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Abstract In the present paper, two types of second order dual models are formu-
lated for a minmax fractional programming problem. The concept of n-bonvexity/
generalized n-bonvexity is adopted in order to discuss weak, strong and strict converse
duality theorems.
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1 Introduction

Optimization problems with minmax type functions arise in the design of electronic
circuits, however, minmax fractional problems appear in the formulation of discrete
and continuous rational approximation problems with respect to the Chebyshev norm
[6], in continuous rational games [22], in multiobjective programming [23], in enginee-
ring design as well as in some portfolio selection problems discussed by Bajona-Xandri
and Martinez-Legaz [5].
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In this paper, we consider the following minmax fractional programming problem:

Minimize ¥ (x) = sup ACIR)

vey h(x,y) ®

subjectto g(x) <0, x € R",

where Y is a compact subset of R/, f(-,-): R x R* = R, h(-,-): R" x R* - R
are C> on R" x R' and g(-) : R — R™is C? on R". It is assumed that for each
(x,y)in R" x R', f(x,y) = 0and h(x, y) > 0.

For the case of convex differentiable minmax fractional programming, Yadav and
Mukherjee [24] formulated two dual models for (P) and derived duality theorems.
Chandra and Kumar [9] pointed out certain omissions and inconsistencies in the
dual formulation of Yadav and Mukherjee [24]; they constructed two modified dual
problems for fractional minmax programming problem and proved duality results.
Liu and Wu [15,16], and Ahmad [1] obtained sufficient optimality conditions and
duality theorems for (P) assuming the functions involved to be generalized convex.
Recently, Yang and Hou [25] discussed optimality conditions and duality results for
(P) involving generalized convexity assumptions.

Second order dual has computational advantages over the first order dual, as it
provides tighter bounds for the value of the objective function, when approximations
are used [10,18,20]. Mangasarian [18] first formulated the second order dual for a
nonlinear programming problem by introducing an additional vector p € R". Ins-
tead of imposing explicit condition on p, Mond [20] included p in a second order
type convexity. Bector et al. [8] discussed second order duality results for minmax
programming problems under generalized binvexity. Later on, Liu [14] extended these
results involving second order generalized B-invexity assumptions.

In this paper, motivated by Chandra and Kumar [9], Bector et al. [8] and Liu
[14], we formulate two second order duals for fractional minmax programming
problem (P), and derive weak, strong and strict converse duality theorems under
n-bonvexity/generalized n-bonvexity. This work generalizes the previous results
appeared in [1,8,9,14-17,24,25].

2 Notations and preliminaries

Let S = {x € R" : g(x) < 0} denote the set of all feasible solutions of (P). For each
(x,y) € R" x R!, we define

Jx)={jeM={1,2,...,m}: g;j(x) =0},

YY) ={y €Y : f(r,y) + (T Bx)? = sup f(x,2) + (T Bx)?},

zeY
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and
K@) ={(,1,7) eNx Ry xR : 1 <s<n+1,t=(t1,0,...,1) € RS,

N
with > 1 = 1.5 = (51, 2. ..., ) with j; € Y(x),i =1,2,....s).

i=1
Let f : R" — R be a twice differentiable function.

Definition 1 Function f is said to be n-bonvex at x € R", if there exists a certain
mapping 1 : R" x R" — R" such that for all x, p € R", we have

1
FO) = f@ + 5p" VA @p = 0 @ B [V @ + V2 ®p].

Definition 2 Function f is said to be (strictly) n-pseudobonvex at x € R", if there
exists a certain mapping n : R" x R" — R" such that for all x, p € R", we have

1
1@ B[ VO + VA @p| 205 F0&) = f@ = 5p" V2 F@p.

Definition 3 Function f is said to be (strictly) n-quasibonvex at x € R", if there
exists a certain mapping n : R" x R" — R" such that for all x, p € R", we have

1
FO) = F® =30V F@p =0 @B [VI@ + V2 F@p] (<) <0,

It has been revealed in [21] by means of an example that the above class of functions
is an extension of bonvex functions [7].
The following theorem will be needed in the proofs of strong duality theorems:

Theorem 1 (Necessary conditions) [9] Let x* be a solution (local or global) of (P)
and let Vg;(x*), j € J(x*) be linearly independent. Then there exist (s*, t*, y*) €
K(x*),A* € Ry, and u* € R} such that

s* m
V(ORI = hQ ) + VD g () =0,
i=1 j=1
SO T =R ) =0, i=1.2,...5"

m
> wigi(x) =0,
j=1

*

N
20, DF=15 ey, i=12...s"

i=1
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3 First duality model

Making use of the optimality conditions of preceeding section, we formulate the
following second order dual to (P) as follows:

max sup A, (MD)
(66, )€KQ@) (z,,0, p)eHi (5,1,5)

where Hj (s, t, y) denotes the set of all (z, u, A, p) € R" x Rﬁr” X Ry x R" satisfying

VO (f (250 — Mz, 50) + V2D i(f (2. 5i) — Mz, 5i)p

i=1 i=1

m m
+VZM;8J(Z)+VQZM,~gj(Z)p=0, (3.1
j=1 j=1

S 1 N
D@3 =M 50) = 5p" V2 3 hi(f @ ) = M@ 5))p 2 0, (3.2)

i=1 i=1
m 1 m
T2
Zl’“‘fgf(Z)_E” v Z;u,-gj(@pzo. (3.3)
j= j=

If, for a triplet (s, t, y) € K(2), the set H((s, t, y) = ¥, then we define the supremum
over it to be —o0.

