:

L*(D,dA) = e R.
keZ

Even though this type of decomposition does not exist for L'(ID,dA) (see [12]),
we feel that “STEP1” is to study products of Toeplitz operators with symbols in
subspaces of the form e**?.radial functions.

Definition 5.1. Let ¢ be a function in L'(D,dA) which is of the form e™*? - f where
f is a radial function. Then we say that ¢ is a quasihomogeneous function of
quasihomogeneous degree k.

The third author used Definition 5.1 in her analysis of finite rank Hankel
operators on the harmonic Bergman space [13].

Proposition 5.2. Let k1 and ko be greater than or equal to zero and let @1 and
2 be quasihomogeneous T-functions in L1 (D, dA) of quasihomogeneous degrees ki
and —ko respectively. If there exists a T-function v such that

TWlTsaz =Ty

then 1 is of quasihomogeneous degree ki1 — k.
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Proof: Let o1, 2 and 9 be as above and let f; and fo be radial functions such
that

k10 ko
p1=e"""f1 and py = e "7 fy

As discussed in Section 2, if f is antianalytic or if g is analytic then TT, = Ty,.
Thus, since T, T,,, = T, we see that:

TEklgpszkQ ©2 = Trkl f1 T,r.kg fa2 = TEklzk2'L/)

Now, by Corollary 4.2, Z¥1 224} is a radial function. This shows that 1 is a quasi-
homogeneous function of quasihomogeneous degree k1 — ko.

We note that the Prop 5.2 is, in fact, true for any integers k1 and k2 (see [10]

A direct calculation gives the following lemma which we shall use often.

Lemma 5.3. Let k,p € Z and let p be an integrable radial function. Then, if €%
is a T-function we have

Toinop(2%) = 2(k + p+ 1)P(2k + p + 2)2" P
and

T (k)_ 0 Zf0<k<p_1
o) T U 2k —p+ )Pk —p+2)2FP ifk > p.

6. Principal Results

We now apply our methods of calculation to the problem of determining whether
the product of two Toeplitz operators with quasihomogeneous symbols is equal to
a Toeplitz operator.

Theorem 6.1. Let p,s € Z4, p > s and let p1 and @2 be two integrable radial
functions on D such that %o, and e~ %@y are T-functions. Then

Teipewl Teﬂ'ses(,2

is equal to a Toeplitz operator if and only if there exists an integrable radial function
1 such that

(a) €P=)%% is a T-function;
(0) D2k +p—s5+2)=0if0<k<s—1;
(¢) ¥ is a solution to the equation
Lopg 17754) = 1P #ag 7°0n.

In this case:

TeipewlTefiSOLPQ = Lei(p—s)04p-
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Proof: Using Proposition 5.2 and Lemma 5.3, one sees that, if T,ipe,, To-ise,,, is
a Toeplitz operator, then this operator is of the form T,ip-ss,,, with et P=9)0y) o

T-function and:

-~ 0 fo<k<s
P(2k+p—s+2) = { 2k —s+1)p1(2k +p— 25+ 2)p2(2k —s+2) if k> s.
Thus, (b) is true, and, for k > s:

ot (2(k — s) + 2)
2k —s) +2
Now the same reasoning as in the proof of Proposition 4.3 shows that equation (7)
is equivalent to condition (c).
Conversely if e!(P~=)%) is a T-function and 1 satisfies (a), (b), and (c) then
T,itw-=0, is a bounded Toeplitz operator taking the same values on the analytic
polynomials as the product Tiipo,, T—is0,,. This completes the proof.

= P01 (2(k — s) + 2)r o1 (2(k — ) + 2). (7)

Remark 6.2. Notice that the case 0 < p < s is also covered by the theorem above
since Tyivoy, Te—isoy, 15 equal to a Toeplitz operator (with symbol ¢3) if and only
if its adjoint T,isoq;T,—iwor is equal to a Toeplitz operator (with symbol @3 ).

