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Abstract

A pair of Mond-Weir type second order symmetric nondifferentiable multiobjective
programs is formulated. Weak, strong and converse duality theorems are established
under n-pseudobonvexity assumptions. Special cases are discussed to show that this
paper extends some work appeared in this area.
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1. Introduction

Symmetric duality in mathematical programming in which the dual of the
dual is the primal problem was first introduced by Dorn [6]. Subsequently,
Dantzig et al. [5], Mond [13] and Bazaraa and Goode [1] formulated a pair
of symmetric dual programs and established duality under convexity—concavity
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assumptions. Later, Mond and Weir [16] presented a distinct pair of symmetric
dual programs which allows the weakening of convexity—concavity conditions
to pseudoconvexity—pseudoconcavity.

Weir and Mond [19] discussed symmetric duality in multiobjective program-
ming by using the concept of efficiency. Chandra and Prasad [4] presented a
pair of multiobjective programming problems by associating a vector valued
infinite game to this pair. Gulati et al. [9] also established duality results for
multiobjective symmetric dual problems without nonnegativity constraints.

Mangasarian [11] considered a nonlinear program and discussed second
order duality under certain inequalities. Mond [14] assumed rather simple in-
equalities. Bector and Chandra [2] defined the functions satisfying the inequal-
ities in [14] to be bonvex—boncave. To give examples of bonvex—boncave
functions, Mond [14] has shown that a convex (concave) quadratic or linear
function is bonvex (boncave). Mangasarian [11, p. 609] and Mond [14, p. 93]
have also indicated possible computational advantages of the second order
duals over the first order duals. Yang [20] also discussed second order Mangas-
arian type dual formulation under generalized representation conditions.

Gulati et al. [8] studied two distinct pairs of second order symmetric dual
programs under n-bonvexity and n-pseudobonvexity. Recently, Hou and Yang
[10] and Yang et al. [21] generalized the results in [8] to nondifferentiable pro-
grams on the lines of [15] involving second order F-convex and second order
F-pseudoconvex functions.

In this paper, we formulate a new pair of second order symmetric nondiffer-
entiable multiobjective dual programs of Mond-Weir type and prove duality
theorems under n-pseudobonvexity assumptions. These results include, as spe-
cial cases, recent duality results for multiobjective symmetric programs given
by Suneja et al. [18] and for single objective symmetric programs studied by
Mond and Schechter [15], Gulati et al. [8,9], Mishra [12], and Hou and Yang
[10].

2. Preliminaries

Let F be a twice differentiable real valued function of x and y, where x€ R"
and ye R". Then V.F and V,F denote the gradient vectors with respect to x
and y respectively. V., F and V,, F are respectively, the nxn and mxm symmet-
ric Hessian matrices. (V.. fr), denotes the matrix whose (i,j)th element is
a7 (Vaul7),, where re R".

The following conventions for vectors in R” will be used:

xX2u = x2u, i=1,2,...,m
x>u <= x2u, i=1,2...,n and x # u;
xX>u <= x;>u, i=1,2,...,n
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Definition 1. Let C be a compact convex set in R”. The support function s(x|C)
of C is defined by

s(x|C) = max{x'y : y € C}.

Definition 2. Let D be a nonempty convex set in R”, and let y: D— R be con-
vex. Then z is called a subgradient of y at X € D if

Y(x)2y(x) + 2 (x —x) for all x € D.

A support function s(x|C), being convex and everywhere finite, has a subdif-
ferential, that is, there exists z such that s(y|C) = s(x|C) +z'(y — x) for all xe C.
The set of all subdifferentials of s(x|C) is given by

Us(x|C) ={z € C:Zx=5(x|C)}.
For a set S, the normal cone to S at a point x€ S is defined by
Ns(x) ={y:)'(z—x)=0 for all z € S}.
When C is a compact convex set, then y is in N(x) if and only if s(y|C)=x"y,

i.e., x is a subdifferential of s at y.
Consider the following multiobjective programming problem:

(P) Minimize f(x) = [fi(x),/2(x),...,fir(x)]
subject to x € X = {x € R" : g(x)=0},
where f:R"— R and g: R"— R™.

Definition 3 [7]. A point X € X is said to be an efficient solution of (P), if there
exists no other x € X such that f(x) < f(X).

A point X is said to be properly efficient solution of (P), if it is efficient and if
there exists a scalar M >0 such that, foreach i€ {1,2,...,k} and x € X satisfying
fi(x) < fi(x), we have

S0~ 1) _,,
filx) = fi(x) =
for some j such that f;(x) > f;(%).

