
J Optim Theory Appl (2007) 135: 411–427
DOI 10.1007/s10957-007-9271-4

Sufficiency and Duality in Multiobjective Programming
under Generalized Type I Functions

T.R. Gulati · I. Ahmad · D. Agarwal

Published online: 25 August 2007
© Springer Science+Business Media, LLC 2007

Abstract In this paper, new classes of generalized (F,α,ρ, d)-V -type I functions
are introduced for differentiable multiobjective programming problems. Based upon
these generalized convex functions, sufficient optimality conditions are established.
Weak, strong and strict converse duality theorems are also derived for Wolfe and
Mond-Weir type multiobjective dual programs.
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1 Introduction

In 1981, Hanson [1] introduced the concept of invexity and established Karush-Kuhn-
Tucker type sufficient optimality conditions for a nonlinear programming problem.
Later, Hanson and Mond [2] defined two new classes of functions, called type I
and type II functions in nonlinear programming, which were further generalized to
pseudo-type I and quasi-type I functions by Rueda and Hanson [3]. Both classes are
related to, but more general than, invex functions. In [4], Kaul et al. considered a dif-
ferentiable multiobjective programming problem involving generalized type I func-
tions. They investigated Karush-Kuhn-Tucker type necessary and sufficient condi-
tions and obtained duality results under generalized type I functions. Bector et al. [5]
introduced the concept of univex functions as a generalization of B-vex functions
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introduced by Bector and Singh [6]. Combining the concepts of type I and univex
functions, Rueda et al. [7] gave optimality conditions and duality results for several
mathematical programming problems. Aghezzaf and Hachimi [8] introduced classes
of generalized type I functions for a differentiable multiobjective programming prob-
lem and derived some Mond-Weir type duality results under the above generalized
type I assumptions.

The concept of (F,ρ)-convexity was introduced by Preda [9] as an extension of
F -convexity [10] and ρ-convexity [11]. Gulati and Islam [12] obtained sufficient op-
timality conditions and duality theorems for multiobjective programming problems
under generalized F -convexity. In [13], Ahmad derived several sufficient optimal-
ity conditions and duality results involving generalized (F,ρ)-convex functions. Re-
cently, combining the concepts of (F,α,ρ, d)-convexity [14] and generalized type I
functions [2], Hachimi and Aghezzaf [15] gave sufficient optimality conditions and
mixed type duality results for multiobjective programming problems. Other classes
of generalized type I functions have been discussed in [16, 17].

In this paper, we will introduce new generalized classes of type I functions,
called (F,α,ρ, d)-V -type I functions by combining the concepts of generalized
(F,α,ρ, d)-type I functions [15] and generalized V -invex functions [18]. Sufficiency
optimality conditions will be obtained for multiobjective programming problems in-
volving generalized (F,α,ρ, d)-V -type I functions. Duality results will also be ob-
tained by associating Wolfe and Mond-Weir type duals with the multiobjective pro-
gramming problem.

2 Notations and Preliminaries

The following convention of vectors in Rn will be followed throughout this paper:
x � y ⇔ xi � yi, i = 1,2, . . . , n; x ≥ y ⇔ x � y, x �= y; x > y ⇔ xi > yi, i =
1,2, . . . , n.

We consider the following nonlinear multiobjective programming problem:

(MP) Min f (x) = (f1(x), f2(x), . . . , fk(x)),

s.t. x ∈ X◦ = {x ∈ X : g(x) � 0},

where X ⊆ Rn is an open set and the functions f = (f1, f2, . . . , fk) :X �→ Rk and
g = (g1, g2, . . . , gm) :X �→ Rm are differentiable on X.

Since the objectives in multiobjective programming problems generally conflict
with one another, an optimal solution is chosen from the set of efficient/weakly effi-
cient solutions in the following sense [19].

Definition 2.1 A point x̄ ∈ X◦ is said to be an efficient solution of (MP) if there
exists no x ∈ X◦ such that

f (x) ≤ f (x̄).
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Definition 2.2 A point x̄ ∈ X◦ is said to be a weakly efficient solution of (MP), if
there exists no x ∈ X◦ such that

f (x) < f (x̄).

Let F be a sublinear functional and let d : X × X �→ R be a metric. We introduce
the index sets K = {1,2, . . . , k} and M = {1,2, . . . ,m}. Also, for x̄ ∈ X,J (x̄) = {j :
gj (x̄) = 0} and gJ denotes the vector of active constraints at x̄.

Along the lines of Hachimi and Aghezzaf [15] and Jeyakumar and Mond [18], we
now define the following classes of generalized convex functions.

Definition 2.3 (f, g) is said to be (F,α,ρ, d)-V -type I at x̄ ∈ X if there exist vectors
α = (α1

1, . . . , α1
k , α

2
1, . . . , α2

m) and ρ = (ρ1
1 , . . . , ρ1

k , ρ2
1 , . . . , ρ2

m), with α1
i , α

2
j : X ×

X �→ R+ \ {0} and ρ1
i , ρ2

j ∈ R for i ∈ K,j ∈ M, such that, for each x ∈ X◦ and for
all i ∈ K,j ∈ M ,

fi(x) − fi(x̄) � F(x, x̄;α1
i (x, x̄)∇fi(x̄)) + ρ1

i d2(x, x̄),

−gj (x̄) � F(x, x̄;α2
j (x, x̄)∇gj (x̄)) + ρ2

j d2(x, x̄).

If in the above definition the first inequality is satisfied as

fi(x) − fi(x̄) > F(x, x̄;α1
i (x, x̄)∇fi(x̄)) + ρ1

i d2(x, x̄),

then we say that (f, g) is semistrictly (F,α,ρ, d)-V -type I at x̄.