One can also obtain complicated results concerning linear combinations of
quasihomogeneous symbols, none of which seem worth stating explicitly. By ap-
plying the unitary operator

Uy: L2 — 12
fr—=Uuf(z) = (f 0 Puw)(2)P,(2)
where ®,,(z) = {== is the automorphism of the unit disc sending w to 0; one

obtains a generalization of Theorem 6.1 to several other families of symbols.
Corollary 6.3. Let p > s and let @1, po and ¥ be as in Theorem 6.1. If

1= (e®p1) 0@y, Po = (e7"%py) 0 B, and Y= (e'P=9)09) o B,
then the product of the Toeplitz operators T, T, is equal to the Toeplitz operator

TQE'

Proof: This is an immediate consequence of Theorem 6.1 and the classic result
(see [5] for example) that, if T is a Toeplitz operator then U, 'TtU, = Tfos,, -

Now, suppose that ¢; and ¢, are radial functions such that the function
1Py %5 g is differentiable on the interval (0,1) (when interpreted as a function
of ). Then the convolution equation in Theorem 6.1 is easy to solve.

Theorem 6.4. Let p,s € Zy,p > s and let o1 and s be integrable radial functions
such that the function A defined by

A(r) = rPo1(r) *ar rpa(r)
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is almost everywhere differentiable on (0,1). Let 1 be the radial function associated
with the function
br(t) = —t= PN (1)
defined on the interval [0,1). Then the product Teipoy,, To-ico
Toeplitz operator Teupfs)ew if and only if
(i) The function e*P=*)%) is a T-function.

~

(ii) Y(2k+p—s+2)=0for0<k<s—1

v, 15 equal to the

Proof: ¢ is a solution of the equation
1 7P = A
if and only if
/1 rPT =L (r) dr = A(t).
By differentiating both sides,twe see that this means that
(t) = —t =PI (D).

Next, an easy but interesting application of Theorem 6.4.
Corollary 6.5. Let p > s with p,s € Zy, and let l1 and la be two real numbers
greater than or equal to -1. Then the product
Teipe‘z‘ll Teﬂ'se|z|l2

is a Toeplitz operator if and only if
(a)lo—p>—-1,11—s>—-1and s=0 or I;

or
(b) 1 =p=0 and/or by =s=0.

Proof: First we apply Theorem 6.4 with ¢1(z) = |2, and @2 (2) = |2 to see that
the product Teipe‘z‘lee,iﬁelzlb is a Toeplitz operator if and only if the function

lo— ! li—s .
e P T il —s# b —p
Y(z) =
|z|l175(1—|—(l1 +p) log|z\) ifli —s=1y—p.

satisfies the conditions (i) and (ii) of the theorem. Looking at the definition of v,
we see that i is bounded or nearly bounded if the following condition is satisfied:
(A): (la+5#0,01+p#0,lo—p>—1and {1 —s>—1); or
(lo+s=0and ¢ —s>-1); or
((1+p=0and ly —p>-—1)

while 1 is not even integrable if (A) is false. Thus we get that
(1) <= (A).
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Now, condition (ii) can be discussed only if (A) is true, otherwise the Mellin
coefficients 1(m)(m > 2) are not all defined. But, in this case, a direct calculation
shows that,

(I): If o+ s # 0 and ¢, +p # 0, then
- m— (s +p)

= > 2
¥(m) (le —p+m)(l1 — s+ m) (m=2)
(I1):If /3 + s = 0 and ¢; + p # 0, then
-~ €1+p
= > 2
v(m) (b1 —s+m)(la+s—1t1—p) (m=2)
(III):If 45 + s # 0 and ¢; + p = 0, then
~ s+ s
= > 2
Y = G oy m s -y Y
(IV):If by +s=0=1¥¢; +p =0 then
~ 1
= > 2).
Tm) = s (m>2)

Thus, we see that
QZ(m) =0ifandonlyif m=p+s,lo+s#0and ¢; +p#0 (m > 2)
so that

@(2k+p—s+2) =0ifandonly if k =s—1,f +s#0and {1 +p #0.
This shows that condition (ii) of Theorem 6.4 is verified if and only if:
“s = 0" (in which case condition (ii) is trivially satisfied)
or
“s=1and fo+s #0and £, +p # 07 (in which case p — s+ 2 = p + s so that
condition (ii) requires only that ¢(p 4+ s) = 0 which is true by (I)).

