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Abstract In this paper, we point out some inconsistencies in the earlier work of
Ahmad and Husain (Appl. Math. Lett. 18, 721-728, 2005), and present the correct
forms of their strong and converse duality theorems.
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1 Introduction

In connection with symmetric duality in multiobjective programming, Ahmad and
Husain [1] formulated a pair of Mond—Weir type nondifferentiable multiobjective
second order symmetric dual programs and established weak, strong and converse
duality theorems under second order F-pseudoconvexity/F-pseudoconcavity assum-
pions. But, in their strong duality theorem, the assumptions made by them are seemed
to be incorrect.

In this paper, we attempt to trace out this incorrectness and to resolve it by making
some modifications in the assumptions.
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2 Notations

The following convention for inequalities will be used: If x, u € R", then

xX>usxi>u, i=1,2,...n,
xXZ2u&exi2u, i=1,2,...n,
x>u<sx2u and x # u.

If F(x, y) is a scalar valued twice differentiable function of x and y, where x € R"
and y € R™, then v, F and v, F denote the gradient (column) vectors with respect to
first and second variables, respectively. Also, Vxx F, Vyx F and 7y F are respectively,
the n x n,n x m and m x m matrices of second order partial derivatives.

For other definitions and preliminaries, we refer to Ahmad and Husain [1].

3 Symmetric duality

Ahmad and Husain [1] discussed weak, strong and converse duality theorems for
the following pair of nondifferentiable multiobjective second order symmetric dual
programs:

(MP) Minimize K(x,y,w,p):(Kl(x,y,w,p), Ko(x,y,w,p), ..., Kr(x,y, w, p))
subject to

k
D nilvy filx, y) = Ciwi + vy fi(x, »)pil £ 0,

i=1

k
YO Ml fi(x. y) = Ciwi + Vyy fi(x. Y)pil 20,

i=1
wa;wi§1, i=1,2,...,k,
A >0,
x 2 0.

(MD) Maximize G(u, v, z,r) = (Gi(u,v,z,r), Go(u,v,z,r),...,Gr(u,v,z,r))
subject to

k
D il Ve fiw, v) + Bizi + Vax fil, v)ri] 20,

i=1
k

u Z)\z[fol(ua V) + Bizi + Vax fi(u, v)ri] = 0,
i=1

2Bz <1, i=1,2,...k,

A >0,

v =0,

@ Springer



Note on Mond—-Weir type nondifferentiable second order symmetric duality 601

where

1 1
K,'(X, y, w, p) = ﬁ(xv Y) + (xtBix)Z _ytciwi - EP,[ Vyy fi(x, y)I’i,

1 1
Gi(u,v,z,r) = fi(u,v) — V' Civ)2 +u'Biz; — Er{ Vax fi(w, v)ri,

Ai € R,pi, wi € R",rij, z; € R",i = 1,2,...,k, and f;,i = 1,2,...,k, are

twice differentiable functions from R"” x R™ to R, B; and C;,i = 1,2, ...k, are
positive semidefinite symmetric matrices of order n and m, respectively. Also, we
take p = (p1, p2, .-, pr), 7 = (1,72, ..., Fp), w = (Wi, w2, ..., w), and z =
(21,225 -+« » 2h)-

Ahmad and Husain [1] proved the following strong duality theorem for (MP) and
(MD):

Theorem 1 (Strong duality) Ler f : R" x R™ — RK be thrice differentiable. Let
(X, y, A, w, p) be aweak efficient solution for (MP), and A = A fixed in (MD). Assume
that

(1) Yy fi is nonsingular foralli = 1,2, ...k,
yy 8u
(i) the matrix Zle Ai(Vyy fiPi)y is positive or negative definite; and

(iii) the set {vyfi — C1w1 + Vyy [1P1, VyS2 — Cow2 + Vyy 2P2, - Vy Sk —
Crwi + Vyy fi Di} is linearly independent,

where f; = fi(x,y),i = 1,2,...,k. Then (x,y, AIZLF = 0) is feasible for (MD),
and the two objectives have the same values. Also, if the hypotheses of Theorem 3.1 in
[1] are satisfied for all feasible solutions of (MP) and (MD), then (x, y, Xz, 7 =0)
is an efficient solution for (MD).

One can observe that the assumption of positive or negative definiteness of the
matrix ZLI ):,»(vw fipi)y in the above theorem, and the fact that p; = 0,1 = 1,
2, ...,k (as proved in Theorem 3.2 [1]), are not compatible. In the following the-
orem an attempt is made in order to eliminate this inconsistency by making some

modifications in the assumptions.

Theorem 2 (Strong duality) Let f : R" x R™ — R be thrice differentiable. Let

(x,y, X, W, p) be a weakly efficient solution for (MP), and A = x fixed in (MD).

