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10.

11.

12.

13.

16: PARTIAL DIFFERENTIAL FQUATIONS AND BOUNDARY VALUE PROBLEMS

du #u 14. Vi =0 (—oo < x <00,0<y<]),

= =9 (x>0,50)

e Ax - u})’. 0)=0 for x <0 and wu(x,0) = ¢
u(x,0) =0 (x > 0). ’ for x>0
u(0,t) = f(1) =0 u(x, 1) =0 (—~o0 < );Zoo)

V=0 (x>00<y<l) )

Here g is a positive constant.
w0, =y{0~3 O<yp< ‘

15. V2u=0_‘-";(—oo<x<oo,0<y<l)
ux, ) =u(x,1)=0 {x >0) G E
Tz —(x, 0 =0 {(—00 < x < 00}

du Ay . ay

e E T U (x>0t >0 o s
E!HR‘! d ox u(x, 1) =e™~* (—o0 < x < oo)
—{0.1)= f(8) (t =0
dx
u(x,0) =0 (x =0y~

82 .

du u+tu=_0 (x >0,t >0

a ax?
u(x, 0 = xe™ (x > O
w0, 1) =0 (t >0

16.8 The Heat Equation in an Infinite Cylinder

This section marks the beginning of four sections in which the solution of a boundary value
problem requires one or more special techniques such as a change of variables, a multiple series
or a special function. We will also make use of the Sturm-Liouville thecrem (Section 6.1} and
the idea of eigenfunction expansions (Section 6.2).

Suppose we want the temperature distribution in a solid, infinitely long, homogeneous citcular
cylinder of radius R. Let the z-axis be along the axis of the cylinder (Figure 16.55). In cylindrical
coordinates the heat equation is

& Pu 19 1 3% 8
Bu vty 2 [T% MO 1P S
Br arl Corar  rZagr 422

This is a formidable equation to engage at this point, so we will assume that the temperature

at any point in the cylinder depends only on the time ¢ and the distance » from the z-axis, the axis
of the cylinder. This means that 31/96 = du /8z = 0 and the heat equation is

A 8% 1au
oo =a |t -—1.
at arl " rar

Figure 16.55
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16: PARTIAL DIFFERENTIAL EQUATIONS AND BOUNDARY VALUE PROBLEMS

Case3d A >0
Write A = &%, with ¥ > 0. Then T’ 4 a?k2T = 0 with general solution

T = ce oK,

The equation for F is T

. , )
Fn o+ _Fr + FF = 0’
I i

%,
e

which we can write as
PPF 4 rF () + B F =0.
From the material on Bessel functicns in Section 6.6, the general solution is
F(r) = AJy(kr) + BYo(kr).
Since Yp(kr) - —oo as ¥ - 0 we must choose B = 0, so
F(ry= Akkr).
For each k > 0, we now have a function
ug(r, 1) = ay Jolkrye ™+,

which satisfies the heat equation in cylindrical coordinates.
Fort = 0, we need

ue(R, 1) = apJo(kR)e %" = Q.

To avoid a trivial solution, we must have a; nonzero. The only way this equation can be satisfied
with this constraint is to choose & so that

JokR) = 0.

Now, the graph of J,(x) crosses the x-axis at infinitely many positive values of x (see Figure
6.12). Let these values be zj, zp, ..., written in increasing order for convenience. We should
choose values of £ so that

kR =z,
or
k=2
‘ R
Forn =1,2,..., this gives the admissible values of k. Now we have

¥ 2,2
un(r,t) — ﬂan (%)e—a an/RZ’

Each u, (r, ) satisfies the heat equation and the condition that u, (R, #) = 0 for all tites. We
must satisfy the condition #(»,0) = f(»). In general, it is not possible to do this with a finite
linear combination of the u,'s, and we must usually attempt an infinite superposition

o0

u(r,t) = Z u,(r. 1) = ian‘]o (Z%r) R
=l

=]

We now need to choose the a,,’s so that

u(r,0) = f(r) = ian.]g (=) (16.51)
n=1

This is an expansion of f(#) in a series of Bessel functions, which are the eigenfunctions
of the Sturm-Liouville problem for £(r). As with Fourier series of sines and cosines, the key to
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choosing the coefficients is the orthogonality of these eigenfunctions with respect to the weight
function r:

& ZpF Im# )
/O F‘Jg(—?) h(Z)dr=0 i nstm. (16.52)
This relationship follows from the Sturm-Liouville theorem (Theorem 6.1 of Section 6.1 or note
page 260), or from Lommel’s integrals (Problem 24 of Section 6.5) upon letting x = r, o = z,/R,
B = zu/R, and inserting the limits of integration.

Although the formula for the a,,’s is actually given by equation (6.11) in Section 6.2, we will
derive it independently here by an informal argument like that used for the coefficients in Fourier
trigonomettic series in Section 14.1. Multiply equation (16.51) by #Jy(z,#/ R) and integrate the
resulting equation from 0 to R, interchanging the integration and the summation to get

[ (5= S [Fra () a )

Because of the orthogonality (equation (16.52)) all terms on the right are zero, except possibly
the term in which r = m, yielding

R )

[ (5 )ar=ea [ (50 o

hence,

_ R 1) do(zmr/ Ry
JEr Lo (amr/ R dr

With this choice of the coefficients, the series of equation (16.51) convergesto f(r), assuming
that f satisfies certain reasonable conditions (see the convergence theorem of Section 6.2). The
solution of the boundary value problem is

u{r, i) = il:

n=|

R
UNHONICHE) ds} b () e
Jo' 7 ozt / ROV dg

R

In the next section we will apply Fourier-Legendre series to the solution of a boundary value
problem modeling heat conduction in a solid sphere.

roblems

A homogeneous, circular cylinder of radius 2
and semni-infinite length has its base, which is .
siwing on the plane z = 0, maintained at a "
constant positive temperature K. The Jate}al
surface is kept at temperature zero_.,-'ﬁetcrmine
the steady-state temperaturc of the cylinder if
it has a thermal diffusivity of &7, assuming that
the temperaturc at any peint depends only on
the height z above the base and the distance

r from the axis of the cylinder. Hinr: Let the
axis of the cylinder be the z-axis. Set up the
boundary value problem and separate the vari-
ables, then use the zero boundary condition.

2.

-
Redo Problem | with the assumption that the

lateral surface is maintaincd/*n/constam posi-
tive temperature L < K,/

A solid cylinder is boitnded by z=0andz=17L
and by r = R (cylindrical coordinates). ‘The
cylinder’s iateral surface is insula}e{f‘while the
top is kept at temperature 2 and the bottom at
tcmpe_rafﬁre zero. Find the sicady-state temper-
ature distribution in. thé cylinder.

Determine the ten‘iﬁerature distribution in a cir-
cular cylinder of radius R with insulated top and
bottom under the assumption that the temperature




