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Abstract A unified higher-order dual for a nondifferentiable minimax programming
problem is formulated. Weak, strong and strict converse duality theorems are dis-
cussed involving generalized higher-order (F, «, p, d)-Type I functions.
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1 Introduction

Several authors have shown their interest in developing optimality conditions and du-
ality results for minimax programming problems. Schmitendorf (Ref. [1]) considered
the following minimax programming problem:

(P)  Minsup f(x,y),
yeY

st. g(x)<0, xeR",

where Y is a compact subset of R!, the functions f(,):R" x R — R, and g():
R" — R™ arein C'.

In Ref. [1], Schmitendorf established necessary and sufficient optimality condi-
tions for (P) under convexity. Tanimoto (Ref. [2]) applied these optimality conditions
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to define a dual problem and derived duality theorems, which were extended for frac-
tional analogue of (P) by several authors (Refs. [3—15]). Liu (Ref. [16]) discussed the
second-order duality theorems for (P) using the concepts of second-order B-invex
and related functions. A comprehensive view of the minimax problem can be seen in
Ref. [17].

In this paper, we consider the following nondifferentiable minimax programming
problem:

(NP) Minsup f(x,y) + (x” Bx)!/2,
yeyY

st. gx)<0, xeR",

where Y is a compact subset of R!, f(,):R" x R' - R, g(): R" — R™ are con-
tinuously differentiable functions at x € R", and B is an n x n positive semidefinite
symmetric matrix. Recently, Mishra and Rueda (Ref. [18]) discussed duality results
for a general Mond-Weir type second-order dual of (NP) involving generalized Type-I
functions.

In this paper, we formulate a unified higher-order dual of (NP) and establish weak,
strong and strict converse duality theorems under higher-order (F, «, p, d)-Type 1
assumptions. More precisely, this paper is an extension of the second order duality
results of Mishra and Rueda (Ref. [18]) to a class of higher-order duality, and hence,
presents an answer of a question raised therein. Many of the previously published
results in this class of optimization appear as special cases of our results.

2 Notations and Preliminary Results

Let R" be the n-dimensional Euclidean space, R’} be its nonnegative orthant and let
X be an open set in R”. In what follows V stands for the gradient vector with respect
to x throughout the paper.

Let S = {x € X : g(x) <0} denote the set of all feasible solutions of (NP). Any
point x € S is called the feasible point of (NP). Let / = {1, 2, ..., m} be an index set.
For each (x, y) € § x Y, we define

Jx)={jeJ:gj(x)=0}
Y)={yeY: f,y)+&TBo)Y =sup f(x,2) + (T Bx)1/?},

zeY

and

K=1Gt,) eNxR. xR :1<s<n+1,t=(t1,12,....1,) € R’
N
with Y i =1,5= 1. 52,....F) with j; € Y(x),i =1,2,....s 1.

i=1

Definition 2.1 A functional F : X x X x R"™ — R is said to be sublinear in its third
argument if, Vx, x € X,
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(i) F(x,x;a1+a2) < F(x,x;a1) + F(x,X;a3), Yai,a; € R,
(i) F(x,x;aa)=aF(x,Xx;a), Ve € Ry,a € R".
By (ii), it is clear that F'(x, x; 0a) =0.

Liang, Huang and Pardalos (Refs. [19, 20]) introduced the concept of (F, «, p, d)-
convex function, which was further extended to generalized second-order (F, «, p, d)-
convex functions and generalized second-order (F, «, p, d)-Type I functions by Ah-
mad and Husain (Ref. [21]) and Hachimi and Aghezzaf (Ref. [22]), respectively.
Here, we rewrite the recently introduced definitions of higher-order (F,«, p,d)-
Type I functions (Ref. [23]) for a minimax programming problem (P) as follows:

Let F be sublinear and let d(-,-) : X x X — R. Let p = (p', p?), where p! =
(,011,,021, ey ,osl) € R’ and p* = (pf, ,0%, ey ,031) € R™, and let « = (a!, ), where
al,a?: X x X — Ry \{0}. Let f(-,-): X x Y(x) = R and g(-) : X — R be dif-
ferentiable functions at x € X.

