THE ALTERNATING GROUP EXPLICIT (AGE) ITERATIVE METHOD FOR
SOLVING A LADYZHENSKAYA-TYPE MODEL FOR STATIONARY
INCOMPRESSIBLE VISCOUS FLOW *
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Abstract. In this paper, the alternating group explicit (AGE) iterative method is applied to a nonlinear 4th order
PDE describing the flow of an incompressible fluid. This equation is of a Ladyzhenskaya-type. The AGE method is
shown to be extremely powerful and flexible and affords its users many advantages. Computational results are obtained
to demonstrate the applicability of the method on some problems with known solutions. This paper demonstrates
that the (AGE) method can be implemented to approximate efficiently solutions to the Navier-Stokes equations and
the Ladyzhenskaya equations. Problem with a known solution are considered to test the method and to compare the
computed results with the exact values. Streamfunction contours and some plots are displayed showing the main features
of the solution.
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1. INTRODUCTION. The (AGE) method is an iterative method which employs the frac-
tional splitting strategy which is applied alternately at each intermediate step on tridiagonal system
of difference schemes. Its rate of convergence is governed by the acceleration parameter r. The (AGE)
iterative method is applied to a variety of problems involving parabolic and hyperbolic partial differ-
ential equations (see [4, 7, 5, 6]). In [14], Sahimi and Evans reformulated the (AGE) method to solve
the Navier-Stokes equations in the streamfunction-vorticity form.

In [10, 12, 11], a model for the motion of ideal incompressible viscous flow has been proposed by
Ladyzhenskaya. Further studies are made in [2, 3, 1, 9, 13]. In this paper we study computational
aspects of a model for stationary flows of a Ladyzhenskaya-type. The studied model is written in
terms of the streamfunction v and the vorticity w. The model we work with is as follows:

Consider the following coupled system of partial differential equations in the dependent variable
1 and w:

DAY = —w, (1.1)
~ oY 0 oY 0
A(A()) + Re(GE 50 - 55 = (12

where x and y are independent variables with a set of a boundary conditions prescribed on a square
region of the zy-plane. Here A is the usual Laplacian operator defined by,

0% 0%
8= T T oy

where in (1.2) A(%) is defined by
~ —
A)=1+Ree | Ay |72
with Re,e; and ¢ —2 > 0 and

Z¢ = M ( m 1/1 ) = [wﬂﬁrawmyﬂpym,wyy]T,

and
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Note that if Re = 0, then equations (1.1) and (1.2) define a biharmonic equation given by,

@4111 My o'
Ay = + 22—
V= oet T aop T ot
If Re # 0 and ¢; = 0, then equations (1.1) and (1.2) become the Navier-Stokes equations which
describe the basic two dimensional, steady-state, viscous, incompressible flow problem. Here 1 and w
are known respectively as the stream and vorticity functions.

2. FINITE DIFFERENCE DISCRETISATION. Let 2 be a square region of the solution
domain defined by,

Q={(z,y):0<z<L0<y<L} (2.1)

A uniformly spaced network whose mesh points are x; = ih, y; = jh, with h = L/(m + 1) for
i,7=0,1,--- ,m,m+ 1 is now superimposed on {2.

It is observed that if w is known, then (1.1) is a linear elliptic equation in 1, while if ¢ is known,
then (1.2) is a linear elliptic equation in w. Using central difference approximations, equations (1.1)
and (1.2) can now be descritised at the grid point (z;,y;) by the following finite difference equations,

L U D I DV I (O P G s R )
k+1 (k+1) k+1)ny (k+1 k+1) kt1 k+1 kt1
[AS Jlr,J) - a(w1 ]+1 1/}1( JJ—ro—l )} Wi TJ) - [AE jt (wz( J1r,j) - wf—:i})]‘”f jtl)
k+1 k+1) k+1 k+1 E+1) k+1 k1) (k+1
[A(,j-u) - a(wﬁ_m ’(/}z(+1,]))} z(j-‘rl) - [AE-H J (7/%(3—1) ¢z(j+1 )w z(+1 j)
k+1) (k+1
HAATTDGEED = p2g, (2.3)
where oo = Re/4 and
A =14 Re ¢ |A¢<§+” 192 and 4,j =1,2,--- ,m, (2.4)
and
1
= (k+1 k1 k+1) )2 k+1 2
B 1= | (el ) w2 (al$™ )+ (all™ )|
and

k 1« k k
[w:cac]z('j—i_l) = 7[1/)18&_,1]‘) - 21/)1(7;_1) + 1/’57?1]*)]