Remark 2.1

(i) If α1
i (x, x̄) = α1(x, x̄) and α2

j (x, x̄) = α2(x, x̄) for i ∈ K, j ∈ M , the above
definition become that of (F,α,ρ, d)-type I function introduced by Hachimi
and Aghezzaf [15].

(ii) If ρ1
i = ρ2

j = 0 for i ∈ K, j ∈ M and F(x, x̄;a) = aT η(x, x̄), with η : X×X �→
Rn, the inequalities become those of V-type I functions introduced by Hanson
et al. [16].

(iii) If α1
i (x, x̄) = α2

j (x, x̄) = 1, ρ1
i = ρ2

j = 0 for i ∈ K, j ∈ M and F(x, x̄;a) =
aT η(x, x̄), we obtain the definition of type I function given by Hanson and
Mond [2].

Example 2.1 Consider the following multiobjective programming problem:

Min f (x1, x2) = (x2(π − x2)e
cosx1, sin2 x1, x1 + cosx2),

s.t. (x1, x2) ∈ X, g1 = π − 4 x1 � 0, g2 = − cosx2 � 0,

where X = {(x1, x2) : 0 < x1 < 3π
2 ,0 < x2 < 3π

2 }, f = (f1, f2, f3) : X �→ R3, g =
(g1, g2) : X �→ R2.
The feasible region is X◦ = {(x1, x2) : π

4 � x1 < 3π
2 , 0 < x2 � π

2 }.



414 J Optim Theory Appl (2007) 135: 411–427

It can be seen that (f, g) is (F,α,ρ, d)-V -type I at x̄ = (π
4 , π

2 ) ∈ X◦ for

F(x, x̄;a) = aT (x − x̄), d(x, x̄) =
√

(x1 − π
4 )2 + (x2 − π

2 )2, α = (α1
1, α1

2, α1
3,

α2
1, α2

2), ρ = (ρ1
1 , ρ1

2 , ρ1
3 , ρ2

1 , ρ2
2), where α1

1 = 1, α1
2 = 1

x1+ π
4
, α1

3 = 3
2π

,α2
1 = 1, α2

2 =
1, ρ1

1 = − 5
2 , ρ1

2 = − 1
3 , ρ1

3 = 1
15 , ρ2

1 = 0, ρ2
2 = 0. But (f, g) is not type I and V-type I

function introduced by Hanson and Mond [2] and Hanson et al. [16] respectively
as can be verified by taking the feasible point (π

4 , π
4 ) or (π, π

2 ). Also (f, g) is not
(F,α,ρ, d)-type I function introduced by Hachimi and Aghezzaf [15]. For this, if
α1

1 = α1
2 = α1

3 = 1, then the inequalities for i = 2,3 are not satisfied at ( 2π
3 , π

2 ) ∈ X◦.
Also, if α1

1 = α1
2 = α1

3 = 1
(x1+ π

4 )
(or 3

2π
), then the inequality for i = 3 (or 2) is not

satisfied at (π
4 , π

30 ) (or ( 5π
6 , π

2 ))∈ X◦.

Definition 2.4 (f, g) is said to be quasi (F, ᾱ, ρ̄, d)-V -type I at x̄ ∈ X if there exist
ᾱ = (ᾱ1

1, . . . , ᾱ1
k , ᾱ

2
1, . . . , ᾱ2

m) and ρ̄ = (ρ̄1, ρ̄2) ∈ R2, with ᾱ1
i , ᾱ

2
j : X × X �→ R+ \

{0} for i ∈ K,j ∈ M, such that, for each x ∈ X◦,

k∑
i=1

ᾱ1
i fi(x) �

k∑
i=1

ᾱ1
i fi(x̄) ⇒ F

(
x, x̄;

k∑
i=1

∇fi(x̄)

)
� −ρ̄1d2(x, x̄),

−
m∑

j=1

ᾱ2
j gj (x̄) � 0 ⇒ F

(
x, x̄;

m∑
j=1

∇gj (x̄)

)
� −ρ̄2d2(x, x̄).

Definition 2.5 (f, g) is said to be pseudo (F,
�
α,

�
ρ, d)-V -type I at x̄ ∈ X if there

exist
�
α= (

�1
α1, . . . ,

�1
αk,

�2
α1, . . . ,

�2
αm) and

�
ρ= (

�1
ρ ,

�2
ρ ) ∈ R2, with

�1
αi ,

�2
αj :X × X �→

R+ \ {0} for i ∈ K,j ∈ M , such that, for each x ∈ X◦,

F

(
x, x̄;

k∑
i=1

∇fi(x̄)

)
� − �1

ρ d2(x, x̄) ⇒
k∑

i=1

�1
αi fi(x) �

k∑
i=1

�1
αi fi(x̄),

F

(
x, x̄;

m∑
j=1

∇gj (x̄)

)
� − �2

ρ d2(x, x̄) ⇒ −
m∑

j=1

�2
αj gj (x̄) � 0.

