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Abstract In this paper, new classes of generalized (F, «, p, d)-V-type I functions
are introduced for differentiable multiobjective programming problems. Based upon
these generalized convex functions, sufficient optimality conditions are established.
Weak, strong and strict converse duality theorems are also derived for Wolfe and
Mond-Weir type multiobjective dual programs.
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1 Introduction

In 1981, Hanson [1] introduced the concept of invexity and established Karush-Kuhn-
Tucker type sufficient optimality conditions for a nonlinear programming problem.
Later, Hanson and Mond [2] defined two new classes of functions, called type I
and type II functions in nonlinear programming, which were further generalized to
pseudo-type I and quasi-type I functions by Rueda and Hanson [3]. Both classes are
related to, but more general than, invex functions. In [4], Kaul et al. considered a dif-
ferentiable multiobjective programming problem involving generalized type I func-
tions. They investigated Karush-Kuhn-Tucker type necessary and sufficient condi-
tions and obtained duality results under generalized type I functions. Bector et al. [5]
introduced the concept of univex functions as a generalization of B-vex functions
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introduced by Bector and Singh [6]. Combining the concepts of type I and univex
functions, Rueda et al. [7] gave optimality conditions and duality results for several
mathematical programming problems. Aghezzaf and Hachimi [8] introduced classes
of generalized type I functions for a differentiable multiobjective programming prob-
lem and derived some Mond-Weir type duality results under the above generalized
type I assumptions.

The concept of (F, p)-convexity was introduced by Preda [9] as an extension of
F-convexity [10] and p-convexity [11]. Gulati and Islam [12] obtained sufficient op-
timality conditions and duality theorems for multiobjective programming problems
under generalized F-convexity. In [13], Ahmad derived several sufficient optimal-
ity conditions and duality results involving generalized (F, p)-convex functions. Re-
cently, combining the concepts of (F, «, p, d)-convexity [14] and generalized type I
functions [2], Hachimi and Aghezzaf [15] gave sufficient optimality conditions and
mixed type duality results for multiobjective programming problems. Other classes
of generalized type I functions have been discussed in [16, 17].

In this paper, we will introduce new generalized classes of type I functions,
called (F,«, p,d)-V-type 1 functions by combining the concepts of generalized
(F,«a, p,d)-type I functions [15] and generalized V -invex functions [18]. Sufficiency
optimality conditions will be obtained for multiobjective programming problems in-
volving generalized (F, «, p, d)-V-type I functions. Duality results will also be ob-
tained by associating Wolfe and Mond-Weir type duals with the multiobjective pro-
gramming problem.

2 Notations and Preliminaries

The following convention of vectors in R" will be followed throughout this paper:
X2y xiZy,i=12,...n, x>y x2y, X#Ey, x>y X >y, i =
1,2,...,n.

We consider the following nonlinear multiobjective programming problem:

(MP) Min  f(x) = (fi1(x), f2(x), ..., fk(x)),
st. xeX,={xeX:gkx)20}

where X C R" is an open set and the functions f = (f1, f2,..., fr): X — R* and
g=10(g1,82,...,8m): X — R™ are differentiable on X.

Since the objectives in multiobjective programming problems generally conflict
with one another, an optimal solution is chosen from the set of efficient/weakly effi-
cient solutions in the following sense [19].

Definition 2.1 A point x € X, is said to be an efficient solution of (MP) if there
exists no x € X, such that

fx) = f().
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Definition 2.2 A point x € X, is said to be a weakly efficient solution of (MP), if
there exists no x € X, such that

fx) < f(X).

Let F be a sublinear functional and let d : X x X — R be a metric. We introduce
the index sets K ={1,2,...,k}and M ={1,2,...,m}. Also,forx € X, J(x) ={j :
gj(x) =0} and g; denotes the vector of active constraints at x.

Along the lines of Hachimi and Aghezzaf [15] and Jeyakumar and Mond [18], we
now define the following classes of generalized convex functions.

Definition 2.3 (f, g) is said to be (F, «, p,d)-V-type L at x € X if there exist vectors

— 1 1 2 2 _ 1 1 2 2 : 1 2.
a—(al,...,ak,al,...,am) and,o—(pl,...,pk,pl,...,pm), with o, oy X X

X — R, \ {0} and pil,plz.e R fori € K, j € M, such that, for each x € X, and for
allieK,jeM, '

fi(x) = fi(®) 2 F(x, % 0] (x, ©)V £ () + pj d*(x, %),
—gj(®) Z F(x, %; aj(x, )Vg; (%)) + pjd°(x, %).