(k+1) _ (k+1) (k+1) (k+1) (k+1)
me] 4h2 W}H-l,j-i-l - 7vZ’i—l,jJrl - wi+1,j—1 + 1/)1'—1,]'—1]
k+1 1 (k41 k+1 k+1
[aliy ™ = e iisd — 2005 + 0T

Equation (2.2) and (2.3) suggest that we start with an initial guess w(®) and use equation (2.2) to
approximate ¥ and call this ©/() and use this to solve for w using equation (2.3) and call this as w,
Continue this computations until you reach a specific convergence criterion. We will call this process
an outer iteration.

We will study in detail the finite-difference analogue of the vorticity equation (2.3) to derive the
AGE equations for its solution. Then, the AGE equations for the streamfunction equation (2.2) will
follow, since equation (2.2) is similar to equation (2.3) but with different coefficients.

3. THE AGE METHOD. If we use the boundary conditions 1 = 0 and 921/0n? = 0 where n
denotes the normal to the boundary 02 of Q, then our problem amounts to solving successively (1.1)
and (1.2) with ¥ = 0 and w = 0 along 9. First, let us rewrite Equation (2.3) in matrix form as:

Awk+l /s
h = T ith C— o NT
wihere, Q(T) - (Q17Q27' o ;Qm) w1 Wi = (w1]7w2_]7' o )wm])

)
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j =1,2,---,mie. the m? internal grid points are ordered row-wise parallel to the x-axis on the
square mesh, f = (il’i2’ e ,im)T with,

fi=h*915,925, +9m3)" and gy = g(xs,y;) for i, j=1,2,- ,m, (3.1)
and,
A B i
Cy Ay By
A= ,
Cmfl Amfl Bmfl
L Cm Am 14 (m2xm2)
[ 4 Bun T
B2.j+1 4 B2.j+1
Aj: ) h ; 5 j:1a27"'7m;
Bm—Lj—i—l 4 Bm—1,j+1
- ﬂmvj""l 4 - mxm
Bj = diag(p1j, 25, s om—1,5s mj), J=1,2,--- ,m—1,
and
C; = diag(fiij, flogs -+ fom—1,4, fomj)s  J =2,3,---,m,
where
~(k k k . .
Bij = _[A§+J1r,1j),1 _ 04(¢§j+1) _ %(,jtg)]’zz 1,2~ ,m—1=23,--- ,m+1; (3.2)
Bij = —[Aﬁ’i}},l + a(i/JZ-(fH) - ng’kjtlg))]y 1=2,3,--- ,m;j=2,3,--- ,m+1; (3.3)
~(k k k . .
g = —[AGEY @il — oL =12 m=23 m-1 (34)
and
. ~(k+1 k1 1 . )
fij = —[AS) —adt) —p®T =12, my j=2,3, ,m. (3.5)

If we split A into the sum of its constituent matrices G1,Go, G3, G4 as,
A=G1+ G+ Gs + Gy,

then following [14] we have,

Gl + GQ = diag(fll, AQ, cee ,Am)(mzme),

and

D B
Cy, D By

Gt Gy = . . . ,

L 4 (m2xm?)



[ 2 Pun 1
B2i+1 2 B2,j+1

Pm-1j+1 2 Bm—1,j+1
L Bm.,j+1 2 i

mXxXm

and
D = diag(2,2,---,2).

The AGE Douglas fractional formulae then are written in the following form,

(G + D = ((r1 + Gh) — 24)") + 27, (3.6)
(Gy+rDw Ep;rl/Q) Ggg(f) + rwéf;rl/@, (3.7)
(G3+rIHw EP;FSM) G3w§f§ + rwgfjlp), (3-8)

(Gt DMl = Gl 4 AT @0

In equations (3.6 - 3.9), p represents the index for the inner iteration procedure and r is the acceleration
parameter. Without loss of generality, we assume that m is odd.