Definition 2.6 (f, g) is said to be pseudoquasi (F, α̃, ρ̃, d)-V -type I at x̄ ∈ X if there
exist α̃ = (α̃1

1, . . . , α̃1
k , α̃

2
1, . . . , α̃2

m) and ρ̃ = (ρ̃1, ρ̃2) ∈ R2, with α̃1
i , α̃

2
j : X × X �→

R+ \ {0} for i ∈ K,j ∈ M, such that, for each x ∈ X◦,

k∑
i=1

α̃1
i fi(x) <

k∑
i=1

α̃1
i fi(x̄) ⇒ F

(
x, x̄;

k∑
i=1

∇fi(x̄)

)
< −ρ̃1d2(x, x̄),

−
m∑

j=1

α̃2
j gj (x̄) � 0 ⇒ F

(
x, x̄;

m∑
j=1

∇gj (x̄)

)
� −ρ̃2d2(x, x̄).
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If in the above definition the first inequality is satisfied as

k∑
i=1

α̃1
i fi(x) �

k∑
i=1

α̃1
i fi(x̄) ⇒ F

(
x, x̄;

k∑
i=1

∇fi(x̄)

)
< −ρ̃1d2(x, x̄),

then we say that (f, g) is strictly pseudoquasi (F, α̃, ρ̃, d)-V -type I at x̄.

Definition 2.7 (f, g) is said to be quasipseudo (F, α̂, ρ̂, d)-V -type I at x̄ ∈ X if there
exist α̂ = (α̂1

1, . . . , α̂1
k , α̂

2
1, . . . , α̂2

m) and ρ̂ = (ρ̂1, ρ̂2) ∈ R2, with α̂1
i , α̂

2
j : X × X �→

R+ \ {0} for i ∈ K,j ∈ M, such that, for each x ∈ X◦,

F

(
x, x̄;

k∑
i=1

∇fi(x̄)

)
> −ρ̂1d2(x, x̄) ⇒

k∑
i=1

α̂1
i fi(x) >

k∑
i=1

α̂1
i fi(x̄),

−
m∑

j=1

α̂2
j gj (x̄) < 0 ⇒ F

(
x, x̄;

m∑
j=1

∇gj (x̄)

)
< −ρ̂2d2(x, x̄).

If in the above definition the second inequality is satisfied as

−
m∑

j=1

α̂2
j gj (x̄) � 0 ⇒ F

(
x, x̄;

m∑
j=1

∇gj (x̄)

)
< −ρ̂2d2(x, x̄),

then we say that (f, g) is quasistrictly pseudo (F, α̂, ρ̂, d)-V -type I at x̄.

Using the sublinearity of F(x, x̄; .), one can see easily from the above defi-
nitions that an (F,α,ρ, d)-V -type I function is both quasi (F,α,ρ, d)-V -type I

(with ᾱ1
i = 1

α1
i

, i ∈ K, ᾱ2
j = 1

α2
j

, j ∈ M and ρ̄1 = infx∈X◦{
k∑

i=1
( 1
α1

i

) ρ1
i }, ρ̄2 =

infx∈X◦{
m∑

j=1
( 1
α2

j

) ρ2
j }) and pseudo (F,α,ρ, d)-V -type I (with

�1
αi= 1

α1
i

, i ∈ K,
�2
αj=

1
α2

j

, j ∈ M and
�1
ρ = infx∈X◦{

k∑
i=1

( 1
α1

i

)ρ1
i }, �2

ρ = infx∈X◦{
m∑

j=1
( 1
α2

j

) ρ2
j }).

3 Sufficiency Conditions

We now establish several sufficiency theorems which enable a feasible solution
of (MP) to be a weakly efficient solution of (MP). In this section and in Sect. 5,
f λ̄ denotes the vector (λ̄1f1, λ̄2f2, . . . , λ̄kfk) and g

μ̄
J denotes the vector whose com-

ponents are μ̄j gj , j ∈ J.

Theorem 3.1 Suppose that there exists a feasible solution x̄ of (MP) and scalars

λ̄i � 0, i = 1,2, . . . , k,
k∑

i=1
λ̄i = 1, μ̄j � 0, j ∈ J (x̄) satisfying



416 J Optim Theory Appl (2007) 135: 411–427

(i)
k∑

i=1
λ̄i∇fi(x̄) + ∑

j∈J (x̄)

μ̄j∇gj (x̄) = 0,

(ii) (f, gJ ) is (F,α,ρ, d)-V -type I at x̄,

(iii)
k∑

i=1

λ̄iρ
1
i

α1
i (x,x̄)

+ ∑
j∈J (x̄)

μ̄j ρ2
j

α2
j (x,x̄)

� 0,

then x̄ is a weakly efficient solution of (MP).

Proof By hypothesis (ii), we have

fi(x) − fi(x̄) � F(x, x̄;α1
i (x, x̄)∇fi(x̄)) + ρ1

i d2(x, x̄), i ∈ K,

0 = −gj (x̄) � F(x, x̄;α2
j (x, x̄)∇gj (x̄)) + ρ2

j d2(x, x̄), j ∈ J (x̄).

As α1
i (x, x̄) > 0, i ∈ K and α2

j (x, x̄) > 0, j ∈ J (x̄), the above inequalities along
with the sublinearity of F give

fi(x)

α1
i (x, x̄)

− fi(x̄)

α1
i (x, x̄)

− ρ1
i d2(x, x̄)

α1
i (x, x̄)

� F(x, x̄;∇fi(x̄)), i ∈ K,

−ρ2
j d2(x, x̄)

α2
j (x, x̄)

� F(x, x̄;∇gj (x̄)), j ∈ J (x̄).

Since λ̄i � 0, i = 1,2, . . . , k,
k∑

i=1
λ̄i = 1, μ̄j � 0, j ∈ J (x̄), using hypothesis (i) and

the sublinearity of F , we get

k∑
i=1

λ̄ifi(x)

α1
i (x, x̄)

−
k∑

i=1

λ̄ifi(x̄)

α1
i (x, x̄)

−
k∑

i=1

λ̄iρ
1
i d2(x, x̄)

α1
i (x, x̄)

−
∑

j∈J (x̄)

μ̄j ρ
2
j d2(x, x̄)

α2
j (x, x̄)

� F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄)

)
+ F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)
� 0.