If in the above definition the first inequality is satisfied as
fi) = fi(®) > F(x, % 0} (x, DV i () + p/ d*(x, %),
then we say that ( f, g) is semistrictly (F, «, p, d)-V-type I at x.

Remark 2.1

(i) If o} (x,%) = ! (x, %) and ajz(x,i) =a?(x,x) fori € K, j € M, the above
definition become that of (F,«a, p, d)-type I function introduced by Hachimi
and Aghezzaf [15].

(i) If p} =sz =0fori € K, jeMand F(x,x;a) =a” n(x,x),withn: X x X >
R", the inequalities become those of V-type I functions introduced by Hanson
etal. [16].

(iii) If o (x, %) = af(x,;z) =1,p = p]2- =0forieK, jeM and F(x,X;a) =
a’n(x,x), we obtain the definition of type I function given by Hanson and
Mond [2].

Example 2.1 Consider the following multiobjective programming problem:

Min  f(x1,x2) = (x2(r — x2)e®1, sin? x1, x4 cosx2),
st.  (x,x)eX, gi=m—4x 50, gy=-—cosxy; 20,

where X = {(x|,x2):0<x; < F.0<x2< T}, f=(fi. . H): X > R, g=
(g1.82): X > R%.
The feasible region is X, = {(x1,x2) : T S x1 < 37”, 0<x2= 3}
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It can be seen that (f,g) is (F,a, p,d)-V-type I at X = (%, %) € X, for

F(x,%;a) = a’ (x — X),d(x,%) = \/(m —IV 4+ (- 52 o = (o}, 0,0,
of.@3). p = (pf. p3. £3. P 7). Where af = 1oy = - 0f = .o = Loj =
1L, pl = —%, Py = —%, Py = 1]—5, p? =0, p3 =0.But (f, g) is not type I and V-type I
function introduced by Hanson and Mond [2] and Hanson et al. [16] respectively
as can be verified by taking the feasible point (7, T) or (w, 7). Also (f, g) is not
(F,a, p,d)-type I function introduced by Hachimi and Aghezzaf [15]. For this, if
o f = aé = aé =1, then the inequalities for i =2, 3 are not satisfied at (2§T . 5) € Xo.

e 1 1 1
Also, 1fa1_oz2_a3

eI + 5 (or 2ﬂ) then the inequality for i = 3 (or 2) is not

satisfied at (%, &) (or (3, g))e Xo.

Definition 2.4 (f, g) is said to be quasi (F o, p,d)-V-type I at)E € X if there exist
a=@l,....a},al,...,a2) and p = (p', p2)€R2 with &/ a X x X+ Ry \
{0} fori € K, j € M, such that, for each x € X,

k k k
Yoa i) al fid = F(x,i;ZVfi(i)>é—ﬁldz(x,i),
i i i=1

m m
- &]281(5)20 = F(x,i;Zng(i)) < —p%d*(x, %).
j=1 j=1

Definition 2.5 (f, g) is said to be pseudo (F,&, ,5, d)-V-type I at x € X if there

*1 *1 *2 *2 * x1 %2 . *1 *2
exist o= (al,...,ak,al,...,am) and o= ( P, P ) € R?, with aj,oj: X x X >

R\ {0} fori € K, j € M, such that, for each x € X,,

( ZVﬁ(x))>—pd2(x ¥ = Zalf,(x)>2a1fl(x>

i=1 i=1

" *2 " *2
F(x,i;Zng(i)) > PP = - 4 g 20.

j=1 j=1

Definition 2.6 (f, g) is said to be pseudoquasi (F a, p,d)-V- typeIat)E € X if there
exist&:(&},...,&,&,&%,.. o ) and 5 = (p', p%) € R?, w1tha oz XX X
R\ {0} fori € K, j € M, such that, for each x € X,,

k
Z (x)<Zoz fix) = F(x X; ZVf,(x)>< pldz(x X),

i=1 i=1 i=1
m m
- &g @0 = F<x,i;Zng(5c)> < —p%d%(x, %).

j=1 j=1
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If in the above definition the first inequality is satisfied as

k k k
YE sy alim = F(L)&ZVﬁ(i))<—,51d2(x,f),
i=1

i=1 i=1

then we say that (f, g) is strictly pseudoquasi (F, &, o, d)-V-type I at x.