From equations (3.6 - 3.9), we will write wp+1/4,wf+1/2,wf+3/4, wf“ in explicit form. We start
by multiplying equation (3.6) by the inverse of the matrix (rI + G1). But the matrix (rI + Gy)

is a block-diagonal matrix of 2 x 2 or 1 x 1 matrices. Fortunately, we have a closed form for the

inverse of (rI —i— G1). After some mathematical manipulations, we write wff " in an explicit form in
terms of w(p , Bij, ﬂw, tijs flij, fij. Then, we repeat the same process to write w(p+ /2 by using
equation (3.7) To write w(p+3/4) and w(f+ ) in explicit form, we start by reordering the mesh points

column-wise parallel to the y-axis then we apply the same process. Now, let us start at (p + 1)th
iterate.

(i) At the (p+ 1/4)th iterate
From (3.6) we have

WY = (G + D) T (] + G) = 24)wf) + 2],

We find that,
rl + Gy = diag(C1, Ca, -+, Crue 1, Com) (m2 xm2) (3.10)

where

éj = diag(ﬁ,é2,j,é4,j, e 7Gm—1,j)(m><m) for j=1,3,---,m(odd),
and

C’j = diag(@17j,ég7j,--- ,é7n_27j,7’1)m><m7 for j=2,4,--- m(even),
with

rn=r+1,
and
Go=| 2™ PEr e et

ﬂi+1,j+1 1



Since rI + G is block diagonal, (3.10) gives,

(rl 4+ Gr) ™" =diag(CT, G5+ Gl Col) me ).
Defining
DZ-:C'i—QAi, i:1727"'7m;
E;, = —2C;, 1 =2,3,---,m;
F, = —2B;, i=1,2,---,m—1;

we obtain the following set of equations at the (p + 1 /4)th iterate,

w(P+1/4) cv (D1w(p) +F1wéz()l)+2i1)7

=1(r) 1(r)
(p+1/4) _ (p) ,(P) .
“ij(r) C (s CHET N w](T’) T LWyt 2ij)’ J=2,3,,
and
(r+1/4) _ A—1 (p) (p)
Qﬁ(r) Cm (Emgrs—l(r) + Dm@yg(r) + Zim)’
and
O = ding(, (G25) ™ (Ca) ™+ (Goners) sy, fors
. ] . . . 1 '
Cj ! :dlag((GLj) 15((G3,j) 13"' a((an—Q,j) 1771)(m><m)a fOI'j :2747"' am_l'
with
N\ 1 1 —Bij+1
G )= J ,
(Ges) Nij | —Birtje1 &
and

Az N Tl ﬂz ]+1/61+1 J+1-
Writing equation (3.11) component-wise gives

(p)

WPH/4) 2[Qw(p) — Bl

w1y 5 — pnw) + ful/r,

Wz(,pl+1/4) = 2(‘11%(1))1 1 b Wz )+ ciw z(i)1 1 +ds “’z+)2 1+ ew z(pz)

+ fiwlpH 5+ gi)/Ai 15

4 _
G =25

1,1 + bzwz 1 + b; w7,+1 1 + aiw’gi)ll + Elwz(g)

m—2,m —

=1,3,---,m

+?iwz§i}-1,2+§i)/Ai717 fOI‘Z:274,--~ 7m_37m_17

where
a; = —r1Bi2,b;i = (1172 + Bi2Biv1/2) /2, ci = =138 2,
ei = =111, fi = Bizkiv1,1, 9 = 11fin — Biafivi1,
@i = Bi2Bit1,2:0i = —130i41,2,€ = Bit1,20i 1,
fi=—ripis11,9; =r1fiv11 — Biti2fin,
rg =11 —8,r3 =11 — 4,
) Bi2Biv12, i iFEmMm -1
0, if i=m-—1,

7 —11Bi+1,2, if i #Fm—1;
o, if i=m-—1.