Definition 2.2 For each j € J, (f, g;) is said to be higher-order (F, «, p, d)-Type I
at x € X with respect to p € R" if, for all x € S and y; € Y (x),

@30 = fE.50) +h(E 5i. p) — pT Vph(X. 5. p)
+ F(x, %0 (0, ©)(V,ph(X, 3, p) + pld?(x, %), i=1,2,...,s,
—[g;(X) +kj (%, p) — p" Vpk;(E, p)]
> F(x, % 0% (x, D)(Vpkj (X, p))) + pjd°(x, %).

Definition 2.3 For each j € J, (f,g;) is said to be higher-order (F,a, p,d)-
pseudoquasi-Type I at x € X with respectto p € R" if, for all x € S and y; € Y (x),

@30 < fGE.5) +h(E, 5i. p) — p' V,h(E. 5. p)
=  Fx, %o (B (Vph(E, i, p) < —pld*(x, %), i=1,2,...,5s,
—[gj (%) +kj (%, p) = p" V,k; (X, p)1 <0
= F(x, %0’ (x, D)(Vpk;(E, p)) < —pid*(x, %).
In the above definition, if
F(x,% o' (x, ©)(V,h(X, 5i, p))) = —p} d*(x, %)
= f@3)> fE ) +hE 5. p)—p Voh(E. 5 p), i=1,2,....5,
then we say that (f, g;) is higher-order (F, «, p, d)-strictlypseudoquasi Type I at x.
Remark 2.1 If o' (x, ¥)=a>(x, ©)=1, h(X, i, p)=pT Vf (&, 3)+3pT V2 f (&, 5P,
pl=0,i=12.. 5k p) =p'Vegi(®) +3p"Vi¢j(®)p,p?=0,j€J and
F(x,x;a) = nT(x, X)a, where 1 : § x X — R", then the above definitions reduce

to that of second-order Type I/second-order pseudoquasi Type I functions given by
Mishra and Rueda (Ref. [18]).
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Lemma 2.1 (Generalized Schwartz Inequality) Let B be a positive semidefinite sym-
metric matrix of order n. Then, for all x,u € R",

xTBu < (xTBx)l/z(uTBu)l/z.

We observe that equality holds if Bx = ABu, for some A > 0. Evidently, if
uT Bu < 1, we have
xT Bu < (xTBx)l/z.
The following theorem is a particular case of Theorem 3.1 in Ref. [6] and will be
needed in the present analysis.

Theorem 2.1 (Necessary Conditions) If x* is a (local or global) solution of (NP)
satisfying x*T Bx* > 0, and if Vgi(x™), j € J(x*) are linearly independent, then
there exist (s*,t*,y*) € K,u™ € R", and u* € R} such that

s* m
D OHVFEE I+ But+ ) Vulg(x*) =0,
i=1 j=1

m
Y g =0,
j=1

s*

>0, i=12....5) tf=1,
i=1

3 Unified Higher-Order Duality
In this section, we formulate the following unified higher-order dual of (NP) and
derive duality results:

S

(GD)  max sup Y {3 +h(Fi.p) = pTVph(z 5 p)}
S EIEK (zu . p)eH (s,.9) =

+2"Bu+ Y {1jgj(@) + nikj@ p) = p' Vp(uik(z, p)},
jels

where H (s, t, y) denotes the set of all (z, u, i, p) € R" x R" x Rfﬁ x R" satisfying

S m
> Vo 5 p) + Bu+ Y Vy(uiki (. p)) =0, M
i=1 j=1

Z {jgj (@) + mjkj(z p) = p Vp(ujkjz, p)} =0, B=1,2,....,r, (2)
Jj€Jp

ul Bu <1, 3)
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where Jg € J ={1,2,....m}, B=0,1,2,...,r, with JgNJ, =0 if B # v,
— = J. I, tor a triplet (s,7,y) € K, the set s,t,y) =4, then we define
/20],3 J. If, fi iplet ( y) € K, th H( y) =, th defi

the supremum over it to be —oo.