Thus,

k∑
i=1

λ̄ifi(x)

α1
i (x, x̄)

−
k∑

i=1

λ̄ifi(x̄)

α1
i (x, x̄)

�
( k∑

i=1

λ̄iρ
1
i

α1
i (x, x̄)

+
∑

j∈J (x̄)

μ̄j ρ
2
j

α2
j (x, x̄)

)
d2(x, x̄).

Now, using hypothesis (iii), the above inequality becomes

k∑
i=1

λ̄ifi(x)

α1
i (x, x̄)

�
k∑

i=1

λ̄ifi(x̄)

α1
i (x, x̄)

. (1)

If x̄ is not a weakly efficient solution of (MP), then there exists a feasible solution
x (x �= x̄) of (MP) such that

fi(x) < fi(x̄), i ∈ K.
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Since λ̄i � 0,
k∑

i=1
λ̄i = 1 and α1

i (x, x̄) > 0, we have

k∑
i=1

λ̄ifi(x)

α1
i (x, x̄)

<

k∑
i=1

λ̄ifi(x̄)

α1
i (x, x̄)

,

which contradicts (1). Hence, x̄ is a weakly efficient solution of (MP). �

Remark 3.1 For the multiobjective programming problem considered in Example 2.1
it has been shown that (f, gJ ) is (F,α,ρ, d)-V -type I at x̄ = (π

4 , π
2 ) ∈ X◦. It is easy

to see that the hypotheses (i) and (iii) of Theorem 3.1 are also satisfied at this point
for λ1 = 0, λ2 = 1

18 , λ3 = 17
18 ,μ1 = 1

4 and μ2 = 17
18 . Hence, (π

4 , π
2 ) ∈ X◦ is a weakly

efficient solution.

Theorem 3.2 Suppose that there exists a feasible solution x̄ of (MP) and scalars

λ̄i � 0, i = 1,2, . . . , k,
k∑

i=1
λ̄i = 1, μ̄j � 0, j ∈ J (x̄) satisfying

(i)
k∑

i=1
λ̄i∇fi(x̄) + ∑

j∈J (x̄)

μ̄j∇gj (x̄) = 0,

(ii) (f λ̄, g
μ̄
J ) is pseudoquasi (F, α̃, ρ̃, d)-V -type I at x̄,

(iii) ρ̃1 + ρ̃2 � 0.

Then, x̄ is a weakly efficient solution of (MP).

Proof Suppose that x̄ is not a weakly efficient solution of (MP). Then, there exists a
feasible solution x (x �= x̄) of (MP) such that

fi(x) < fi(x̄), i ∈ K.

Using λ̄i � 0,
k∑

i=1
λ̄i = 1 and α̃1

i (x, x̄) > 0, for i ∈ K , we get

k∑
i=1

α̃1
i (x, x̄)λ̄ifi(x) <

k∑
i=1

α̃1
i (x, x̄)λ̄ifi(x̄). (2)

Also, gj (x̄) = 0, j ∈ J (x̄) yield

∑
j∈J (x̄)

α̃2
j (x, x̄)μ̄j gj (x̄) = 0. (3)

By hypothesis (ii), inequalities (2) and (3) imply

F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄)

)
< −ρ̃1d2(x, x̄),
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F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)
� −ρ̃2d2(x, x̄).

Summing the above two inequalities and using the sublinearity of F , we obtain

F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄) +
∑

j∈J (x̄)

μ̄j∇gj (x̄)

)

� F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄)

)
+ F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)

< −(ρ̃1 + ρ̃2) d2(x, x̄).

Using hypothesis (iii), we have

F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄) +
∑

j∈J (x̄)

μ̄j∇gj (x̄)

)
< 0,

which in view of hypothesis (i) contradicts F(x, x̄;0) = 0. Hence, x̄ is a weakly
efficient solution of (MP). �

Remark 3.2 If the pseudoquasi-type I assumption in the above theorem is replaced
by the strictly pseudoquasi-type I assumption, we get the stronger conclusion that x̄

is an efficient solution of (MP). This result is stated below. The proof follows on the
same lines.

Theorem 3.3 Suppose that there exists a feasible solution x̄ of (MP) and scalars

λ̄i � 0, i = 1,2, . . . , k,
k∑

i=1
λ̄i = 1, μ̄j � 0, j ∈ J (x̄) satisfying

(i)
k∑

i=1
λ̄i∇fi(x̄) + ∑

j∈J (x̄)

μ̄j∇gj (x̄) = 0,

(ii) (f λ̄, g
μ̄
J ) is strictly pseudoquasi (F, α̃, ρ̃, d)-V -type I at x̄,

(iii) ρ̃1 + ρ̃2 � 0.

Then, x̄ is an efficient solution of (MP).

Theorem 3.4 Suppose that there exists a feasible solution x̄ of (MP) and scalars

λ̄i � 0, i = 1,2, . . . , k,
k∑

i=1
λ̄i = 1, μ̄j � 0, j ∈ J (x̄) satisfying

(i)
k∑

i=1
λ̄i∇fi(x̄) + ∑

j∈J (x̄)

μ̄j∇gj (x̄) = 0,

(ii) (f λ̄, g
μ̄
J ) is quasistrictly pseudo (F, α̂, ρ̂, d)-V -type I at x̄,

(iii) ρ̂1 + ρ̂2 � 0.