L,

(3.11)
(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



In the same manner, writing equations (3.12) and (3.13)component-wise give

(p+1/4) — i i — BT ) s
(p+1/4) (7;1%71 ﬁm+1ngj/ ij ,i=2,4,--- ,m—1;i=1,3,--- ,m— 2, (3'17)
Wit1,j = 2(—Bit1,j+1i5 T r1G;;)/ Dij
+1/4 R ro
wT(YZ;J / ) = 2( Mme?(n)j 1 ﬁm,j“’lwg)_l,j + 9 WT(VZZJ) umjw'f(?fj—'rl + fM,j)/rh
for j=2,4,--- ,m—1, (3.18)
where
Qi = ‘LLZJ 1(7;3) 1 ﬂl ]Jrlwz(p)l N + 2 (p) ﬁiéJrl 1(-;7-)1 \J /u‘i,jwz(,[})+1 + fi,jv it 4 # ]-,
Ea 2,7 . .
—pijwiti_y + Fw Ef}) & 5w z(i)l,J Hi,j‘*’g,jﬂ + fijgr if i=1,
_ﬂHl’jwz(i)l,j—l _ ﬂi+12,j+1 (P) 42 wz(f—)l ; ﬁi+1,j+1wz(5_)27j_
Gij = l‘i+1,ngi)1lj+1 + f1+1 NE if i#£m-—1,
i, gw o1 — E W + 20 fi, if i=m—1
and
1/4
W§?+ M =o(- /J‘ljw§pg) 1+ Wg) 51,j+1w§§) - Mlj“’%};ﬂ + f13)/71,
for 7 =3,5,- -2 , (3.19)
WM = 2=ty + ) Gyl + fr)

/) _

W(p+1/4) = 2(7“1%']' = Bij1Qi)/ Dij
Wit1,4 (= 5i+1,j+1qz'j +11;5)/ Dij

}7j:3,5,"- ,m—2,m;i=2,4,-- ,m—3,m—1, (3.20)

(i) At the (p+ 1/2)t! iterate

Equation (3.7) gives

W = (Gy +r1) TN (Gow) + 1w YY), (3.21)
We define,
(rl 4+ Gsy) = diag(é’l, ég, e ,ém,l, ém)(mzxmz),
where
éj = diag(é’l,j, ég,j, cee ,ém,g’j, 1) (mxm), J=1,3,---,m(odd),
and

éj = diag(h, GQ,j7 G4,j7 T 7Gm71,j)(m><m)7 .7 = 2747 e ,m — 1(even),
Denoting 6]- = C’j but the diagonal element r1 replaced by 1, equation (3.21) becomes
+1/2 A\ — +1/4 .
fgz()r) /P = (CJ) (Cﬂw((3)+rw§1()) / )7 ]:1,27 , TN
which leads to

b+1/2) (e g = VAL
C‘)Z(’Ig-‘rl/Q) (,’:181’] ﬂz,j+181’i)/ ol 7j = ]-7 37 T >m;i = 1,3, e, M o— 2 ) (322)
wivi = (=Bit1+18i5 +115i5)/Dig,



(3.23)

(3.24)

(p+1/2) _ ( (p) (p+1/4) C_
Wor i = (W rwg J=L3,,m,
and
w§zjj+1/2) = (wg‘i).]) + Tw((f;)l/4))/7ﬁ17 J= 2,4,--- ,m—1,
(P+1/2) _ R R AV
ol 1y (risig = BugriSia)[Bigs ooy o 15— 9 4 m -1, (3.25)
wit1j = (=Bit1+18i5 +115i5)/ D g,
where
sig = wi) + Bugnwih + e,

and

= . _ N (p) (p) (p+1/4)
Sij = Bit1,j41w;; Twipy; Hrwig i

(iii) At the (p+ 3/4)tP iterate

By ordering the mesh points column-wise parallel to the y-axis we have,

T T

Wiey = (W1, Woy s W) With  wiy) = (wit,wiz, s wim)™,  1=1,2,--+,m,
and

(G3 + Ga)w(ry = (Gs + Ga)w()-
This reordering transforms equation (3.8) to

(G3 + rl)ggi;r?’/‘l) = égggi)) + P2,

(c)
or
T = @+ rD) Cal?) + .
Now
é3 + a4 = diag(gla BQ? o aBm—lém)(mZXm2)7
where
2 i1
flig 2 i2

(mxm)
We also found that
(Gs +rl) = diag(Hy, Ho, -+ , Hp 1, Hon) (m2 xm2),
where
H; = diag(r1, B0, Hi gy Hine 1) mxm)s 5 = 1,3, ,m(odd),

and

Hz' - diag(ﬁi,lyﬁi,& e 7ﬁi,m—237'1)(m><m)7 ] = 2747 e, M — 1(6V€Il),

(3.26)



with

SR ™ Hi,j -
H,,=| . , =1,2,--- ;m—1.
" {Mmﬂ 1 } g

Denoting P; = H; but with the diagonal element r; replaced by 1, equation (3.26) then becomes