Remark 3.1 Let h(z, i, p) = p"Vf(z,51) + 3p" V2 f (2, 5)p,i = 1,2,...,5, and
kj(z,p) = pTng(z) + %pTvzgj(z)p,j € J. Then (GD) reduces to the second-
order dual (Refs. [18, 24]). If, in addition, B = 0, then we get the dual formulated by
Liu (Ref. [16]).

Theorem 3.1 (Weak Duality) Let x and (z,u, 1, s,t,y, p) be the feasible solutions
of (NP) and (GD), respectively. Suppose that

[an(-,yi) + O Bu+ Y g Y wjgi(), =12, .. .,r}
i=1 jeds jeJg

is higher-order (F, a, p, d)-pseudoquasi Type I at 7 and
2
al(x,2)  a?(x,2) ) 7

sup f(x, y) + (x7 Bx)!/?
yeY

Then

s
> Y 6l f (2 30) +h(z, 5i, p) — pTV,ph(z, 5i, )} + 2" Bu

i=1

+ ) njgi@ + ik p) = T Vp(uiki(z, ).
jeds

Proof Suppose, contrary to the result, that

sup f(x,y) + (xT Bx)"/?
yeY

N
<> tlf @) +h@ i, p) — T Vph(z, 5i, p)) + 27 Bu
i=1

+ D {18 @) + mikj(z p) = p"V,(uik; (2, p))).
Jeds

Thus, we obtain

f, 50+ T Bx)'/?

N
<Y 6lf @) +h(z i p) = p"Vph(z, 3i, p)} + 2" Bu
i=1
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+ Z{Mjgj(z) +wik; @z p) — p" Vp(ujkj(z, p)},
Jjedo

forally; e Y(x),i =1,2,...,s.
It follows from¢; >0,i =1,2,...,s, that

7 [(ﬂx, i) + (" Bx)!/?) — (Zti{f(z, ) +h(z, 3i, p) = P Vph(z, 3i, p))

i=1
+2"Bu+ ) {ujgi(@) + miki(z. p) — p" Vp(uik;(z, p))})} <0,
jels
i=1,2,...,s,

with at least one strict inequality, since ¢ = (t1, t2, ..., t;) # 0. Taking summation
over i and using ) ;_, #; = 1, we have

S hf G 5 + (T B2

i=1
N
<Y il f @) +h@ 5, p) = pTVph(z, 5i, )y + 27 Bu
i=1
+ ) Anjgj @)+ mikj( p) — pT V(e ikj . p)},
jeds

which, by the feasibility of x for (NP) and u € R}, gives

Y f )+ 6B+ g x)

i=1 jels
N
< Y il f @3 +h(z 5, p) = pTV,ph(z, 3, p)}
i=1

+2"Bu+ ) {jgi(2) + miki(z. p) — " Vp(jkj(z. p)).
jeds

It follows from Lemma 2.1 and (3) that

D otifCe ) +x"Bu+ Yy pjgix)

i=1 Jjels

N
<Y 6lf @) +h(z i p) = p"Vph(z, 3i, p)} + 2" Bu
i=1

+ > {18 @) + mikj p) = p"V,(ujk;(z. p))). )
jels
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Also, from (2), we have

= D g @+ ki@ p) = pTVp(uiki@ P} S0, B=1,2,....r. (5)
J€JB

The higher-order (F, «, p, d)-pseudoquasi Type I assumption on
)
|:Ztif(" 5)+ O Bu+ Z wjgiC), Z nigi(), B=1, 2,...,r]
i=1 jeds jedg
at z, with (4) and (5), implies
N
F(x, zal(x, z){vaph(z, Vio )+ Bu+ Y Vp(ujk;(z, p))})
i=1 Jj€Jo
< —pld*(x,2),
F<x,z; a?(x,2) Y Vy(ujkj(z, p))) <—ppd*(x.2). B=1.2,...r
J€JB