Assume that

(a) either (i) the matrix /vy fi is positive definite for all i = 1,2,...,k, and
Z;‘:l )_Liﬁlf[vyfi — Ciw;] = 0; or (ii) the matrix Vyy fi is negative definite
foralli =1,2,... .k, and 35_ % pl[Vy fi — Ciw;] < 0; and

(b) theset{vy fi—Ciwi+Vyy [1P1, Vy2—Cowr+Vyy f2D2, -+ » Vy fi — Crwg+
Vyy fk Pk} is linearly independent,

where f; = fi(X,¥),i = 1,2,...,k. Then (%, v, A, Z,7 = 0) is feasible for (MD),

and the two objectives have the same values. Also, if the hypotheses of weak duality

(Theorem 3.1 in [1]) are satisfied for all feasible solutions of (MP) and (MD), then

(X, ¥, A 2,7 = 0) is an efficient solution for (MD).
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Proof Since (x, y, X, W, p) is a weakly efficient solution for (MP), by the Fritz John
type conditions [2], there exist o € Rk, BeR" yeR,ve Rk, S e Rk, and& € R",
such that

k _
2 i
i=1 -

+ (Vyy fiP)xl(B —yy) —=§ =0, (1.1)

k -
2
i=1

k
_ 1 o - -
Vxafi + Bizi — E(Vyyfipi)xpt} + El AilVyx fi
i=

k

_ 1 o - - _ _

Vyfi — Ciw; — E(Vyyfipi)ypi:| + E rilVyy fi + (Vyy fii)y1(B =¥ Y)
i=1

k
—y > Xilvy fi — Cii + Vyy fipil = O, (12)
i=1
B—y) [Vyfi —Ciwi + vy fibi] =8 =0, i=12,...k (1.3)
a;Ciy +1iCi(B—yy) =2vCiw;, i=1,2,... k, (1.4)
Uy fi [B=y)hi —eipi] =0, i=12 ...k, (1.5)
Bz = ® B, i=1.2 ...k (1.6)
k
B' D hi(vyfi — Ciwoi + Vyy fi i) =0, (1.7)
i=1
k
Y3 D (v fi = Ciwi + Vyy fipi) =0, (1.8)
i=1
vi(zZ)fCiu')i—l)zo, i=1,2,...,k, (1.9)
s'h=0, (1.10)
XE=0, (1.11)
Bz <1, i=1,2,...,k, (1.12)
(@, By, v,8,8) 20, (1.13)
(@, By, v,8,&) #0. (1.14)

Since A > 0 and 8 > 0, (1.10) implies § = 0. Consequently, (1.3) yields

B—yd [vyfi = Ciwi + vy fipi] =0, i=1,2,... .k (1.15)

As vy fi is positive definite or negative definite fori = 1,2, ..., k, by hypothesis
(a) and (1.5), we get

B—yWhi =aipi, i=1,2 ...k (1.16)

Now, we cl_aim thato; # 0,i = 1,2, ..., k. Indeed, if for some i, &; = 0, then it
follows from A; > O for some i, and (1.16) that 8 = y y.
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From (1.2), we get
k k
D (@i = yA(Vy fi = Ciwi) + D ki Vyy fi(B—vI — v i)

i=1 i=1

k
-1
—i—Z(Vyyfiﬁi)y [(ﬂ —YYAi — Eaiﬁi] =0.
i=1

By using (1.16), it follows that

k k
_ 1 _
D (@i = vy fi = Cithi + Ty fipi) + 5 D 4i(Ty fipi)y(B = ¥5) =0,

i=1 i=1
which on using hypothesis (b) and 8 = yy yields
Ot,'=)/5»i, i=1,2,...,k.

As )_Li >0,i =1,2,...,k, and o; = O for some i, the equations o; = yii, i =
1,2,...,k, and B = yy show y = 0 = B. Therefore, (1.4) and (1.9) give v = 0,
and (1.1) gives & = 0. Thus, («, B, y, 8, v, &) = 0, a contradiction to (1.14). Hence
o >0,i=1,2,...,k.

On premultiplying (1.15) by 4;, and using (1.16) witha; > 0,i = 1,2, ..., k, we
obtain

ﬁl{(vyfi - Cilz)i + Vyyfil_’i) = Os i = 1725 ce ,k-
ByA; >0,i=1,2,...,k, it follows that
k k
D hipi(Vyfi = Ciwi) + D hi(piVyy fipi) = 0. (1.17)
i=1 i=1

We now prove that p; = 0,i = 1,2, ..., k. Otherwise, either (i) or (ii) of hypothesis
(a) implies that

k
%i p(Vy fi — Cihi) + D Ai(p}Vyy fi i) # 0,
1 i=1

M-

1

contradicting (1.17). Hence p; = 0,i = 1,2, ..., k. So, (1.16) gives
B=vy. (1.18)

@ Springer



604 Z. Husain, I. Ahmad

Substituting (1.18) in (1.2) with p; = 0,i = 1, 2, ...k, and on using hypothesis (b),
we get

O[,'Z)/)_»,', i=1,2,...,k,

and therefore y > 0.
Also, from (1.18), we have

~1
I

X |
1\
S

The remaining part follows on the lines of Theorem 3.2 [1].
Similarly the converse duality theorem in [1] can be correctly stated as:

Theorem 3 (Converse duality) Let f : R" x R™ — R¥ be thrice differentiable. Let
(u, v, A, Z, 1) be aweakly efficient solution for (MD), and A = A fixed in (MP). Assume
that

(a) either _(i) the matrix Vxx fi is negative definite for all i = 1,2,...,k, and
Zlekiff[vxfi + B;Zi] _§ 0; or (ii) Vxxfi is positive definite for all
i=1,2,....k and >5_, L7 [V fi + BiZi] 2 0; and

(b) the set {vx f1+ B1Z1 + Vux [171, Vx J2+ B2Z2 + Vux 22, - ., Vi fi + Bizk +
Vxx fkTk} is linearly independent,

where f; = fi(u,v),i =1,2,...,k. Then (u, v, AW, p = 0) is feasible for (MP),
and the two objectives have the same values. Also, if the hypotheses of weak duality
(Theorem 3.1 in [1]) are satisfied for all feasible solutions of (MP) and (MD), then
(i, 0, A, W, p = 0) is an efficient solution for (MP).
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