P34 _ H-’l(Piggp)) +r£(p+1/2))7 i=1,2,---,m,

=(c) i (c i(c)
where
-1 . | R 2 -1 .
H ' = dlag(E,(Hi,z) J(Hia) s (Him—1)" mxm)s 1= 1,3, ,m;
and
N . . 1
H;I = dla‘g( (Hi,l)_la (Hi,?))_la Ty (Hi,mfl)_17 - )(me)7 i= 2745 e, — 17
T1
with
L 1 - — i
Hi At R i, ,
(Hij) ANij [ —Hija1 7
and

_ .2 A
D =11 = Wijfli 41

This results in the following equations for the computation at the current intermediate level

WY = (WE W e, =13 m, (3.27)

(p+3/4) _ A
= v )/ By L o1, a2y
Wi = (=i g1vig +m105) /D
and
(p+3/4) _ _ A
g~ v T Bypand L s g (329)
+ _ N ) — 4y 5 sJ — 19y ) ’ .
Wit = (i i) /D
w§ﬁ:3/4) — (wl(ﬁl +r wgﬁ:{lﬂ))/n’ i=2,4,--,m—1, (3'30)
where

1/2
v = wl(f;) + umwg?ﬂ + rwl(? /2
(p+1/2)

()
g T Wi

= _  (p N
Vij = Wi jp1 T Hij+1W;

(iv) At the (p+ l)th iterate

Equation (3.9) is now transformed to

Gy +rl g(1o+1) _ é4g(p) + Tg(p+3/4)7
(c) (c) ©)

or

W = Gy +rD) 7 (Cawl?] + rw ), (3.31)



we have
(Ga+rl) =diag(Hy, Ha, -, Hine1, Hp) (m2xm2)
where
H;, = diag(ﬁi’l, .E[i’g, e ,ﬁi,m,g,rl)(m xm), i=1,3,--- ,m(odd),
and

H; = diag(ry, Hip, Hig, -+, Higuo1)om x m), i=2,4,--- m(even).

Denoting Q; = H; (with the diagonal element 7 replaced by 1), equation (3.31) can be written as
+ +3/4) .

WEZ) = (H))" (szﬁf)) +W£€c) M =12, m,

and as at the previous iterate, we obtain the following equations for computation

(§+1) (r1zij — ﬂi,jfi,j)/Aj,ia (3.32)
WP = (fi iz +11Zig) /Dy, i=1,3, mj=1,3,--- ,m—2 (3.33)
WP = (P 4w ey, =13, m (3.34)
and
wF = (WP 4wV =24, m - 1, (3.35)
WP = (r1z — paZig) 1D, (3.36)
WD) = (i jarziy +miZig) B =243, o m—1, =24, m—1, (3.37)
where
2 = (p) +l%,]%(13)+1 +rwl(’;+3/4)
Zij = Wz( ])Jrl + MMH‘U( ) + rwf€+‘31/4)
Hence, we write w(p+1/4) w§§1+1/2), w§f+3/4),wg’+l) in an explicit equations. These equations are

listed in the following table.

TABLE 3.1
Equations for all four intermediate steps

Intermediate step | Equation Number
(3.14), (3.15), (3.16),
WA (3.17), (3.18), (3.19),
(3.20)
e (3.22), (3.23), (3.24),
(3.25)
Wi (3.27), (3.28), (3.29),
(3.30)
Wi (3.32), (3.33), (3.34),
(3.35), (3.36), (3.37)

4. NUMERICAL ALGORITHM. From Section(3), an algorithm can now be formulated
to solve the equation (1.2). Given all the data of the problem and an initial approximation wfjld,
INNER-AGE ALGORITHM will compute a better approximation w;;*".