Definition 2.7 (f, g) is said to be quasipseudo (F, &, p, d)-V-type L at x € X if there

e a(al ~1 A2 22 A Al A2 2 itk &l A2
ex1sta:(al,...,ak,al,...,am)and,o:(,o,p)eR,Wlthai,aj.XxX|—>

R4\ {0} fori € K, j € M, such that, for each x € X,,

k k k
F(x,x;ZVf,»(;z)) >—pld®(x, ) = Y a&lfi)>) &l fi(%),
i=1 i=1 i=1

—Z&,Z-gj(i)<0 = F(x,i;Zng()‘c))<—,32d2(x,x),

j=1 =1

If in the above definition the second inequality is satisfied as

m m
Y g (HZ0 = F(x,i;Zng()E))<—,62d2(x,)f),

j=1 j=1

then we say that (f, g) is quasistrictly pseudo (F, &, p,d)-V-type I at x.
Using the sublinearity of F(x,X;.), one can see easily from the above defi-
nitions that an (F,«a, p,d)-V-type I function is both quasi (F,«, p,d)-V-type 1

k
(with &' = ﬁ,i € K,&JZ. = a%,j €M and p' = infxeXO{Z(all) ol}, p* =
i J i=1 i

m * *2
infyex { (a_lz) pjz.}) and pseudo (F, «, p,d)-V-type I (with Ol}z o%"i €eK,aj=
j=1 i

J

i=1 J

*1 k *x2 m
“jeMand p =infiex, {3 (Cnp) P =infrex, (X (G0 p7D).
J j=1

3 Sufficiency Conditions

We now establish several sufficiency theorems which enable a feasible solution
of (MP) to be a weakly efficient solution of (MP). In this section and in Sect. 5,
f* denotes the vector (A f1, A2 f2, ..., Ak fi) and g’} denotes the vector whose com-

ponents are (t;g;, j € J.
Theorem 3.1 Suppose that there exists a feasible solution x of (MP) and scalars

_ k _
2i20,i=1,2,....k, Y A =1,1; 20, j € J(X) satisfying
i=1
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€ Zl VEE + Y jVgi(x) =
jeJ(x)
(i1) (f gj) is (F,otjp d)-V-type Il at X,

[pl ”‘Jp
(iii) Z TeD + Y T >0,

i=1% JeJ (%) %
then X is a weakly efficient solution of (MP).
Proof By hypothesis (ii), we have
fi(x) = fi(X) 2 F(x, 550} (x, 5)V f; (X)) +,0ild2(x,i), i€k,
0=—g;(X) = F(x, % ;(x, ))Vg;(¥) + p7d*(x. ), j € ().

As ail (x,x) >0, i € K and otjz.(x,i) >0, j € J(x), the above inequalities along
with the sublinearity of F give

fit) & pLED S o LG ew), ek

W, %) ol ®) ol (x, %)
_pfdz(xvi) _ _ . _
— 2 F(x,x;Vgj(x)), jelJQ).
otj(x,x)
_ k _
Since A; 20,i =1,2,...,k, Y A =1,1; 20, j € J(X), using hypothesis (i) and

the sublinearity of F, we get

k = k = — kK 7 12 _
Ai fi(x) B Ai fi (%) B Lip;d*(x,X) /Ljpjd (x,X%)
gail(x,i) izzla}(x,i) lzzl al (x, %) ]§0c) o 2(x, %)
k
2 F(x,i; Zi,Vf,-()E)) —i—F(x,)E; Z ﬂngj(j)) >0.
i=1 jeJ ()

Thus,

ko= ko= _ Kk oor o - 2

Ai fi(x) Ai fi(X) Ai p; HjP; -
DA g B (M 5 ) e,
i i i AN

o (%) e X) — o; (x, %) jeI®

Now, using hypothesis (iii), the above inequality becomes

koro, kozooo
Z)"ﬁ(x) Z?»fz(X) M

ila(xx) a(xx)