Definition 4 [3]. A point X € X is said to be a weak efficient solution of (P), if
there exists no other x € X with f(x) < f(x).

It readily follows that if ¥ € X is efficient, then it is also weak efficient.

Definition 5. A real twice differentiable function F(x,y) defined on X'x Y, where
X and Y are open sets in R” and R™ respectively, is said to be n-pseudobonvex
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at u€ X for fixed ve Y, if there exists a function #:XxX— R" such that for
reR", xeX,

7 (x, u) [V F(u,v) + Vi F(u,0)r]20 = F(x,0)2F (u,0) — %r’VxxF(u, v)r.

A real twice differentiable function F(x,y): Xx Y — R is said to be n-pseudo-
boncave if —F is y-pseudobonvex.

3. Mond—Weir type symmetric duality

We now state the following pair of second order nondifferentiable multiob-
jective symmetric programs and establish weak, strong and converse duality
theorems.

Primal (MP):
Minimize L(xvy,zvp) = [Ll(an’aZl,Pl)aLZ(x>y;ZZaP2)7 cee 7Lk(x’yazk,pk)]

subject to
k
D A[Vifie,y) — 2+ Vifilx, v)p, ] 20, (1)
[
k
ytz)ﬁ[vyfi(xay) -z +wal(xay)pz] 205 (2)
i1
2>0, 3)
ZieDi7 l:1727,k (4)
Dual (MD):
Maximize H (u,v,w,r) = [H(u, v, wi,r1), Ha(u, 0, wa,72), . . . ,Hy(u, v, Wi, 1))
subject to
k
> Vi, v) + Wi+ Vifi(u, 0)r] 20, (5)
=1
u Z) V.ofi(u,v) + w; + Vo fi (u, v)r;] 20, (6)
4> 07 (7)
W,‘EC[, i:1,2,...,k, (8)
where

L,-(x,y,z,-,p,-):ﬁ(x,y)+s(x|C) yzli_ yvf(x y) i



I Ahmad | Information Sciences 173 (2005) 23-34 27

Hi(u,v,wi,r;) = fi(u,v) — s(v|D;) + u'w; — ¥V o fi(u, v)r;,

LER, p;eR", r;eR", i=1,2,.. k,and f;, i=1,2,. ..,k are thrice differentiable
functions from R"xR" to R, C;and D;, i=1,2,...,k are compact convex sets in
R" and R™. Also we take p=(p1,ps, .. . pi), F=(F1,F2, . o i), W= (W1, Wa, ..., Wy)
and z=(z1,22, - - -, Zx)-

Theorem 1 (Weak duality). Let (x,y,4,z,p) be feasible for (MP) and
(u,v, A, w,r) be feasible for (MD). Let

(i) S5 AL, 0) + (1)'wi] be ny-pseudobonvex at u,

() S, Alfi(x, ) — ()'z] be ny-pseudoboncave at y,
(i) ny(x,u)+u=0, and
(iv) ma(v, ) +y20.
Then

L(x7y7z7p) %H(u, U7 W7 r)'
Proof. From (5) and hypothesis (iii), we have

k
1, (x, u) Z Ai[Vofi(u,v) + wi + Vo fi(u, v)r]

> —u Z 2i[Vofi(u,v) + wi + Vo fi(u,v)r;] 20 (by (6)).

i=1

Therefore, hypothesis (i) implies
k k 1
;ii[ﬁ(x,v)+x’w ZZ: [ u,v) + u'w; — 2rlvxxf(u IR 9)

From (1) and hypothesis (iv), it follows that

k
i=
!

(0,9) > 4 [Vofi(x,y) =z + Vi filx, y)p]
1
k
g -V Z Ai [vyﬁ(xay) —zi+ vyyfi(x’y)pi] §0 (uSing (2))’
i=1

which, in view of hypothesis (ii) gives

k k
1
SO Alf o) =5 Y A - V- 3R] (10)

i=1 i=1
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The relations (9) and (10) yield

k P 1
Zl.zlli [fz‘(%)’) +x'wi =)'z - Epﬁvyyfi(xaﬁpz}

v

k 1
Z i [ﬁ(u, v) +u'w; — v'z; — Erﬁvxxf(”a U)rt} :
i=1

Finally, using x'w;<s(x|C), w,€C;, i=1,2,...,k and v'z;<s(v|D;), z;€D,
i=1,2,...k, we obtain

1
Zlel’{j [ﬁ(x,y) + S(X‘Ci) _ytZi - Ep:vyyﬁ(xvy)pi}

IIV

k
Z [ uv —S |D)+MW1 r;v.wf(uvv)ri:|'