After we state the INNER-AGE ALGORITHM, we are ready to solve equations (1.1) and (1.2).
This is described in OUTER-AGE ALGORITHM which will compute an approximation for the

streamfunction 1 and the vorticity w.
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Algorithm 1 (INNER-AGE ALGORITHM)

Given: ﬁljv 57,37 Hig, Hig, flj7 Re7 €1, q, m, T,

€ and wf]ld, This algorithm computes w;;™
p=0

WP — old

Wijt = ‘Ufj
repeat

step i: Compute wl(er /%)

by using equation (3.14), (3.15), (3.16), (3.17), (3.18), (3.19),(3.20)

step 5: Compute wZ(fH/Q)

by using equation (3.22), (3.23), (3.24), (3.25)

step 3: Compute w§f+3/4)

by using equation (3.27), (3.28), (3.29), (3.30)

step 1: Compute w(fﬂ)

by using equation (3.32), (3.33), (3.34), (3.35), (3.36), (3.37)

_ (+1) _ () _
step 2: Compute 7 = max{ |wp ; | }andset p=p+1

until (7 < ¢)
A

Algorithm 2 (OUTER-AGE ALGORITHM)

Given:
e problem parameters: Re, €1, ¢
e acceleration-parameter: r
e mesh-size: m
e inner-convergence-criterion: €

e outer-convergence criterion:
This algorithm computes an approximation for ¢ and w

Setk‘—Oaundh—m—Jr1

Set wij =0 and ng) = 0 as initial approximations
Compute f;; using equation (3.1)
repeat

Compute {F*") using INNER-AGE ALGORITHM
[ Here, Re =0, wl(]k) replaces wgid, wgﬁ ) replaces wi,  fig = hQng-C) ]
Compute 7 = max { | ¢(k+1) | | w (k 2 (k) | } (do this step if & > 0)
i

Compute A( +1) using equation (2.4)

Compute ﬂz]aﬂij,,uij,ﬂij using equation ( 3.2, 3.3, 3.4, 3.5 )

Compute w{} ") using INNER-AGE ALGORITHM

Compute 7 = max { | @/}l(fﬂ) - 1/)1(;?) [ | wl(fﬂ) (k) | }  and set k=k+1
0.

until (7 < 4)
Lmew) _ )

i ij

5. NUMERICAL EXAMPLES. This section presents the results of numerical experiment
with the (AGE) iterative algorithm described in section OUTER-AGE ALGORITHM. Specifically,
we consider one example with known exact solution. This example has been studied in [8, 15]. For
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this section, the region (2 is the unit square 0 < z <1, 0 < y < 1 and the exact solution is

P (,y) = 2 (x —1)%y% (y — 1)?,
w*(amy) = - A¢*($7y)

Example 1:
We consider the following Ladyzhenskaya-type equations
A%y = —w in
A(A(¢)w) + Re(wxwy - wywx) =—g on 09,

subject to the boundary conditions

where the function g is defined as

g =A(A@W*) AY*) — Re(W) Al — i Ay).

The value of the Reynolds number is Re = 50 with the following parameters e; = 1072%,m =29, h =
%, q = 4, and r = 0.8. The termination criteria for the outer and inner iteration, i.e., § and € are chosen
as 0 = 107°, ¢ = 10713, the number of iterations required to attain convergence is 2. The numbers
of inner iterations required for the first outer iteration are 1, 489. The numbers of inner iterations
required for the second outer iteration are 436, 0. Table(5.1) and Table(5.3) display the values of
the exact solution ¢* and the computed values of the streamfunction 1". Table(5.2) and Table(5.4)
display the values of the exact solution w* and the computed values of the vorticity w”. A quick
comparison between Table(5.1) Table(5.3) shows an agreement. Similarly, Table(5.2) and Table(5.4)
also shows an agreement. The values in Table(5.3) and Table(5.4) are good approximations to the
exact solution. Figure(5.1(a)) and Figure(5.1(c)) show the contours for the exact solution ¥* and
the computed solution 9". Figure(5.1(b)) and figure(5.1(d)) show the contours for the exact solution
w* and the computed solution w”. From Figure(5.1), we can see a good agreement between each
corresponding graphs.