Thus we see that, if the product is a Toeplitz operator then, either

s=0and (A)

or
s=1,(A),lo+5s#0, and {1 +p # 0.
It is easy to see that these conditions imply that either (a) or (b) is true.

As for the sufficiency of conditions (a)and (b), if condition (a) is satisfied,
then the product is a Toeplitz operator by Theorem 6.4 while, if condition (b) is
satisfied then the product is also, clearly, a Toeplitz operator since, in this case,
at least one of the two factors is the identity operator. This completes the proof.

Clearly an equivalent result can be obtained for p < s by considering the
adjoint of the operator and using Remark 6.2.

Corollary 6.5 corresponds to the result of Ahern discussed in Section 2, since,
if s,p > 0, Corollary 6.5 (with p = ¢; and s = ¥¢5) implies that, for s # 0 and
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p # 0, T,»T5s is a Toeplitz operator if and only if s = 1 and p = 1, or 2. The
same reasoning can be used to prove Ahern’s theorem whenever f; and g are
polynomials.

We conclude with a theorem which illustrates the difficulty in characterizing
more precisely those pairs of Toeplitz operators whose product is a Toeplitz opera-
tor. First, we prove a simple Lemma concerning Mellin transforms of polynomials.

Lemma 6.6. For any n and t in N there exists a polynomial ¢ # 0 such that:
(1)
q(r)y=r"+ apr™ T gt
and
(ii)
G2k+2)=0 for0<k<t-1

Proof: By writing out the integrals defining the sequence (¢(2k + 2))i_{, for the
polynomial of equation (i) we see that the existence of the polynomial ¢ is equiv-
alent to the existence of a nonzero vector v = (ai,as,---a;) such that Av = ¢
where:

1 _1 1
3 i 12
"t " mH
n+5 n+6 et n+t+5
A= ) X )
_r 1 _1
n+2t+1 n+2t+2 T n+3t
and
1
nTZ
n+4
Cc=— .
_1
n—+2t
Thus, what is required is the invertibility of the matrix A = (a;;); ;= with
1

a; = ————.
Y 24
But this matrix is a ’Cauchy matrix’ with determinant:

s(s—1)

272 (112!, (s = 2)!(s — 1)1)?
H1§z‘,j§s(n + 2i + j)
(see [11], p. 36) and so the polynomial exists.

det(A) = #0

Theorem 6.7. Let p and s be any two positive integers. Then:

(a) There exist ¢1 and ¢o radial functions such that eP’¢; and e=*%¢y are T-
functions and
Teiro g, Te—is0 4,
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IS a Toeplitz operator.

(b) There exist ¢1 and ¢o radial functions such that e’y and e "*%¢y are T-
functions and

Teip9¢1Te—iS€¢2
is mot a Toeplitz operator.

In the proof we shall refer to the 'minimal degree’ of a analytic polynomial

p(r) which is defined (in the obvious way) to be the largest n such that the quotient
p(r)

rn

is an analytic polynomial.

Proof: To prove (a) we first assume that p > s and give an example of functions
¢1 and ¢o such that T,ipey, T, —is04, is a Toeplitz operator. The case s > p then
follows by considering the adjoint operator Ticog; To-ivog,

Let ¢ be the polynomial of Lemma 6.6 with n = p and t = s, let ¢1(2) = |2|°,
and let ¢2(2) = |2|°¢(|#]). Then the function A(r) of Theorem 6.4 will be

A(r) = rPF5 5p 725(r)

and, since r2*q(r) is a polynomial whose minimal degree is p + 2s, A(r) is also a
polynomial of minimal degree p 4 s. Thus, A is differentiable and the function

Y(t) = = TFIN(1)

is also a polynomial. This means that e*(P=%)%)(z) is a T-function, and so part (i)
of Theorem 6.4 is true.