Hence
L(x7y7z7p)§<\H(uav7w?r)' D

Theorem 2 (Strong duality). Let f be thrice differentiable on R'XR". Let
(x,3, 4,2, p) be a weak efficient solution for (MP); fix A = A in (MD) and suppose
that

(A1) Vyy f; is nonsingular for all i=1,2,.. .k,

(A2) the matrix Zlez,-(vyyﬁf)i)y is positive or negative definite, and

(A3) the set (vyfl — 21+ Vuf 10 Vs =2+ Vo fopy, o Vo fi — 2k + v}yfkl_’k)
is linearly independent,

then there exist w; € R", i=1,2,. ..,k such that p = 0, (X, 7, 2, w,7 = 0) is feasible
for (MD) and
L(.X-7)_},E7l_7) = H(x7)_}7 M_/, F)'
Also, if the hypotheses of Theorem 1 are satisfied for all feasible solutions of
(MP) and (MD), then (X,y, A, w,F) is a properly efficient solution for (MD).

Proof. Since (%, 7, ,Z, p) is a weak efficient solution of (MP), by the Fritz—John
conditions [17], there exist xc R*, fe R™, ve R, dc R¥ and w; e R", i=1,2,.. .,k
such that

k
Z [ i+ Wi =5 (Vo fib) b,

3 A+ (Tufip)] (B — ) =0, (1)

i=1
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Vviéci, XJW,‘:S(SC|C[), = 1,2,...,]{, (12)
k
Zj;l(“i Vfl Z Vj/ - vﬁi)
k -1
3 (V) [(ﬁ —w)i —Eaip,} 0, (13)
i=1
B=v)[Vofi =2+ Vo fip] —0:=0, i=12,...k (14)
[(B— V)i — o)’V ofiy i=1,2,... .k, (15)
Of[j/+zi(ﬁfv}7) GND,.(Z[), l: l,2,...,k, (16)
B (VS fip) = (17)
k
vy Z 4i(Vyfi = 2+ Vi fip) = 0, (18)
i=1
=0, (19)
(o, B,v,0)20, (20)
(o, B,v,0) # 0. (21)

In view of A > 0 and §2>0, it readily follows from (19) that 6=0. Therefore
from (14), we have

(ﬁ_vj;)t [V,\frl _Zi+vyyﬁpi] = 07 = 1727”',k' (22)
Since V,,f; is nonsingular for i=1,2,.. .k, (15) yields
(ﬂ—vj/)z,-zo(i[)i, = 1,2,...7k. (23)

Now from (13),
k

_ 1 K
Z(“i —va)(Vyfi = Zi + Vo fip;) + B Z 4(Vufip),(B—vy) =0.  (24)
i=1

i=1

On multiplying (24) by (B — vy)' from the left and using (22), we get
_Vy Z Vyfpz _Vj}):()v

which by the hypothesis (A2) implies
B =vy. (25)
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Therefore, from (24)
Z(ai - le)(vvft —Zzi+ Vyyfipi) =0

which by the hypothesis (A3) yields
0{[:\)2,', 1:1,2,,]( (26)

Suppose v=0. Then from (25) and (26), we get f=0 and «=0 respectively.
Thus (e, ,v,0)=0, a contradiction to (21). Hence

v > 0. (27)
Since 4; > 0, i=1,2,.. ..k, from (26) and (27), we get

o >0, i=1,2,... k.
Using (25) in (23), we have

op; =0, i=1,2...k,
and hence

p,=0, i=12... k. (28)
Now using relations (25) and (28) in (11), it follows that

Z V.fi +wi] =0,

which by (26) gives

[V.fi + wi] =0,

HM»

and hence, we also have

X’ZA, V.fi + wi] = 0.

i=1

Therefore (%, 7, 2, w,7 = 0) is feasible for (MD).
From (16) and (25), we obtain

)_/tZi :S(j/‘Di), i= 1,2,...,]{. (29)
By (12) and (29), we get
[i®,) +s(F|Ci) = ¥z — PV fi(%,7)P:
= fi(x,y) —s(IDy) + x'w; — ¥V fixy)F, i=1,2,.. k.
J,w,7 = 0) is a feasible solution of the dual problem (MD) and
L(_7)_}727p) :H(X7)_}7 1/‘_/7 7‘)' (30)
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Now we show proper efficiency of (x, y, 1, w,7) for (MD) by exhibiting a con-
tradiction. If (x,y, 4, w,7) is not efficient for (MD) then there exists a feasible
solution (i, 7, 4, w,7) for (MD) such that