TABLE 5.1
Ezact values of * at (z,y) where z,y = 0.1,0.3,0.5,0.7,0.9

.962361E-02 | .249272E-01 | .306563E-01 | .249272E-01 | .962361E-02

.249272E-01 | .645668E-01 | .794062E-01 | .645668E-01 | .249272E-01

W .306563E-01 | .794062E-01 | .976563E-01 | .794063E-01 | .306563E-01

.249272E-01 | .645668E-01 | .794063E-01 | .645668E-01 | .249272E-01

.962361E-02 | .249272E-01 | .306563E-01 | .249272E-01 | .962361E-02

TABLE 5.2
Ezxact values of w* at (z,y) where z,y = 0.1,0.3,0.5,0.7,0.9

.211896E+00 | .521640E+400 | .631800E+00 | .521640E+00 | .211896E+00
.521640E+00 | .128066E401 | .154980E+01 | .128066E+01 | .521640E+00
w* | .631800E+00 | .154980E+01 | .187500E+01 | .154980E+01 | .631800E4-00
.521640E+00 | .128066E+401 | .154980E+01 | .128066E+01 | .521640E+00
.211896E+00 | .521640E400 | .631800E+00 | .521640E+400 | .211896E-+00
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TABLE 5.3

Computed values of Y™ at (x,y) where z,y = 0.1,0.3,0.5,0.7,0.9

.963875E-02 | .248545E-01 | .307007E-01 | .250736E-01 | .963875E-02

.250736E-01 | .646559E-01 | .795136E-01 | .646559E-01 | .248545E-01

Pt .307007E-01 | .795136E-01 | .977855E-01 | .795136E-01 | .307007E-01

.248545E-01 | .646559E-01 | .795136E-01 | .646559E-01 | .250736E-01

.963875E-02 | .250736E-01 | .307007E-01 | .248545E-01 | .963875E-02

TABLE 5.4
Ezact values of w" at (x,y) where z,y = 0.1,0.3,0.5,0.7,0.9

.212004E+00 | .498832E+400 | .632100E+00 | .544952E+00 | .212004E400
.544952E+-00 | .128125E+01 | .155050E+01 | .128125E+01 | .498832E+00
wh | .632100E4-00 | .155050E+01 | .187583E+01 | .155050E+01 | .632100E+400
498832E+00 | .128125E+01 | .155050E+01 | .128125E+01 | .544952E+00
.212004E+00 | .544952E+00 | .632100E+00 | .498832E+00 | .212004E+00

(a) Contours of the exact solution ¥*

(c) Contours of the computed solution "

(b) Contours of the exact solution w*

(d) Contours of the computed solution w

Fic. 5.1. Contours of the exact and computed solutions

h
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FIG. 5.2. Yl -streamfunction lines at different values of the Reynolds numbers through the horizontal line y = 0.5.

Example 2:
We consider the same problem in Example(1) with the following parameters:

e1=10"3¢g=4,m=29,r=0.8,
1

=102 6=10"" h=—.
6 b b 30

We compute an approximate solution for Re = 1, 10, 102, 103, 5 x 103, 10%, 3 x 10%, 6 x 10%, 10°.
Figure(5.2) displays the plot of the streamfunction along the vertical line x = % passing through
the point (0.5,0.5) with the above values for Reynolds numbers. Also, the numerical programs were
performed for a series of different values of the Reynolds numbers between 1 and 1000. Each time,
we evaluate the difference between the exact solution ¢* and the computed solution. Then, we plot
the graph in Figure(5.3). The horizontal axis of the graph represents log;,(Re) and the vertical axis
represents || 1* — ypeomputed || We can see more clearly the fact that the difference in the discrete
norm increases as Re increases.

Example 3:

We conducted convergence tests to obtained error estimates and assess the order of accuracy. We
solve the same problem in Example (1) with different mesh size h. The parameters of the problem
are:

=102 ¢g=4,r=0.8,Re=1.0.

In Table (5.5) we show the discrete Ly norm || ©* — 9" ||z, where 9" denotes the computational

solution on an m x m grid (h = —1=). The convergence rates are computed using the information on

R m+1
two successive meshes.
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FIG. 5.3. Difference between the exact solution ¥* and the computed solution Y™ .vs. logqo(Re).

TABLE 5.5
Error estimate and order of convergence

m [ h [[[¢* =" ][]z, | order of convergence
9 | {5 | 1.9647844¢-004

13 ﬁ 1.4015979e-004 | 1.0038

19 2—10 9.8045095e-005 | 1.0019

23 i 8.1689733e-005 | 1.0009

29 3710 6.5346024e-005 | 1.0003
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