By using al (x,z) >0, az(x, z) > 0, and the sublinearity of F in the above inequali-
ties, we summarize to get

) m
F(x, Z; Ztivph(z, yi, p) + Bu+ va(ujkj(z, p)))

i—1 j=1

1 r 2
Py 2 p=1P5)
— d*(x, 7). 6
B (al(x,z) MRS () ©
Since
,011 n 273:1 Pé -0
al(x,z) = o?(x,2) ) 77
inequality (6) yields
N m
F(x,z; vaph(z,y,-,p)+Bu+2vp(ujk,-(z,p))> <0,
i=1 j=1
which contradicts (1), as F(x, z; 0) =0. O

Theorem 3.2 (Strong Duality) Let x* be an optimal solution of (NP) and let
Vgi(x™), j € J(x*) be linearly independent. Assume that

h(x*,yF,0)=0, Vph(x*, 37,00 =V ™3, i=12..s,

kj(x*,0)=0, Vpki(x®,0)=Vg;(x"), jel.
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Then there exist (s*,t*,y*) € K and (x*,u*, u*, p*) € H(s*,t*,¥*) such that
*,u*, w*, s*, %, 3%, p* =0) is a feasible solution of (GD) and the two objectives
have the same values. Furthermore, if the assumptions of weak duality (Theorem 3.1)
hold for all feasible solutions of (NP) and (GD), then (x*, u*, u*, s*, t*, y*, p* =0)
is an optimal solution of (GD).

Proof Since x* is an optimal solution of (NP) and Vg;(x*), j € J(x*) are linearly
independent, by Theorem 2.1, there exist (s*,¢*, y*) € K and (x*,u™, u*, p*) €
H(s*, t*, y*) such that

*

s m
D HVEQ I+ But + ) Vuligi(x*) =0, ®)
i=1 j=1
m
> wigjx*) =0, 9)
j=1
s*
>0, i=12,...,5%, Ztl.*:l, (10)
i=1
wTBu* <1, (11)
o*T Bx)12 = x*T Bu*. (12)

Thus the relations (8)—(11) along with (7) imply that (x*, u™*, u*, s*,t*, y*, p* =0)
is a feasible solution of (GD). Also (7), (9) and (12) with p* = 0 show the equality
of objective values. Optimality of (x*, u*, u*, s*, t*, y*, p* = 0) thus follows from
weak duality (Theorem 3.1). O

Theorem 3.3 (Strict Converse Duality) Let x* and (z*, u™, u*, s*,t*, y*, p*) be the
optimal solutions of (NP) and (GD), respectively. Suppose that

i=1 Jj€Jo J€Jp

is higher-order (F, a, p, d)-strictly pseudoquasi Type I at z* with

2
al(x*,z%)  a?(x*,z%) ) T 7

and that Vg ;(x*), j € J(x¥), are linearly independent. Then, z* = x*; that is, Z* is
an optimal solution of (NP).

Proof Suppose to the contrary that z* # x* to exhibit a contradiction. Since x* and
(z*, u™, u*, s*, t*, y*, p*) are the optimal solutions of (NP) and (GD), respectively,
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and since Vg;(x*), j € J(x*) are linearly independent, therefore from the strong
duality (Theorem 3.2), we obtain

sup f(x*, y*) + (x*T Bx*)!/2
y*eY

S*

=Y UGS T +hE 5 PN = T Vph(2 5 ph)

i=1
+ 2T But + ) (g () + Wikt p*) = p Y, (wik; L p)).
jels

Thus, we have

FO& 35 + o Ba)1/?