As for (ii), we calculate directly the Mellin coefficients in question for 1. We
have:

1
Y2k +p—s+2)= / _Tlf(pﬂ‘)A/(r)rzk+p—s+1dr
0
1
- _ / A/(r)r2k—2$+2dr
0
1
= (2k — 25 +2) / A(r)r2k=2s+1qy
0

using integration by parts and the fact that the function pu(t) = t2F+2-25A(¢)
satisfies (1) = 1(0) = 0. (This is where we use the assumption that p > s which
assures us that p is a polynomial of of minimal degree 2k + 2+ p — s > 0.) So,
since

A(r) = P45 sp r25q(r) = r25(rP 7% xpy q(7)
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we see that:
1
D(2k+p—s+2) =(2k — 25+ 2) / (7% 5y ) (r)r 2y
0

—(2k — 25 + 2)(rP=5 %21 q)(2k + 2)
=(2k — 25 + 2)rP—*(2k + 2)§(2k +2) = 0

for k =1,2,...,s — 1. Thus condition (ii) of Theorem 6.4 is also satisfied, and the
product is, in fact, a Toeplitz operator.This proves (a).
There are of course lots of examples of functions ¢, such that

Toino g, To-is 5,

is not a Toeplitz operator. If either p or s is greater than 1, one can take either
ly =p—2orf; =s—2and Corollary 6.5 will show that, if ¢;(z) = |2|% and
$2(2) = |z|*2 then the product Tiipeg, T,-isog, is not a Toeplitz operator. The
cases p=s=1or p=1and s = 0 can be treated in the following way: We take
P1(z) = ﬁ and ¢o(z) = ﬁ Then Theorem 6.4 shows that, if T,ipey, Te—is04, Were

a Toeplitz operator, the symbol of this Toeplitz operator would be e!®~*)¢ L But

=%
egir—s)0 | 1‘2 is not a T-function, so the product is not equal to a Toeplitz operator.

Finally, suppose that p = s = 0. This is the most difficult case. The following
construction was proposed by A. Borichev. The idea is that, if & is a radial function
in L'(D, dA) then, for any v € (0, 1) the function 1%y h, (considered as a function
on [0,1] is bounded on [y, 1] since for any ¢ in [y, 1] we have:

(W 0 < [ I < S5 lhl (5)

So, if we find a T-function f such that f *,; f is not bounded on some interval
[v,1] then we will know that f %5 f = 1 xp h has no solution in L'([0, 1], 7dr)
which means that 7T} is not a Toeplitz operator.

So, let (tx)72, be any sequence in [%,1) such that t;, — 1. Let ()72, be
the sequence:

1 1 1
€ = min (t,ﬁ — tg; (f)?’k(l -7 )6).

2
and let g be the L!([0,1],7dr) function defined by
> -2
g(S) = Z EkB X[tk—ek,tk-‘rek](s)'
k=0

1
Then the mean value theorem gives us a real number ¢}, € (ti,—e¢, ti+€) C (tp—e, t2)

such that
1 11
—2n263 )T 1<2n2€,§ t2)"
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Thus

o0 o0 1
ng(n) <2 <o
7;2 g9(n) kzzo(2)
and so (ng(n))se, is a bounded sequence. Considering f to be the integrable
radial function on ID associated with g,this means that the (diagonal) operator T’
is bounded so f is a T-function and 7 is a Toeplitz operator. But,

s’ s s’ s €+t

1 2 s trtek 2 s 67%
(P N = [ a2 [T aee T 2 )

and the last term tends to oo as & — oo. Thus T¢T} is not a Toeplitz operator.
This finishes the proof.

A rather different example of a radial T-function f such that T;T is not
equal to a Toeplitz operator can be found in [4] .
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