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Q 1 a) Find a Cartesian equation of the curve whose polar equation is given
sin 20 — cos 20

sin 6 cos 8

by r =

Solution

sin20 — cos20  2sinfcosf — cos? +sin’ 0
r= =

sinfcosf sin 6 cos 0
cos sind +tand
prn — = - aln
sinf = cosf tan @

We know that r = /22 + y? and tanf = y/z. Thus, a Cartesian
equation of the given polar equation is

/x2+y2:2_f_|_g
Y

T

b) Find the area of the surface obtained by rotating the curve with
parametric equations = acos®, y = asin®6, 0 < 0 < 7/2 about
the x-axis.

Solution

A dy 2 dz\”
seon [ () (%)

/2
= 27r/ a sin® 9\/9&2 sin? 0 cos? 6 + 9a2 cos O sin? 0 df
0
w/2
= 27r/ asin® 9\/9a2 sin? § cos? f(sin? 6 + cos2 0) db
0
/2
= 27r/ asin® 0/9a2 sin? 0 cos? 6 do
0
w/2
= 27r/ asin® @ (3asinf cosd) db, (since 0<6<7/2)
0
w/2 w/2
=27 / 3a*sin* § cos 0) df = 6ma> / sin® 0 cos 6 df)
0 0
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QZ Consider the polar equation » =1 — sin 6.
i) Sketch the curve of the given polar equation
ii) Find the equation of the tangent line to the polar curve at § = /3

Solution

) 0 0—-7n/2|7/2—>7|7m—3r/2|31/2—2rm
! r=1—snf| 1—0 | 0—=1 152 251

The graph of the polar equation is given by the following picture.

0=m/2

ii)

dr .
@ a @SmeercosH —cosfsinf + (1 —sinf)cos@  cost — sin 20

dx_ﬁcos@—rsiné’_ —cos2f — (1 —sinf)sin  —sinf — cos 20

do
At 0 = /3, we have

dy _cosm/3—sin2r/3  1/2—-+/3/2
dz oz ~ —sinm/3—cos2m/3  —\/3/24+1/2

(1 ) 7T) T 1 V3 (1 ) 7r> .1 V3 3
=(1—sin— — == — =(l—-sin-)sin—-=—— -
! ME) s T T Y 33T e T
The equation of the tangent line to the polar curve at § = 7/3 is

b6

or
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Q3 Compute the area th

Solution

at lies inside both curves r = 2cos 26 and r = 1.

ue
y

w/4

w/6 1
/ —(1%) d9+/
0 2 i
/7r/4

s
E+[9+

1
—(4 cos? 29)(19)
/6

Z 4

B (14 cos 49)d9)

)

sin — sin 27/3
4

/6 2

sin 460
4

w/4

/6
7T

6

)

trT
T V3
6 8

V3
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Q.4 Letd=(-1,-2,2) and b = (3,0,4).

i) Find the vector projection U =projz b.

ii) Evaluate 7 (b — 7).

Solution

i)

_ (=5 710 10
N9’ 979

B ~5 —10 10 510 10
Gob—v)=( 22 2N (32 2y 2
v-(b=17) <9’9’9><+9’9’ 9>

15 25 100 40 _ 100
o 8 8 9 381
—135 — 25 — 100 — 100 - 360

81

ii)
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Q5 Consider a triangle with vertices A(0,0,b), B(1,1,0) and C(2,3,0).

i) Compute the area of the given triangle.

ii) Find all values of b such that the area of the triangle is equal to 8.

Solution

— —
i) AB = (1,1,-b) and AC' = (2,3, —b)

AB x AC =

N — =

=i —bj+ k

AB x AC
Area of the triangle = %
VAP b+
B 2
2
241
ii) Area of the triangle = @ — 8. So,
V5b2 4+ 1 = 16
502 4+ 1 = 256
255
="
5
b =51

b= 451
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QG Find an equation of the plane that contains the line x = y = 32 — 1 and
the point B(2,3,0).

Solution

Parametric equations of the line are given by

So, A(0,0,1/3) is a point on the line and ¢ = (1, 1,1/3) is a vector parallel to
the line. Since the required plane contains the line, the point A is also on the
plane. Thus, the normal vector of the plane is

. ij ok
i=ABx#=]2 3 —1/3
11 1/3

4o - -

= —i—j—k

We have 77 = (4/3,—1,—1) and a point on the plane B(2,3,0). Hence, the
equation of the plane is given by

4
-2~y -8 —2=0
0 4 +1 0
I —t—y—2+- =
3t Y 3

or dr —3y—32+1=0