*

N
<Y @I +hE I pY) = prTVoh(E S )
i=1
+ 2T But + ) {whe () + Wikt pY) = pT Vp(wik; L p)),

J€Jo

for all y,.* eY(x*),i=1,2,...,s*.
Now, proceeding as in Theorem 3.1, we get

s*
S fat I+ But + ) g (x")
i=1 J€Jo

*

N
< 2T +hE 5 P = PV T p) + 2t But

i=1

+ > w58 ) + ik p*) = p*T V(KL p)). (13)
Jj€do

From (2), we have

= > Awhgi @) + whk;(2*, p*) — p*TVp(Mf,*kj(z*, pPNI<0, B=1,2,...,r,
J€Jp

which by the second part of higher-order (F, «, p, d)-strictlypseudoquasi Type I as-
sumption on

[Zti*f(-,i?H(JTBu*Jr Do wigi(), Y wigi (), p= 1,2,~~,r}

i=1 jeds jels
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at z* gives

F(x*,z*; (%, 2% D Vp(uik; (2, p*))> < —ppd*(x*.2%)., B=1.2,....r.
J€Jp

As az(x*, z*) > 0 and as F is sublinear, it follows that

2
P
F<x*,z*; Z Vp(ik; (", p*))) < —Olz(i*ﬁdz(x*,z*), B=1,2,...,r.

i, x*,z%)
(14)
From the first dual constraint, (14) and the sublinearity of F, we have

s*
F(x*, 25 Y GVh(F S Y+ But + YV (uhk (2, p*)>)

i=1 Jedo
> k105
,3:1/05 d2( ko _k
> — ——~d"(x", 2.
as(x*, z%)

In view of

1 r 2
=1P
( 2 +z,31ﬂ>207

Ocl(x*,z*) ozz(x*,z*)

ol (x*, z*) > 0 and the sublinearity of F, the above inequality becomes

S*
F(x*, ol (1, z*){ervph@*, FEpY) + But + )V (k2 p*))})

i=1 jels
> —pld®(x*, 2%).

On using the first part of the said assumption imposed on

i=1 jels JjE€Jp

at z*, it follows that

S*
Dot I+ Bt + ) g ()
i=1 j€lo

*

N
> Y UGS T +hE T ) = T VhEE 5 p)
i=1

+ 2T Bu ) e (@) + k(2 p) = PV, (wik L pr)],
J€Jo

which is a contradiction to (13). Hence, z* = x*. Il
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Remark 3.2

(i) If we take h(z, 3;, p) = pTVf(z. 5) + 3pT V2 f (2. 3)p, i =1,2,....s, and
kj(z, p) = pTVgj(2)+1pTV?g;(2)p, j € J in Theorems 3.1-3.3, then we get
Theorems 4.1-4.3 discussed by Ahmad, Husain and Sharma (Ref. [24]). If, in ad-
dition, o' (x, X) = 1 = &*(x, %), p; =0 = pg, B=1,2....,rand F(x,z;a) =
nT (x, z)a for a certain mapping 1 : S x X — R", we obtain Theorems 3.1-3.3
in (Ref. [18]).

(i) If we put h(z.3i.p) = p' V@ 3) + 5p"V2f(@.5)p. i =125,
ki(z,p)=pTVgj@) +3pTV?gi(@)p, jeJ,and Jg=¢, f=1,2,....rin
Theorems 3.1-3.3, then we obtain Theorems 3.1-3.3 in Ref. [24].

4 Further Development

The results appeared in this paper can be further generalized to the following related
classes of nondifferentiable minimax programming problems:

T gy)1/2
(P1) Minsup¢(x’y)+(xT x)lz’
yeyY Yx,y)—(x Dx)1/

st. gx) <0, xeR",

_ Re[¢ (£, v) + (z7 Bz)'/?)
(P2) Minsup @ (& v) — GF Do) 2]

st. —g@E)ese, gec?,

where £ = (z,2),v=(w,®) forze C",w e CL.p(-,-) : C¥" x C* — C and ¥ (-,") :
C?" x €% — C are analytic with respect to &, W is a specified compact subset in
C?, §° is a polyhedral cone in C” and g : C*" — C™ is analytic. Also B, D € C"*"
are positive semidefinite Hermitian matrices.
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