If x is not a weakly efficient solution of (MP), then there exists a feasible solution
X (x # x) of (MP) such that

filx) < fi(x), i€eKk.
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_ k _
Since ; =20, Y 4; =1 and ail (x, %) > 0, we have
i=1

Mfi) s Aifi(®)
DD T i Dt

o (x,X)
which contradicts (1). Hence, x is a weakly efficient solution of (MP). (I

Remark 3.1 For the multiobjective programming problem considered in Example 2.1
it has been shown that (f, g;) is (F,a, p,d)-V-type L at X = (T, 5) € X,. It is easy
to see that the hypotheses (i) and (iii) of Theorem 3.1 are also satisfied at this point
foraj =0, = %, A3 8 S =g Land puy = 18 Hence, (%, %) € X, is a weakly
efficient solution.

Theorem 3.2 Suppose that there exists a feasible solution x of (MP) and scalars
k

220,i=1,2,....k,> h=1,1; 20, j€J(X) satisfying

® Z?» Vi + X Vg =

JjeJ(x)
(ii) (f)‘, gJ) is pseudoquasi (F,a, p,d)-V-type I at x,
(i) o'+ 5% 20.
Then, x is a weakly efficient solution of (MP).

Proof Suppose that x is not a weakly efficient solution of (MP). Then, there exists a
feasible solution x (x £ x) of (MP) such that

fikx) < filx), ieKk.

-
&

I
<N

Using 2; >0, Y ;=1 and&il(x,i)>0, fori € K, we get

k
Z @} (x, H)Ai fi(x) <Za (x, DA fi (%) 2

i=1

Also, g;(X) =0, j € J (%) yield

D &x ©)it,gj(x) =0. 3)

JjeJ(x)
By hypothesis (ii), inequalities (2) and (3) imply
k
F(x, % ZLVW)) <—p'd*@. %),
i=1
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F<x,f; > ﬂng./()E>>§—ﬁ2d2(x,f>.

jeJ(x)

Summing the above two inequalities and using the sublinearity of F, we obtain

k
F<x,x;ziiwj®+ 3 ﬁngj(az))

i=1 jeJ (@)

k
§F(x,x;ziiVﬁ(i>)+F(x,x; > ﬂJVg,m)
i=1 jeJ(x)

<—(p'+pH d*(x,%).

Using hypothesis (iii), we have

k
F(x,x;ziivmw > /:L,»Vg,-(@) <0,
i=1 jeJ(x)
which in view of hypothesis (i) contradicts F(x, x;0) = 0. Hence, x is a weakly
efficient solution of (MP). O

Remark 3.2 If the pseudoquasi-type I assumption in the above theorem is replaced
by the strictly pseudoquasi-type I assumption, we get the stronger conclusion that x
is an efficient solution of (MP). This result is stated below. The proof follows on the
same lines.

Theorem 3.3 Suppose that there exists a feasible solution x of (MP) and scalars
k

iizo,i=1,2,...,k,ZX,:l,ujgo, j € J(X) satisfying

6 Z)‘Vfl(x)‘i‘ Z M]Vg](x)

JeJ(X)
(i) (f)‘, gj) is strictly pseudoquasi (F, &, p,d)-V-type I at X,
(i) p'+p*=0.
Then, x is an efficient solution of (MP).

Theorem 3.4 Suppose that there exists a feasible solution x of (MP) and scalars
k

)_Ligo,izl,Z,...,k,Z):i: pj 20, jeJ(X) satisfying

® ZK Vi@ + Y a;Vei(x) =

JjeJ(x)
(i) (f)‘, gj) is quasistrictly pseudo (F, &, p,d)-V-type I at X,
(i) p' +p%=>0.
Then, x is a weakly efficient solution of (MP).
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Proof Suppose that x is not a weakly efficient solution of (MP). Then, following the
proof of Theorem 3.2, we obtain

k k

Y 6! Dk i) < D& (L DA fi(E). 4

i=1 i=1

> Fx D)t g (X) =0. ®)
jed @

As hypothesis (ii) holds, we have

k
F<x,i; ZLVﬁ(i)) > —pld?(x, %)

i=1

k k
= Y DN > )& (D fi(E), (6)
i=1 i=1
- Y @, D)jg (D=0
JEJ ()
= F<x,f; > ﬂngj(i)><—/32d2(x,f)- @)
JjeJ(X)
In view of (7), (5) implies
F(x,f; > ungjoz)) < —p*d*(x, ). ®)
JEJ(X)