Then, x̄ is a weakly efficient solution of (MP).
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Proof Suppose that x̄ is not a weakly efficient solution of (MP). Then, following the
proof of Theorem 3.2, we obtain

k∑
i=1

α̂1
i (x, x̄)λ̄ifi(x) <

k∑
i=1

α̂1
i (x, x̄)λ̄ifi(x̄), (4)

∑
j∈J (x̄)

α̂2
j (x, x̄)μ̄j gj (x̄) = 0. (5)

As hypothesis (ii) holds, we have

F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄)

)
> −ρ̂1d2(x, x̄)

⇒
k∑

i=1

α̂1
i (x, x̄)λ̄ifi(x) >

k∑
i=1

α̂1
i (x, x̄)λ̄ifi(x̄), (6)

−
∑

j∈J (x̄)

α̂2
j (x, x̄)μ̄j gj (x̄) � 0

⇒ F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)
< −ρ̂2d2(x, x̄). (7)

In view of (7), (5) implies

F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)
< −ρ̂2d2(x, x̄). (8)

The hypothesis (i), along with the sublinearity of F , yields

0 = F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄) +
∑

j∈J (x̄)

μ̄j∇gj (x̄)

)

� F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄)

)
+ F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)
.

Hence

F

(
x, x̄;

k∑
i=1

λ̄i∇fi(x̄)

)

� −F

(
x, x̄;

∑
j∈J (x̄)

μ̄j∇gj (x̄)

)
> ρ̂2d2(x, x̄) � −ρ̂1d2(x, x̄),
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(using (8) and hypothesis (iii)). This together with (6) implies

k∑
i=1

α̂1
i (x, x̄)λ̄ifi(x) >

k∑
i=1

α̂1
i (x, x̄)λ̄ifi(x̄),

contradicting (4). Hence, x̄ is a weakly efficient solution of (MP). �

4 Wolfe Type Duality

In this section, we consider the following Wolfe type dual for (MP) and establish
weak, strong and strict converse duality theorems.

(WD) Max f (y) +
m∑

j=1
μjgj (y)e,

s.t. y ∈ X,

k∑
i=1

λi∇fi(y) +
m∑

j=1

μj∇gj (y) = 0, (9)

λi � 0, i = 1,2, . . . , k, (10)

μj � 0, j = 1,2, . . . ,m, (11)

k∑
i=1

λi = 1, (12)

where e is a k-dimensional vector whose all components are all ones.

Theorem 4.1 (Weak Duality) Let x and (y,λ,μ) be feasible solutions of (MP) and
(WD) respectively and let

(i) (f, g) be (F,α,ρ, d)-V -type I at y,

(ii)
k∑

i=1

λi

α1
i (x,y)

= 1 and α2
j (x, y) = 1 for j ∈ M ,

(iii)
k∑

i=1

λiρ
1
i

α1
i (x,y)

+
m∑

j=1
μjρ

2
j � 0.

Then, the following inequality cannot hold:

f (x) < f (y) +
m∑

j=1

μjgj (y)e. (13)

Proof Suppose that (13) holds. By (10), (12) and hypothesis (ii), we have

k∑
i=1

λifi(x)

α1
i (x, y)

<

k∑
i=1

λifi(y)

α1
i (x, y)

+
m∑

j=1

μjgj (y). (14)
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Also, hypothesis (i) yields

fi(x) − fi(y) � F(x, y;α1
i (x, y)∇fi(y)) + ρ1

i d2(x, y), (15)

−gj (y) � F(x, y;α2
j (x, y)∇gj (y)) + ρ2

j d2(x, y). (16)

Multiplying (15) by λi

α1
i (x,y)

� 0, i ∈ K , and (16) by μj � 0, j ∈ M, summing over

all i and j and using α2
j (x, y) = 1 for j ∈ M , we obtain

k∑
i=1

λifi(x)

α1
i (x, y)

−
k∑

i=1

λifi(y)

α1
i (x, y)

� F

(
x, y;

k∑
i=1

λi∇fi(y)

)
+

k∑
i=1

λiρ
1
i d2(x, y)

α1
i (x, y)

,

−
m∑

j=1

μjgj (y) � F

(
x, y;

m∑
j=1

μj∇gj (y)

)
+

m∑
j=1

μjρ
2
j d2(x, y).

Adding the above two inequalities and using the sublinearity of F along with (9), we
get

k∑
i=1

λifi(x)

α1
i (x, y)

−
k∑

i=1

λifi(y)

α1
i (x, y)

−
m∑

j=1

μjgj (y) �
( k∑

i=1

λiρ
1
i

α1
i (x, y)

+
m∑

j=1

μjρ
2
j

)
d2(x, y),

which by virtue of hypothesis (iii) implies

k∑
i=1

λifi(x)

α1
i (x, y)

�
k∑

i=1

λifi(y)

α1
i (x, y)

+
m∑

j=1

μjgj (y).

This inequality contradicts (14). Hence, (13) cannot hold. �

Theorem 4.2 (Strong Duality) Suppose that x̄ is a weakly efficient solution of (MP)
for which the Kuhn-Tucker constraint qualification is satisfied. Then, there exist λ̄ ∈
Rk, μ̄ ∈ Rm such that (x̄, λ̄, μ̄) is feasible for (WD) and the objective function values
of (MP) and (WD) are equal.

Furthermore, if the conditions of Theorem 4.1 hold for all feasible solutions of
(MP) and (WD), then (x̄, λ̄, μ̄) is a weakly efficient solution of (WD).

