1 Section 3.5 Rational Functions and Their Graphs

F(zx) = % is called a rational function where P(z)and Q(z) are polyno-
mials. The Domain of F' is the set of all real numbers except those for which

Q(z) =0.

Example 1 Find the Domain of F(x) = m

The graph of G(z) = % is given in the figure. The graph has the following
properties:

1) The graph has an x-intercept at (—1,0) and a y-intercept at (O, f%) .

2) The graph does not exist when z = 2.

3) As z takes on values that are close to 2 but less than 2, i.e., "As z
approaches 2 from the left”, The function values G(z) decrease without bound,
i.e., ”G(x) approaches negative infinity”.

x 1.9 195 1.99 1995 1.999 G(z) — —00 as 7 —
G(x) —-29 —-59 -—299 —599 —2,999
9

4) As xapproaches 2 from the right, G(z)approaches positive infinity”.

Definition of a Vertical Asymptote

The line x = a is a vertical asymptote of the graph of a function F' provided
that

F(z) — o0 or F(z) — —oo as x approaches a from either left or right.

x = 2 is a vertical asymptote of the graph of G(z). (See 3) and 4) above)

5) As x increases without bound, the values of G(x) are becoming closer to

T 1000 5000 10,000 50,000 100,000
G(z) 1.0030 1.0060 1.00030 1.00060 1.00003

T — 00.

6) As z decrease without bound, the values of G(z) are becoming closer to
1.

G(z) — 1 as x — —o0.

Definition of a Horizontal Asymptote

The line y = b is a horizontal asymptote of the graph of a function F' provided
that

F(z) — basx — oo or x — —00.

y = 1 is a horizontal asymptote of the graph of G(z). (See 5) and 6) above)

We note the following:

1) A rational function may have several vertical asymptotes, but it can have
at most one horizontal asymptote.

2) The graph may intersect its horizontal asymptote.

3) The graph does not intersect its vertical asymptote.

Theorem on Vertical Asymptote

If the real number a is a zero of the denominator Q(z), then the graph of

G(x) — 1 as

F(z) = ggg where P(z) and Q(z) have no common factors, has the vertical
asymptote z = a.



Example 2 Find the vertical asymptote of each rational function:
VF(0) = mtgty  2C() =

fe fE3
2 —3x—4 . z2+1
Theorem on Horizontal Asymptotes

n n—1
Let F(z) = b‘i:;niz:ln:“;m,f ++f;fxl?o be a rational function with numerator
of degree n and denominator of degree m.

1) If n < m, then the x-axis (y = 0) is the horizontal asymptote of the Graph
of F.

2) If n = m, then the line y = g—m is the horizontal asymptote of the Graph
of F.

3) If n > m, then the Graph of F has no horizontal asymptote.

22 —3z—
3)H(z) = Hgers

Example 3 Find the Horizontal Asymptote of each rational function.

DF() = F50  2)G@) =230 3)H(@) = 285505

We note that the Zeros and Vertical asymptotes of a rational function F
divide the x-axis into intervals where in each interval

F(z) is positive for all = in the interval or F(z) is positive for all
in the interval.

General Procedure for Graphing Rational Functions that Have no
Common Factors

Assume F(z) = SEB

1. Find the Asymptotes

(a) Vertical Asymptotes: Solve G(z) = 0.

(b) Horizontal Asymptote: Apply the theorem on the horizontal
asymptotes.

2. Find the x- and y-intercepts of F'(x)

(a) x-intercepts: Solve P(x) = 0.

(b) y-intercept: Find F(0).
3. Check Symmetry with respect to the x-axis, the y-axis, or the origin.

4. Divide the x-axis into intervals by using the vertical asymptotes and the
x-intercepts and take a point in each interval.

5. Determine the behavior near asymptotes.

6. Determine whether the graph of F'(x)intersects its horizontal asymptote
at any point.

7. Complete the Sketch.

Example 4 Sketch the graph of the following rational functions:



DF(r) = 2507 2)G(2) = B

Slant Asymptotes

The rational function given by F(z) = %, where P(z) and Q(z) have no

common factors, has a slant asymptote if the degree of the polynomial P(x)
in the numerator is one greater than the degree of the polynomial Q(z) in

the denominator and to find it, we divide P(z) by Q(x), i.e., F(x) = ggg =
(mz +b) + g{;) where the degree of r(z) is less than the degree of Q(z).The
line y = max + b is the slant asymptote.

423472242208

Example 5 Find the slant asymptote of F(x) = T a1t

Example 6 Sketch the graph of G(x) = 4;2%29

Graph a rational function that has a common factor

1) Reduce the rational function to lowest terms.

2) Sketch the graph of the new function using the general procedure.
3) Find the coordinates of any holes in the function.

Example 7 Sketch the graph of G(z) = ii;i:é

Does G(x) have a vertical asymptote when = = 27
Find the coordinates of any holes in G(x).

Example 8 Example 9 Determine the two points where the graph of F(x) =
%intemecttﬁ its horizontal asymptote.
3a% 4242 8x—12

g} intersects

Example 10 Determine the point where the graph of F(x) =
its slant asymptote.