The hypothesis (i), along with the sublinearity of F, yields

k
0=F(x,x;ZXin,-(X)+ > ﬁng,-@))

i=1 jeJ(x)
k

< F(x,x;zx,-w,m) +F(x,x; > ﬂngj(X)).
i=1 JjeJ(x)

Hence

k
F(x,i;ZX,-Vﬁ(i))
i=1

>—F(x,x; > n,»ng@) > p2d*(x, %) 2 =p'd* (x, %),
JjeJ ()
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(using (8) and hypothesis (iii)). This together with (6) implies

=~

k
S d @Dk i) > Y&l D i),

i=1 i=1

contradicting (4). Hence, x is a weakly efficient solution of (MP). U

4 Wolfe Type Duality

In this section, we consider the following Wolfe type dual for (MP) and establish
weak, strong and strict converse duality theorems.

m
(WD) Max  f()+ 3 njgie,
j=1
s.t. y € X,
k m
Y o MVEM 4+ Y 1wVei(n) =0, ©)
i=1 j=1
Ai20, i=1,2,...,k, (10)
1nj=0, j=1,2,....,m, (11)
k

le:l, (12)

i=1

where e is a k-dimensional vector whose all components are all ones.

Theorem 4.1 (Weak Duality) Let x and (y, A, t) be feasible solutions of (MP) and
(WD) respectively and let

1) (f,g) be (F,a,p,d)-V-typelaty,
k
i) 3 1(*" S = land o, y) =1 for j € M,

(iif) Z + 2 1jp; 0.

‘(x ¥)

Then, the followzng inequality cannot hold:

FOY<FO+ Y wigj(ye. (13)

Jj=1

Proof Suppose that (13) holds. By (10), (12) and hypothesis (ii), we have

k k m
Ai fi Aifi
Z fi(x) <Z fiy) +Zﬂj8j()’)- (14)
j=1

i i
io % (Y e ()
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Also, hypothesis (i) yields

fix) = i) 2 F(x,y; 0} (x, NV /) + pld*(x, y), (15)
—gj@)zzxxJnaﬁxJov&<w>+pﬂﬂcxy) (16)

Multiplying (15) b

i =0, j € M, summing over

> T
all i and j and using a?(x, y) =1 for j € M, we obtain

k k
£ s ripld?
S RAW SO 5 ( %vaﬁ@0+§: hipl . y)

= 1
i=1 al'(-xvy) i=1 ai(-xvy) i=1 (x )’)
m m m
=Y gz F(x, E ZMngj(y)) + ) wjpid(x.y).
j=1 j=1 j=1

Adding the above two inequalities and using the sublinearity of F' along with (9), we
get

‘ Ai fi Ai fi
Z 1f(x) Z fi(y) Zﬂjgj()’) (Z
=1

ooy T la,-(x, y) ,1

)‘zpil
ozl (x,y)

m
+Zujp,2~)d2(x,y),

j=1

which by virtue of hypothesis (iii) implies

k o m
Z Ai fi(x) Z Ai fz(y)) +Zl/~jgj(Y)~

ol T Hdey o

This inequality contradicts (14). Hence, (13) cannot hold. U

Theorem 4.2 (Strong Duality) Suppose that x is a weakly efficient solution of (MP)
for which the Kuhn-Tucker constraint qualification is satisfied. Then, there exist ) €
R¥, fi € R™ such that (%, 1, i) is feasible for (WD) and the objective function values
of (MP) and (WD) are equal.

Furthermore, if the conditions of Theorem 4.1 hold for all feasible solutions of
(MP) and (WD), then (%, X, L) is a weakly efficient solution of (WD).

Proof Since x is a weakly efficient solution of (MP) for which the Kuhn-Tucker
constraint qualification is satisfied, by the Karush-Kuhn-Tucker type necessary con-
ditions ([19]. p. 40), there exist A € R¥, ji € R™ satisfying

m
LV i)+ Y 1 Vei(®) =0,
j=1
rjgj(x)=0, j=12,....m
>0, i=1,2,... .k

i1M-
R
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1%
=
~.
[
IS
3

>
Il
—_

M- =

1

1

Thus, (X, A, ji) is feasible for (WD) and the objective function values of (MP) and
(WD) are equal.

