Sec 13.1

2. Substituting u(z,y) = X(2)Y (y) into the partial differential equation yields X'Y 4+ 3XY’' = 0. Separating
variables and using the separation constant —\ we obtain
X} }/?
— ==\
-3X Y
When A £ 0
X' —3\X=0 and Y+ AY =0
so that
X = clegh and Y= c;;e_)‘y.
A particular product solution of the partial differential equation is
u= XY = c3e?®Y),
When A = 0 the differential equations become X’ = 0 and Y’ = 0, so in this case X = ¢4, ¥ = ¢5, and
u=XY = cg.
10. Substituting u(z,t) = X(2)T'(t) into the partial differential equation yields kX”T = XT". Separating variables
and using the separation constant —A we obtain
XU T}
=—=-A\
X kT
Then
X"+ AX =0 and T' + M\kT = 0.
The second differential equation implies T(t) = cie~**t. For the first differential equation we consider three
cases:
I. If A =0then X" =0 and X(x) = cax + c3, s0
u=XT=A1x+ A,.
II. If A= —a? < 0, then X" — a?X =0, and X (z) = c4 cosh az + c5sinh azx, so

jkagf

u=XT = ({Ascoshoz + Agsinhar)e

III. If A= a? > 0, then X" +a?X = 0, and X (z) = cg cos ax + ¢y sinazx, so

F . —_ 2
u= XT = (Ascos ax 4+ Agsin ax)e "t




14. Substituting u(z,y) = X(x)Y (y) into the partial differential equation yields 22X"Y + XY" = 0. Separating
variables and using the separation constant —\ we obtain
. .2 XH }f!r
N S SN
X Y
Then

2X" _AX =0 and Y"4+)Y =0.

We consider three cases:
I. If A = 0 then 22X"” = 0 and X(z)=c1z+co. Also. YY" =0 and Y (y) = cay + ¢4 so

u=XY = (c12 + ca)(c3y + cq).

II. IfA = —a® < 0then »*X" 4+ a’X = 0 and ¥" — &”V = 0. The solution of the second differential
equation 15 Yyl = czcoshay + egsinhay. The first equation is Cauchy-Euler with anxiliary

! —m+ o? = 0. Solving for m we obtain m = El- + -%'.,-"1 —4a?., We consider three

equation m
possibilities for the discriminant 1 — 4a?.

(i) If 1 — 40® = 0 then X(z) = cr2'/? + cgz'/? Inz and
u=XY =2V e; + o3 Inx)(es cosh ay + cq sinh ay).

(ii) If1— 4o < 0 then X (z) = #}/? [y cos (V4e? — 11nx) + g sin (v3a® — 1 Inx)] and

u=XY =z!/? [Cg cos (*.,.-""4-::2 -1 111z) + ¢qp 80 (4,._.-"'.:1.4_13 -1 ]nz)] (o5 cosh ay + g sinh ay).
(iti) If 1 — 4a® > 0 then X (x) = z!/2 (cnrv“I—EEfﬂ+f_~mr—v1—1~=5f9) and

u=XY =z (61131':1_ «/2 4 cmz_“I_E fﬂ) (c5 cosh oy + cg sinh ay).

IIL. If A =" = 0then z° X" —a0?X =0 and V" 4+ o®Y = 0. The solution of the second differential equation

isY (y) = 13 cosay+eig sinay. The first equation is Canchy-Euler with auxiliary equation m®—m—a® = 0.

Solving for m we obtain m = %—:I: % v'1+ 407 . In this case the discriminant is always positive so the solution

of the differential equation is X (z) = x1/2 (eisz“' I+4a%{2 4 o) eqp—1tda ;g) anid

u= XY = zl/? (qsr"’I"‘E 12 4 opgr—vVIHE a’g) (13 cos oy + oy g sin o).

18. Identifying A =3, B =75, and C = 1, we compute B2 — 4AC = 13 > 0. The equation is hyperbolic.

20. Identifying A =1, B= —1, and C' = —3, we compute B? — 4AC = 13 > 0. The equation is hyperbolic.

24. Identifying A =1, B =0, and C = 1, we compute B? — 4AC = —4 < 0. The equation is elliptic.




28. Substituting u(r,#) = R(r)©(0) into the partial differential equation yields

R'e + 1 R'©® + i RO" = 0.
r r2

Separating variables and using the separation constant —A we obtain

2R +rR @

— =-=A
R o
Then
r*R'+rR'+AR=0 and ©"-20=0.
Letting A = —a? we have the Canchy-Euler equation r2 R 4+rR'—a?R = 0 whose solution is R(r) = esr®+egr™ 2.

Since the solution of ©” 4+ a2 = 0is ©(#) = ¢, cos afl + ¢y sin af we see that a solution of the partial differential
equation is

u= RO = (¢ cos al + cosinab)(car™ + cgr™ ).