Remark 3.1 1If p = 0, then (MD) becomes the dual considered in [1,15-17].

Theorem 2 (Weak duality) Let x and (z, iu, A, s, t, ¥, p) be feasible solutions of (P)
and (MD), respectively. Assume that

(1) [Zle tL(f G, yi) — Ah(, y,-))] is n-pseudobonvex at z; and

(i1) Z']’Ll w;g;(+) is n-quasibonvex at z.
Then

fx,y)
sup ———— >
er h('xv y)

Proof By the feasibility of x for (P), © > 0 and (3.3), we get
m m 1 m
D g <0< jgi@) = 3p"VE D g @)p.
j=1 j=1 j=l1
The above inequality together with hypothesis (ii) implies
m m
N (x.2) |V nigi@+ V2D uigi@p | <0. (34)

j=1 j=1
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From (3.1) and (3.4), we have
n' (x,2) {v D (f @3 = Mz 5) + V2 4(f 2 i) — Mz, yi»p} >0,
i=1 i=1
which by the virtue of hypothesis (i) yields
D t(f e, §i) = Ml 7))
i=1
N 1 N
> D 6 (f (@50 =Mz 50) = 5pTV2 D6 (f (2 5) = Ah(z, 5i))p

i=1 i=1

>0 (by (3.2)).
Therefore, there exists a certain i, such that
fx,yi) — Ah(x, yi,) = 0.
Hence

p L) ST

—— > A.
er h('xv y) a h(-xv )’io)

O

Theorem 3 (Strong duality) Assume that x* is an optimal solution of (P) and V g ; (x™),
j € J(x*), are linearly independent. Then there exist (s*,t*,y*) € K(x™) and
(x*, w*, A%, p* = 0) € Hi(s*, t*, y*) such that (x*, u*, A*, s*, t*, y*, p* = 0)
is a feasible solution of (MD) and the two objectives have the same values. If, in
addition, the assumptions of weak duality (Theorem 2) hold for all feasible solutions
(z, s Ay 8,1, y, p) of (MD), then (x*, u*, A*, s*, t*, y*, p* = 0) is an optimal solu-
tion of (MD).

Proof Since x* is an optimal solution of (P) and Vg;(x*), j € J(x*) are linearly
independent, then by Theorem 1, there exist (s*, r*, y*) € K(x*) and (x*, u*, A*,
p*=0) € Hi(s*, t*, ¥y*) such that (x*, u*, A*, s*, t*, y*, p* = 0) is a feasible solu-
tion of (MD) and the two objectives have same values. Optimality of (x*, u*, A*, s*, t*,
y*, p* = 0) for (MD), thus follows from weak duality (Theorem 2). O

Theorem 4 (Strict converse duality) Let x* and (z*, u*, A*, s*

solutions of (P) and (MD), respectively. Suppose that

, 15, 3%, p*) be optimal
(i) Vgj(x"), j e J(x™), are linearly independent,

(i) [Zf; t*(f G ¥ — A*h(, j;l.*))] is strictly n-pseudobonvex at 7*; and

(iii) Z']ﬂ:l ujgj () is n-quasibonvex at z*.

Then z* = x*.
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Proof Suppose to the contrary that z* # x*, and we will derive a contradiction. Since
x*and (z*, w*, A*, s*, t*, y*, p*) are optimal solutions of (P) and (MD), respectively,
and Vg;(x*), j € J(x*) are linearly independent, therefore, by Theorem 3, we
have

k *
M = A* (3.5)
y*eY h(x , Y )
The feasibility of x* for (P), u* > 0 and (3.3) imply
Zu,g,(x ) <0< ZM,g,(Z ) — *TVZZujg,(z P,
j=1 j=1 j=1
which along with hypothesis (iii) gives
m m
" (2 | VD g + VY wigi()p* | <0. (3.6)
j=1 j=1
Therefore, inequality (3.1) along with (3.6) yields
s*
T () | VB -
i=1
s*
WREE I 4+ VED (I = M hEE 5P| =0,
i=1
which by hypothesis (ii) and inequality (3.2) gives
S*
DRI = ARG, 5) > 0.
For a certain i,, this implies
fary S L,
sup " = > AT,
y*eYy h(x*, y*) — h(x sy,'o)
which is a contradiction to (3.5). Hence z* = x*. O
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4 Second duality model

In this section, we formulate the following second order dual to (P) and discuss duality
results.