Now, suppose that (X, A, ji) is not a weakly efficient solution of (WD). Then, there
exists a feasible solution (y*, A*, u*) of (WD) such that

FE 4+ Rjgj@e < fy) + Y wigi (e,

Jj=1 Jj=1

which in view of 1 g;(x) =0 becomes

FE < FON+D_ wigi(GMe.

j=1

This contradicts Theorem 4.1. Hence, ()E,)_\,ﬁ) is a weakly efficient solution
of (WD). O

Theorem 4.3 (Strict Converse Duality) Let x be a weakly efficient solution of (MP),
let (y, A, 1) be a weakly efficient solution of (WD) and let

ko ko m
@) 2%’]%’@)2 2Mﬁ(§’)+ leljgj(ﬁ),
1= 1= J=

(i) (f,g) be semistrictly (F,«, p,d)-V-type I at y with ai] x,y)=1,1i €K,
A(x§)=1, jeM,
k _ m

(i) 3 Rip) + 2 e} 20.
i= j=

Then, x =y, that is, y is a weakly efficient solution of (MP).

Proof We suppose that x # y and exhibit a contradiction. Using (10-12), hypothe-
sis (i1) and summing over i and j, we obtain

k k k k
DoRifi® =Y hifi() > F(x, ¥ ZLVﬁ@)) + ) hipld (%, 9),
i=1 i=1 i=1

i=1

m m m
= g3z F(x, ¥ Zﬁngj@)) + Y jpid(E. ).
j=1 j=1

j=1
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Adding the above two inequalities and using the sublinearity of F along with (9), we
get

k k m
D oRifi®) =Y Mifi(D) =Y g ()
i=1 i=1 j=I1

k m
> (Zim} + Z/ljpf)dz(i, %
i=1 j=1
which in view of hypothesis (iii) yields

k k m
D oRifi®) =Y Nfi()+ Y g ().
i=1

i=1 j=1

This contradicts hypothesis (i). Hence, x = y. ]

5 Mond-Weir Type Duality

In this section, we consider the following Mond-Weir type dual for (MP) and establish
weak, strong and strict converse duality theorems:

(MD) Max  f(y),
s.t. yeX,
k m
Y MV + Y 1wVei () =0, (17)
i=1 j=1
m
> 1jgi(») =0, (18)
j=1
k
AZ0i=12.. kY rn=1, (19)
i=1
pnj=0, j=1,2,....m. (20)

Theorem 5.1 (Weak Duality) Let x and (y, A, t) be feasible solutions of (MP) and
(MD) respectively and let

Q) (f*, u'g) be pseudoquasi (F, &, p,d)-V-typelat y,
(i) '+ 5% 20.

Then, the following inequality cannot hold:

f&x) < f). 21
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Proof Suppose that (21) holds. Using (19) and 651.1 (x,y)>0,i € K, we have

k k
Y @ yrifio) < Y@l e i fi).
i=1

i=1

Also, as @2(x, y) > 0, the dual constraint (18) yields
m
— Y @ (x,y)njgi () 0.
j=1

Therefore, hypothesis (i) implies

k

F(x,y; inVfi(y)) < —p'd*x, ),

i=1
m

F<x, y; Zl/«jvé’j()’)) < —p%d*(x, y).
j=1

The above inequalities and the sublinearity of F' give

k m
F<x, i Y MV + Zﬂjvgj(y)>
i=1

j=1

k m
< F(x,y; ZLVﬁ(y)) + F(x, Y Zﬂngj(y)> <=+ (x, 1) £0

i=1 j=1
(using hypothesis (ii)). This in view of (17) contradicts F(x, y; 0) = 0. Hence, (21)
cannot hold. O

We now apply the above weak duality theorem on Example 2.1. Its Mond-Weir
type dual is