Proof Since x̄ is a weakly efficient solution of (MP) for which the Kuhn-Tucker
constraint qualification is satisfied, by the Karush-Kuhn-Tucker type necessary con-
ditions ([19]. p. 40), there exist λ̄ ∈ Rk, μ̄ ∈ Rm satisfying

k∑
i=1

λ̄i∇fi(x̄) +
m∑

j=1

μ̄j∇gj (x̄) = 0,

μ̄j gj (x̄) = 0, j = 1,2, . . . ,m,

λ̄i � 0, i = 1,2, . . . , k,
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μ̄j � 0, j = 1,2, . . . ,m,

k∑
i=1

λ̄i = 1.

Thus, (x̄, λ̄, μ̄) is feasible for (WD) and the objective function values of (MP) and
(WD) are equal.

Now, suppose that (x̄, λ̄, μ̄) is not a weakly efficient solution of (WD). Then, there
exists a feasible solution (y�, λ�,μ�) of (WD) such that

f (x̄) +
m∑

j=1

μ̄j gj (x̄)e < f(y
�) +

m∑
j=1

μ�
jgj (y

�)e,

which in view of μ̄j gj (x̄) = 0 becomes

f (x̄) < f (y�) +
m∑

j=1

μ�
jgj (y

�)e.

This contradicts Theorem 4.1. Hence, (x̄, λ̄, μ̄) is a weakly efficient solution
of (WD). �

Theorem 4.3 (Strict Converse Duality) Let x̄ be a weakly efficient solution of (MP),
let (ȳ, λ̄, μ̄) be a weakly efficient solution of (WD) and let

(i)
k∑

i=1
λ̄ifi(x̄) =

k∑
i=1

λ̄ifi(ȳ) +
m∑

j=1
μ̄j gj (ȳ),

(ii) (f, g) be semistrictly (F,α,ρ, d)-V -type I at ȳ with α1
i (x̄, ȳ) = 1, i ∈ K,

α2
j (x̄, ȳ) = 1, j ∈ M ,

(iii)
k∑

i=1
λ̄iρ

1
i +

m∑
j=1

μ̄j ρ
2
j � 0.

Then, x̄ = ȳ, that is, ȳ is a weakly efficient solution of (MP).

Proof We suppose that x̄ �= ȳ and exhibit a contradiction. Using (10–12), hypothe-
sis (ii) and summing over i and j, we obtain

k∑
i=1

λ̄ifi(x̄) −
k∑

i=1

λ̄ifi(ȳ) > F

(
x̄, ȳ;

k∑
i=1

λ̄i∇fi(ȳ)

)
+

k∑
i=1

λ̄iρ
1
i d2(x̄, ȳ),

−
m∑

j=1

μ̄j gj (ȳ) � F

(
x̄, ȳ;

m∑
j=1

μ̄j∇gj (ȳ)

)
+

m∑
j=1

μ̄j ρ
2
j d2(x̄, ȳ).
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Adding the above two inequalities and using the sublinearity of F along with (9), we
get

k∑
i=1

λ̄ifi(x̄) −
k∑

i=1

λifi(ȳ) −
m∑

j=1

μ̄j gj (ȳ)

>

( k∑
i=1

λ̄iρ
1
i +

m∑
j=1

μ̄j ρ
2
j

)
d2(x̄, ȳ),

which in view of hypothesis (iii) yields

k∑
i=1

λ̄ifi(x̄) >

k∑
i=1

λ̄ifi(ȳ) +
m∑

j=1

μ̄j gj (ȳ).

This contradicts hypothesis (i). Hence, x̄ = ȳ. �

5 Mond-Weir Type Duality

In this section, we consider the following Mond-Weir type dual for (MP) and establish
weak, strong and strict converse duality theorems:

(MD) Max f (y),

s.t. y ∈ X,

k∑
i=1

λi∇fi(y) +
m∑

j=1

μj∇gj (y) = 0, (17)

m∑
j=1

μjgj (y) � 0, (18)

λi � 0, i = 1,2, . . . , k,

k∑
i=1

λi = 1, (19)

μj � 0, j = 1,2, . . . ,m. (20)

Theorem 5.1 (Weak Duality) Let x and (y,λ,μ) be feasible solutions of (MP) and
(MD) respectively and let

(i) (f λ,μT g) be pseudoquasi (F, α̃, ρ̃, d)-V -type I at y,
(ii) ρ̃1 + ρ̃2 � 0.

Then, the following inequality cannot hold:

f (x) < f (y). (21)
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Proof Suppose that (21) holds. Using (19) and α̃1
i (x, y) > 0, i ∈ K, we have

k∑
i=1

α̃1
i (x, y)λifi(x) <

k∑
i=1

α̃1
i (x, y)λifi(y).

Also, as α̃2(x, y) > 0, the dual constraint (18) yields

−
m∑

j=1

α̃2(x, y)μjgj (y) � 0.

Therefore, hypothesis (i) implies

F

(
x, y;

k∑
i=1

λi∇fi(y)

)
< −ρ̃1d2(x, y),

F

(
x, y;

m∑
j=1

μj∇gj (y)

)
� −ρ̃2d2(x, y).

