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Study of Acoustic Waves in Oceans
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The study of acoustic wave propagation in the ocean has 
attracted considerable attention in the past. This has been 
motivated by the need to understand naval detection and 
marine seismology. For this purpose normal mode 
analysis has been one of the earliest methods used. As 
the change in the ocean properties effect the acoustic 
wave propagation, it is focus of our attention to model and 
analyze more general situations.  We present some 
interesting models of ocean which can take into account 
the change in density or shape of seabed in a more 
realistic way. Perturbation analysis is used to study these 
models.
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p(r,0) = 0  AND  pz(r,h) = 0.
We solve using separation of variables 
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• The Idealized Depth Equation  is the Sturm 

Liouville Problem

0)(/0)0(

)()(2)(//

==

=+

hand

zzkz

φφ

λφφφ

The normalized eigenfunctions are 
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4• An ocean with depth dependent properties 
leads to
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The Perturbation Method

• Find the eigenfunctions and the 
eigenvalues of the perturbed problem in 
terms of eigenfunctions and 
eigenvalues of the unperturbed or 
idealized problem and the perturbation 
term    s(z).

• The eigenvalues of the unperturbed 
problem are real and eigenfunctions
form a complete orthonormal set.
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• The Procedure
• Expand in power series in e
•
• and

• However,       can only be determined as 
Fourier series

•
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Perturbation Results

• The first correction terms in the perturbation 
series can be found as
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Layered Ocean Model

Free surface

z
Rigid 
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•Ocean properties are depth dependent
•The variations is piecewise constant
•Depth equation has piecewise constant coefficients
•Rigid seabed assumption gives nice normal mode theory



9Zaman, Al-Muhiameed (Applied Acoustics, 2000)
• Layered model of ocean is used
• Seabed is assumed to be reflecting type
• Some energy is absorbed and some 

reflected back
• Neumann Boundary Conditions are 

satisfied
• The ocean properties are assumed to 

undergo small depth dependent change in 
the lower layer



10
Sturm Liouvilles Problem

• The depth equation in this case is

)(1)(1),()(

0)()(,0)0(

)(1)(;1

2,1),()()()(

)2(
)2(

)1(
)1(

)2()1(

)2()2()1(

2)2()1(

)()()(2)(2)(

dddd

hh

zsnn

izznkz

zz

z

ii
m

ii
i

i
zz

φ
ρ

φ
ρ

φφ

αφφφ

ε

φλφφ

==

=+=

+==

==+

dzzsk

dzzzsk

mm

h

d

mm

h

d
omm

)2(

0

)2(

0
2

21
)2()2(

2

)2(2)2(
1

))((

)()(

φφλλ

φλ

+−=

=

∫

∫



11
Perturbed seabed Model (ICIAM 2003)

• Ocean consisting of two layers
• Depth dependent properties in one of the layers
• Presence of source emitting acoustic signals
• Seabed having a small undulation
• Due to perturbed boundary, variables can not be 

separated
• Instead of separation of variables, Fourier 

transform in x may be used
• Inhomogeneity due to source can be tackled 

using the Green Function
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• The field equations in this case are 
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An Ocean with Random Properties

• In certain situations the property variation is not 
determinate

• The density and hence wave number is 
assumed to be a random function of depth

• The depth equation is setup as a random 
eigenvalue problem

• Perturbation procedure leads to a weakly 
correlated process

• Variance in the eigenvalue can be estimated in 
terms of the correlation function
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• Weakly Correlated Process
• A random process is weakly correlated if it 

is given as
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Where         is determinate and                 is a random process. If            
then the second moment (variance)  is given by   
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where k(x1, x2 ),γ
is the correlation function of the random function.
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• We thus can find the following for the 

correction term 
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