Max (31, y2) = (320 — y2)e®®1, sin’ y1, y1 + cosy2),
st.  y=01,n€X,
A{y2(mr — y2)e 1 (= siny)} + A2{2 sinyj cos y1} + A3 —4u; =0,
A{(r = 2y2)e“ M} — Az{sin y2} + pa{siny2} =0,
pi(mw —4y1) + p2(—cos y2) = 0,
3
AZ0, p;20, i=123 j=12 > n=L

i=1

The point (y, A, ), where y = (%, 7) € X, A =(0,0,1), u = (%, T), is a dual
feasible solution. Also, (i) it can be seen that (f, g) is (F,«, p,d)-V-type 1 at
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y=(G.m e X for Fr,yia) =a’ (x = y), d(x,y) = /1 = 52+ (- 1)2,
a = (alya%sa§aalv ) p = (10171027)03 ,01’ 2) Where all = 47'[)61 az = 1 a?’ =
2
x2+2n’°‘1 =la3=1,p =0,p) = 2 Py = 100 PP =0,p3 = —5. Therefore
using the sublinearity of F, it follows that (f*, u”g) is pseudoquasi (F &, 0,d)-
V-type T at y = (£,7) € X for F(x,y;a), d(x,y) as defined above, & =
@], &), &}, @) and j = (5", 5%), where & = ¥ a) = 1,4} = 257 &2 =
1Lp' =B P =% i) 5! + 57 20,
Therefore, for any x € X, weak duality holds, that is,

X2 (T — X)€"

fx) < f(%,ﬂ> or sin® x| < 1

X1 +cosxy 7—1

cannot hold. This is true as x (7 — x3)e®**1 > 0 for any x € X,.
The following strong duality theorem is stated without proof as it would run anal-
ogously to that of Theorem 4.2. However, here we invoke Theorem 5.1.

Theorem 5.2 (Strong Duality) Suppose that x is a weakly efficient solution of (MP)
for which the Kuhn-Tucker constraint qualification is satisfied. Then, there exist ). €
R¥, i € R™ such that (%, X, i) is feasible for (MD) and the objective function values
of (MP) and (MD) are equal.

Furthermore, if the conditions of Theorem 5.1 hold for all feasible solutions of
(MP) and (MD), then (%, X, L) is a weakly efficient solution of (MD).

Theorem 5.3 (Strict Converse Duality) Let X be a weakly efficient solution of (MP),
let (y, A, 1) be a weakly efficient solution of (MD) and let

ko ko
A 2 Afid) =2 rifi(3),
i=1 i=1
(i) (f*, iT g) be strictly pseudoquasi (F, &, p, d)-V -type I at y with 511-1 x,y)=1,
iek,
(iii) '+ p*20.

Then, x =y, that is, y is a weakly efficient solution of (MP).

Proof We assume that x # y and exhibit a contradiction. By hypothesis (ii), we have

k k k
F(f,y;ziiwi@))z—ﬁldz(x,@ = D> LAE > NfiG), (22)
i=1 i=1 i=1
—Y @E e (MHE0 = F(x,y;Zﬁng,m)g—ﬁ%ﬂ(i,y).
j=1 j=1 (23)
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Since (y, X, [) is feasible for (MD) and @2(x, y) > 0, (18) implies

m
—Y & (E g () S0
j=1
which with (23) yields
m
F(x, ¥ Zﬂjvmy)) < —pd* (%, ). (24)
j=1

The dual constraint (17) and the sublinearity of F give

k m
0= F(i,y;ZXini(i)-i-Zﬁngj(?))

i=1 j=l1

<F (x y,ZA Vﬁ(y)) +F<x y,Zu,Vg,m)

i=1

Hence,
k
(x,y; Zwm))
i=1
m
z—F(,

Rk ZﬂJng@)) > pPd* (%, ) 2 —p'd* (X, §)

(using (24) and hypothesis (iii)). This with (22) implies

Z fi(®) > Zx fi ),

i=1 i=1

>~

contradicting hypothesis (i). Hence, x = y. (]

Remark 5.1 Tt may be noted that, if in Theorem 4.3 hypothesis (i) is replaced

Aifi®) _ i fi () u/g/<v> 1oz oy _ :
by ga(xy) = ga(xy) + Z 2G5 then the part o;(x,y) =1, i € K,

o 2%, 9) =1, ] e M of hypothes1s (i) is not required and hypothesis (iii) is to be

lljp
aj(%,3) =

by m
replaced by Z fhg’y) + Z
i=1%

2 0. Similarly in Theorem 5.3, if hypothesis (i)

i k _
is replaced by Z YE A LX) =Y &)l (&, 3 fi(§), then &) (¥, 5) =1, i € K
i=1
in hypothesis (11) 1s not required.
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