max sup A, (GMD)
(1. )EK Q) (2, 1,0, p)eHa(5,1.5)

where H (s, t, y) denotes the set of all (z, i, A, p) € R" x Rl x Ry x R" satisfying

VO (f (230 = Mz, 30) + V2D (2, 5i) — Mz, 3i)p

i=1 i=1

m m
+V D g+ V2D wgi@p =0, .1
j=1 j=1
s
D t(f(@ 5 — Mz 5)) + D g2
i=1 jedo
1 S
T 72 = =
—5p'V Zti(f(z, ¥i) — Mz, 5:) + Z 1jgi(x) | p =0, (42)
i=1 jels
1
> wjgi) — 3PV > uigi@p=0. a=1,2,....r, 4.3)
jEJa jEJa

where Jy €M, a =0,1,2,...,r, with J,,_y Jo = M and J, N Jg =0, if « # B.
If, for a triplet (s, t, y) € K(2), the set H>(s, t, y) = @, then we define the supremum
over it to be —oo.

Theorem 5 (Weak duality) Let x and (z, it, A, s, t, ¥, p) be feasible solutions of (P)
and (GMD), respectively. Assume that

(1) [Zle (G, 3i) — Ah(, ¥)) + Zjejo ujgj(-)] is n-pseudobonvex at z7; and

(i) Zjeja wigi(), a=1,2,...,r, is n-quasibonvex at z.
Then
fx,y) -
yey h('xv )’)

Proof By the feasibility of x for (P), u > 0 and (4.3), we have

1 T2
Z njgj(x)<0< Z Mjgj(Z)—EP v Z nigi@p, a=12,....,r. (44
j€Ju j€Ju JE€Ju
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The inequality (4.4) and hypothesis (ii) give

n’ (x,2) VZMjgj(Z)+VZZMjgj(Z)p <0, a=12,...,r,
jEJa jEJOt

which together with (4.1) yields

" (x,2) | VD 6(f (@ 5i) = Mz, 50) + V7 D 4i(f (2, i) — Mz, 5))p

i=1 i=1

+V D g @+ V2D uigi@p | = 0.
jeds J€Jo
By using hypothesis (i), the above inequality implies

DO Fi) = A, 3+ D g ()

i=1 jelds

> > 6(f (@ 5 — M@ I + D 1jgi)

i=1 jels
_Lprv ir(f(z i) = Mz, 3 + D g | p
) ‘ i s Ji s Vi . Jj&j .
i=1 jeds
By u > 0, g(x) < 0and (4.2), it follows that
N

D (f @ Fi) = Mh(x, §)) = 0.

i=1
Therefore, there exists a certain i, such that

f(xv yio) - )»h(x, yio) > 0

Hence

0 F(x, ) > f(x,f_io) .
yey h(x,y) = h(x, i)

]

The proof of the following theorem is similar to that of Theorem 3, and hence, is
omitted.
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Theorem 6 (Strong duality) Assume that x* is an optimal solution of (P) and V g ; (x*),
j € J(x*), are linearly independent. Then there exist (s*,t*,y*) € K(x*) and
(x*, w*, A%, p* = 0) € Hy(s*, t*, y*) such that (x*, u*, A*, s*, t*, y*, p* = 0) is
a feasible solution of (GMD) and the two objectives have the same values. If, in
addition, the assumptions of weak duality (Theorem 5) hold for all feasible solutions
(z, i, Ay 8,1, y, p) of (GMD), then (x*, u*, A*, s*,t*, y*, p* = 0) is an optimal
solution of (GMD).

Theorem 7 (Strict converse duality). Let x* and (z*, u*, \*, s*, t*, y*, p*) be
optimal solutions of (P) and (GMD), respectively. Suppose that
(i) Vg;j(x"), j e J(x*), are linearly independent,
(ii) [Z?:l tFFC Y = ARG, 39) + Zjejo Mjgj(-)] is strictly n-pseudobonvex
at 7*; and
(iii) Z/eJa ,ujfgj(-), a=1,2,...,r, is n-quasibonvex at z*.

Then z* = x*.
Proof 1t can be proved similarly to Theorem 4. O

Remark 4.1 1If, we take J, = @J, then Theorems 5—7 reduce to Theorems 2—4 of Sect. 3.

5 Further developments

The question arises as to whether the second order duality results developed in this
paper hold for the following nondifferentiable minmax fractional programming
problem [2,11-13,19]:

. f(x, ) + & Bx)?
Minimize sup 1
ye¥ h(x,y) — (xT Dx)2

subjectto g(x) <0, x € R",

(NP)

where Y is a compact subset of R, B and D are n x n positive semidefinite symmetric
matices, f(-,-) : R" x Rl — R, h(-,") : R" x R! — R are C? on R" x R! and
g() : R* — R™is C*on R".If h(x,y) = 1 and D = 0, then (NP) reduces to the

problem considered in [4].

Moreover, the present work can easily be extended to a unified class of functions,
i.e., second order (F, «, p, d)-convex/second order generalized (F, «, p, d)-convex
functions [3].
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