The above inequalities and the sublinearity of F give

F

(
x, y;

k∑
i=1

λ̄i∇fi(y) +
m∑

j=1

μ̄j∇gj (y)

)

� F

(
x, y;

k∑
i=1

λ̄i∇fi(y)

)
+ F

(
x, y;

m∑
j=1

μ̄j∇gj (y)

)
< −(ρ̃1 + ρ̃2)d2(x, y) � 0

(using hypothesis (ii)). This in view of (17) contradicts F(x, y;0) = 0. Hence, (21)
cannot hold. �

We now apply the above weak duality theorem on Example 2.1. Its Mond-Weir
type dual is

Max f (y1, y2) = (y2(π − y2)e
cosy1, sin2 y1, y1 + cosy2),

s.t. y = (y1, y2) ∈ X,

λ1{y2(π − y2)e
cosy1(− siny1)} + λ2{2 siny1 cosy1} + λ3 − 4μ1 = 0,

λ1{(π − 2y2)e
cosy1} − λ3{siny2} + μ2{siny2} = 0,

μ1(π − 4y1) + μ2(− cosy2) � 0,

λi � 0, μj � 0, i = 1,2,3, j = 1,2,

3∑
i=1

λi = 1.

The point (y,λ,μ), where y = (π
2 ,π) ∈ X, λ = (0,0,1), μ = ( 1

4 , π
4 ), is a dual

feasible solution. Also, (i) it can be seen that (f, g) is (F,α,ρ, d)-V -type I at
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y = (π
2 ,π) ∈ X for F(x, y;a) = aT (x − y), d(x, y) =

√
(x1 − π

2 )2 + (x2 − π)2,

α = (α1
1, α1

2, α1
3, α2

1, α2
2), ρ = (ρ1

1 , ρ1
2 , ρ1

3 , ρ2
1 , ρ2

2), where α1
1 = x2

4πx1
, α1

2 = 1, α1
3 =

2
x2+2π

,α2
1 = 1, α2

2 = 1, ρ1
1 = 0, ρ1

2 = − 1
2 , ρ1

3 = 13
100 , ρ2

1 = 0, ρ2
2 = − 1

2 . Therefore

using the sublinearity of F , it follows that (f λ,μT g) is pseudoquasi (F, α̃, ρ̃, d)-
V -type I at y = (π

2 ,π) ∈ X for F(x, y;a), d(x, y) as defined above, α̃ =
(α̃1

1, α̃1
2, α̃1

3, α̃2) and ρ̃ = (ρ̃1, ρ̃2), where α̃1
1 = 4πx1

x2
, α̃1

2 = 1, α̃1
3 = x2+2π

2 , α̃2 =
1, ρ̃1 = 13π

100 , ρ̃2 = −π
8 , (ii) ρ̃1 + ρ̃2 � 0.

Therefore, for any x ∈ X◦ weak duality holds, that is,

f (x) < f

(
π

2
,π

)
or

⎛
⎜⎝

x2(π − x2)e
cosx1

sin2 x1

x1 + cosx2

⎞
⎟⎠ <

⎛
⎜⎝

0

1
π
2 − 1

⎞
⎟⎠

cannot hold. This is true as x2(π − x2)e
cosx1 > 0 for any x ∈ X◦.

The following strong duality theorem is stated without proof as it would run anal-
ogously to that of Theorem 4.2. However, here we invoke Theorem 5.1.

Theorem 5.2 (Strong Duality) Suppose that x̄ is a weakly efficient solution of (MP)
for which the Kuhn-Tucker constraint qualification is satisfied. Then, there exist λ̄ ∈
Rk, μ̄ ∈ Rm such that (x̄, λ̄, μ̄) is feasible for (MD) and the objective function values
of (MP) and (MD) are equal.

Furthermore, if the conditions of Theorem 5.1 hold for all feasible solutions of
(MP) and (MD), then (x̄, λ̄, μ̄) is a weakly efficient solution of (MD).

Theorem 5.3 (Strict Converse Duality) Let x̄ be a weakly efficient solution of (MP),
let (ȳ, λ̄, μ̄) be a weakly efficient solution of (MD) and let

(i)
k∑

i=1
λ̄ifi(x̄) =

k∑
i=1

λ̄ifi(ȳ),

(ii) (f λ̄, μ̄T g) be strictly pseudoquasi (F, α̃, ρ̃, d)-V -type I at ȳ with α̃1
i (x̄, ȳ) = 1,

i ∈ K ,
(iii) ρ̃1 + ρ̃2 � 0.

Then, x̄ = ȳ, that is, ȳ is a weakly efficient solution of (MP).

Proof We assume that x̄ �= ȳ and exhibit a contradiction. By hypothesis (ii), we have

F

(
x̄, ȳ;

k∑
i=1

λ̄i∇fi(ȳ)

)
� −ρ̃1d2(x̄, ȳ) ⇒

k∑
i=1

λ̄ifi(x̄) >

k∑
i=1

λ̄ifi(ȳ), (22)

−
m∑

j=1

α̃2(x̄, ȳ)μ̄j gj (ȳ) � 0 ⇒ F

(
x̄, ȳ;

m∑
j=1

μ̄j∇gj (ȳ)

)
� −ρ̃2d2(x̄, ȳ).

(23)
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Since (ȳ, λ̄, μ̄) is feasible for (MD) and α̃2(x̄, ȳ) > 0, (18) implies

−
m∑

j=1

α̃2(x̄, ȳ)μ̄j gj (ȳ) � 0,

which with (23) yields

F

(
x̄, ȳ;

m∑
j=1

μ̄j∇gj (ȳ)

)
� −ρ̃2d2(x̄, ȳ). (24)

The dual constraint (17) and the sublinearity of F give

0 = F

(
x̄, ȳ;

k∑
i=1

λ̄i∇fi(ȳ) +
m∑

j=1

μ̄j∇gj (ȳ)

)

� F

(
x̄, ȳ;

k∑
i=1

λ̄i∇fi(ȳ)

)
+ F

(
x̄, ȳ;

m∑
j=1

μ̄j∇gj (ȳ)

)
.