Hx,p,w,7) < H(u,v,w,7).
In view of (30), it follows that

L(XJ/,EJ)) < H(ﬁ, v, W, ?‘),
which contradicts Theorem 1. If (, y, 2, w,7) is not properly efficient for (MD),
then for some feasible (u, v, A, w,7) of (MD) and for some i,

1
Efgvxx fi(@,0)7;

1
> fi(%,p) — s(¥|Di) +x'w; — E?;vxxﬁ(xvj})?i

fi(a, ) — s(e|Dy) + i, —

and

1

fi(u,0) — s(0|D;) + u'w; — =PV f;(u, O)F
| 3o

1
- [169) = 561Dy + 81 - 379,57
I SN
> 0 [{565.9) = 561D) + ¥, ~ 379307
1
~ {00 = staloy) + - 377t
for any M >0, and all j satisfying
o - IV o
[i(®.3) = sID;) +XW; = 57V i (%, 3)7

_ _ 1 N
> fi(u,v) — s(0|D;) + u'w; — Eerxxf,-(u, 0)7;,

thi = S(;C|C,) and )7’2,- = S@|Dl’), i= 1,2, .. .,k.
This means that

[f,-(u, v) — s(o|D;) + u'w; — %ﬁvmﬁ(a, E)r,}

1
- |:ﬁ(xay) + S(‘ﬂct) - ytzi - Erivxxfi(xay)ri:l
can be made arbitrarily large. Thus for any A > 0,

Z [f, i,0)—s v|D)+uw,——erxf,(u )7 }

1
> Z A [ X, ) +s(x|C;) — ¥z — E?ﬁvxxﬁ(faf/)f_’i]-

This again contradlcts Theorem 1. O
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A converse duality theorem may be merely stated as its proof would run
analogously to that of Theorem 2.

Theorem 3 (Converse duality). Let f be thrice differentiable on R*xR™. Let
(@, 0, A, w,7) be a weak efficient solution for (MD); fix /. = A in (MP) and suppose
that

(Bl) V..f: is nonsingular for all i=1,2,.. .k,

(B2) the matrix ZLZ,-(VXX fi7i), is positive or negative definite, and

(B3) the set (vxfl —wr+ vxxfifl ) foZ —wy+ Vxxfﬂ?% teey vxﬁ» - "_Vk + Vxxfk?k)
is linearly independent,

then there exist z; € R", i=1,2,. ..,k such that ¥ = 0, (#,v,,%,p = 0) is feasible
for (MP) and

L(ﬁﬂ T)?Z?ﬁ) = H(’j{, 1_77 w? ’7)'

Also, if the hypotheses of Theorem 1 are satisfied for all feasible solutions

— = 7 = =

(MP).

4. Special cases

(1) Let C;={0} and D;,={0}, i=1,2,...,k. Then (MP) and (MD) are reduced
to the second order multiobjective symmetric dual programs of Suneja
et al. [18]. If in addition p=0, »=0. Then we get the multiobjective sym-
metric dual pair of Gulati et al. [9].

(i) If k=1 in (MP) and (MD), then we obtain nondifferentiable symmetric
dual programs studied by Hou and Yang [10].

(iii) If in (MP) and (MD), k=1, C;={0} and D,={0}, i=1,2,...,k, then we
get the symmetric dual programs of Gulati et al. [8] and Mishra [12] with
the addition of nonnegativity constraints x=0 and y =0 in (MP) and
(MD) respectively.

(iv) If k=1, p=0and r=0, then we obtain symmetric dual multiobjective pro-
gramming problems studied by Mond and Schechter [15].

(v) From the symmetry of primal and dual problems (MP) and (MD), we can
construct other new symmetric dual pairs. For example, if we take
Ci={Ay:y'4y<1 and D;={Bx:x'Bx<1, i=1,2,...,k, where A4; and
B, i=1,2,...,k are, positive semidefinite ¥natrices, then it can be easily
verified that (x'4x)? = s(x|C;) and (y'By)? =s(y|D;), i=1,2,...,k. Thus,
a number of new symmetric dual pairs and duality results can be
obtained.
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5. Conclusion

In this article, a new pair of Mond—Weir type nondifferentiable multiobjec-
tive second order symmetric dual programs is presented and duality relations
between primal and dual problems are established. The nondifferentiability
terms in the form of support functions have been included in the objective
functions of each problem. The results developed in this paper improve and
generalize a number of existing results in the literature. These results can be
further generalized for minimax mixed integer programs, wherein some of
the primal and dual variables are constrained to belong to some arbitrary sets
e.g., the sets of integers.
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