Hence,

F

(
x̄, ȳ;

k∑
i=1

λ̄i∇fi(ȳ)

)

� −F

(
x̄, ȳ;

m∑
j=1

μ̄j∇gj (ȳ)

)
� ρ̃2d2(x̄, ȳ) � −ρ̃1d2(x̄, ȳ)

(using (24) and hypothesis (iii)). This with (22) implies

k∑
i=1

λ̄ifi(x̄) >

k∑
i=1

λ̄ifi(ȳ),

contradicting hypothesis (i). Hence, x̄ = ȳ. �

Remark 5.1 It may be noted that, if in Theorem 4.3 hypothesis (i) is replaced

by
k∑

i=1

λ̄ifi (x̄)

α1
i (x̄,ȳ)

=
k∑

i=1

λ̄ifi (ȳ)

α1
i (x̄,ȳ)

+
m∑

j=1

μ̄j gj (ȳ)

α2
j (x̄,ȳ)

, then the part α1
i (x̄, ȳ) = 1, i ∈ K ,

α2
j (x̄, ȳ) = 1, j ∈ M of hypothesis (ii) is not required and hypothesis (iii) is to be

replaced by
k∑

i=1

λ̄iρ
1
i

α1
i (x̄,ȳ)

+
m∑

j=1

μ̄j ρ2
j

α2
j (x̄,ȳ)

� 0. Similarly in Theorem 5.3, if hypothesis (i)

is replaced by
k∑

i=1
α̃1

i (x̄, ȳ)λ̄ifi(x̄) =
k∑

i=1
α̃1

i (x̄, ȳ)λ̄ifi(ȳ), then α̃1
i (x̄, ȳ) = 1, i ∈ K

in hypothesis (ii) is not required.

Acknowledgements The authors thank a reviewer and Prof. X.Q. Yang (Associate Editor for JOTA) for
their fruitful comments which helped improving the paper. The third author thanks MHRD, Government
of India, for providing financial support.



J Optim Theory Appl (2007) 135: 411–427 427

References

1. Hanson, M.A.: On sufficiency of the Kuhn-Tucker conditions. J. Math. Anal. Appl. 80, 545–550
(1981)

2. Hanson, M.A., Mond, B.: Necessary and sufficient conditions in constrained optimization. Math.
Program. 37, 51–58 (1987)

3. Rueda, N.G., Hanson, M.A.: Optimality criteria in mathematical programming involving generalized
invexity. J. Math. Anal. Appl. 130, 375–385 (1988)

4. Kaul, R.N., Suneja, S.K., Srivastava, M.K.: Optimality criteria and duality in multiobjective optimiza-
tion involving generalized invexity. J. Optim. Theory Appl. 80, 465–482 (1994)

5. Bector, C.R., Suneja, S.K., Gupta, S.: Univex functions and Univex nonlinear programming. In: Pro-
ceedings of the Administrative Sciences Association of Canada, pp. 115–124 (1992)

6. Bector, C.R., Singh, C.: B-vex functions. J. Optim. Theory Appl. 71, 237–253 (1991)
7. Rueda, N.G., Hanson, M.A., Singh, C.: Optimality and duality with generalized convexity. J. Optim.

Theory Appl. 86, 491–500 (1995)
8. Aghezzaf, B., Hachimi, M.: Generalized invexity and duality in multiobjective programming prob-

lems. J. Glob. Optim. 18, 91–101 (2000)
9. Preda, V.: On efficiency and duality for multiobjective programs. J. Math. Anal. Appl. 166, 265–377

(1992)
10. Hanson, M.A., Mond, B.: Further generalizations of convexity in mathematical programming. J. Inf.

Optim. Sci. 3, 25–32 (1986)
11. Vial, J.P.: Strong and weak convexity of sets and functions. Math. Oper. Res. 8, 231–259 (1983)
12. Gulati, T.R., Islam, M.A.: Sufficiency and duality in multiobjective programming involving general-

ized F -convex functions. J. Math. Anal. Appl. 183, 181–195 (1994)
13. Ahmad, I.: Sufficiency and duality in multiobjective programming with generalized (F,ρ)-convexity.

J. Appl. Anal. 11, 19–33 (2005)
14. Liang, Z.A., Huang, H.X., Pardalos, P.M.: Optimality conditions and duality for a class of nonlinear

fractional programming problems. J. Optim. Theory Appl. 110, 611–619 (2002)
15. Hachimi, M., Aghezzaf, B.: Sufficiency and duality in differentiable multiobjective programming

involving generalized type I functions. J. Math. Anal. Appl. 296, 382–392 (2004)
16. Hanson, M.A., Pini, R., Singh, C.: Multiobjective programming under generalized type I invexity.

J. Math. Anal. Appl. 261, 562–577 (2002)
17. Suneja, S.K., Srivastava, M.K.: Optimality and duality in nondifferentiable multiobjective optimiza-

tion involving d-type I and related functions. J. Math. Anal. Appl. 206, 465–479 (1997)
18. Jeyakumar, V., Mond, B.: On generalized convex mathematical programming. J. Aust. Math. Soc. Ser.

B 34, 43–53 (1992)
19. Miettinen, K.M.: Nonlinear Multiobjective Optimization. Kluwer Academic, Boston (1999)


	Sufficiency and Duality in Multiobjective Programming under Generalized Type I Functions
	Abstract
	Introduction
	Notations and Preliminaries
	Sufficiency Conditions
	Wolfe Type Duality
	Mond-Weir Type Duality
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


