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Abstract

A pair of Mond-Weir type nondifferentiablmultiobjective second order symmigtdual programs is formulated
and symmetric duality theorems are established unkerassumptions of second order F-pseudoconvexity/
F-pseudoconcavity.
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1. Introduction

Symmetric duality in mathematical programming was introduced by D@&in who defined
a pogram and its dual to be symmetric if the dual of the dual is the original problem.
Chandra and Husairg] studied a pair of symmetric dual nondifferentiable programs by assuming
convexty/concavity of the scalar functiofii (x, y). Subsequently, Chandra et aB] [presentedanother
pair of symmetric dual nondifferentiable programs weakening convexity/concavity assumptions to
pseudoconvexity/pseudoconcavity.

Weir ard Mond [18] discussed symmetric duality in multiobjective programming by using the concept
of efficiency. Chandra and Prasa@] presenteda pair of mutiobjective programming problems by
associating a vector ged infinite game to this pair. Gulati et al.(] also established duality results for
multiobjective symmetric dual problems without non-negativity constraints.
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Mangasarian12] considered a nonlinear program and discussed second order duality under certain
inequalities. Mond14] assumed rather simple inequalities. Bector and Chardjidefined the unctions
sdisfying the inequalities inJ4] to be bonvex/boncave. Mangasaria?| p. 609] and Mond 14, p. 93]
have indicated possible computational advantages of second order duals over the first order duals. Ar
alternative approach to higher order duality is givenlir [

Mishra [L3] and Guldi et al. [9] studied single objective second order symmetric duality for Wolfe and
Mond—-Weir type models. Kim et all]] presented aair of multiobjective second order symmetric dual
problems and established duality results under convexity. Recently, Yang and $Jepfliied invexity
to multiobjective seand order symmetric dual problems dfl] omitting non-negativity constraints but
with an additional assumption on the invexity.

In this paper, we consider a pair of nondifferentiable multiobjective second order symmetric dual
programs of Mond—Weir type. We prove weak, strong and converse duality theorems under second ordel
F-pseudoconvexity/F-pseudoconcavity.

2. Notationsand preliminaries

The fdlowing convention for inequalities will be used: ,u € R", thenx =2 u & X = u;,
i=1,2...,njXx>usx2uandx#u;x>ux X >U,i=12...,n

If g(x,y) is a real valued twice differentiable function »fandy, wherex € R" andy € R™, then
Vx 9(X, ¥) andyy g(X, ¥) denote the gradient vectors with respect to first and second variable evaluated
at(x, y) resgectively. Alsovyy g(X, y) andvy, g(X, y) are, respectively, thex n andm x m symmetric
Hessian matrices with respect to first and second variable evaluatedyat

Consider the following multiobjective programming problem:

(P) Minimize f (x)
subjecttox € X,
wheref : R" - RKkandX c R".

Definition 2.1. A pointX € X is said to be wak efficient for (P) if there exists no othere X with
f(x) < f(X).

Definition 2.2. A pointX € X is said to be an efficient solution of (P) if there exists no other X such
that f (x) < f(X).

Definition 2.3. AfunctionalF : X x X x R" — R (whereX € R")is aublinear in its third component,
if for all x,u € X,

() F(x,u; a1 +ap) < F(x,u;a1) + F(x, u; ap) for all a, a» € R"; and
(i) F(x,u;@a) = aF(x,u;a) foralla € R, and for alla € R".

For notational convenience, we write
Fxu(@ = F(x,u; a).

Definition 2.4. A real valued tice differentiable functiong(.,y) : X x Y — R is said tobe second
order F-pseudoconvex at € X with respect top € R", if there exists a wblinear functional
F: X x X x R" - Rsuchthat

1
Fau(Vx 9, Y) + Vxx 9(U, y)p) 2 0= g(X,y) 2 g(u,y) — Ep‘ Vxx 9(U, y)p.
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A real valued tice differentable functiong is second order F-pseudoconcave-ifj is seond order
F-pseudoconvex.
We shall nake use of the following generalized Schwartz inequality:

x'Ay < (x'AX) 2 (y! Ay)?

wherex, y € R", andA € R" x R" is a positive semidefinite matr Equality holds if for some. = 0,
Ax = LAy.

3. Mond-Weir type second order symmetric duality

We present the following pair of second order nondifferentiable multiobjective problems with
k-objectives and establish weak, strong and converse duality theorems.
(MP): Minimize K(x, y, w, p) = (K1(X, y, w, p), Ka(X, y, w, p), ..., Kk(X, ¥, w, p))

K
subjectto Y Ai[vy fi(x, y) — Ciwi + vyy fi(X, y)pi] £ 0 1)
i—1
K
y' > hilwy fix. y) — Ciwi + vy fi(x, y)pil 2 0 (2)
i—1
wiCiw £1,i=12...,k (3)
A>0 (4)
x = 0. (5)

(MD): MaximizeG(u, v, z,r) = (G1(u, v, z,r), Go(u, v, Z,1), ..., Gk(U, v, Z, 1))
k

subjectto Y Ai[vy fi(U,v) + Bizi + vy fi(u, v)ri] 2 0 6)
i=1
k
Uy " hilvy iU, v) + Bizi 4 vy fi(U, 01 £ 0 (7)
i=1
ZBz <1li=12..,Kk (8)
A>0 9)
v=0. (20)

where
Ki(, ¥, w, p) = fi(x, y) + (X'Bix)? — y'Ciwi — %IO.t Vyy fi(X, Y)pi,
Gi(u,v,zr) = fi(u,v) — W'C v)% +u'Biz — %ﬂt Vxx fi (U, v)ri,
rieRpeRYrieRi =12,....k,andfj,i =1,2,...,k are thrice differentiable functions

from R" x R™to R, B andC;,i = 1,2,...,k are positive semidefireét matrces. Also we take
P= (P P2, .-, Pk, M = (1, T2, ..., 1), w = (w1, w, ..., wk) ANdZ = (21, 2, . . ., Z).
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Remark. If k = 1, then (MP) and (MD) become the nondifferentiable second order symmetric dual
programs of Ahmad and Husaif][

Theorem 3.1 (Weak Duality). Let (x, y, A, w, p) be feasible for (MP) andu, v, A, z,r) feasible for
(MD). Assume that

0] Z!‘Zl Ai[fi (., v) + ()!Bjz] is second order F-pseudoconvex at u,
(i) Z:‘Zl AL fi(x,.) — ()'Cjwi] is second order F-pseudoconcave at y,
(i) Fxu(®) +ute 20, foré e R", and
(V) Fyy(m) +ytn =0, forn € R™ Then

KX, y,w, p) £GU,v,zr).
Proof. By takingé = Z!‘Zl Ai(vy fi(u,v) + Bizi + vy fi (U, v)ri), we have

K
Fx.u (Z 2i(Vx fi(u,v) + Bizi + vy fi(u, v)n))

i=1
k
> —uf (Z Li (wx fi(u,v) + Bizi + vy fi(u, v)n)) = 0 (by hypothesis (jii) and?)),
i=1
which by second order F—pseudoconvexityz_')l‘:l AL, v) 4+ ()'Biz] atu yields

k
=

K
Ailfi(x, v) +x'Biz] = Zki [fi (u,v) + U'Biz — %ﬂt Vxx fi (U, U)ri:| . (11)
1 i—1

On takingy = — YK 1 4, (vy fix, y) = Ciwi + wyy fi(X, y)pi), we have
k
Fuy <— 2i(vy fi(x,y) = Ciwi + vyy fi(x, y) pi))
i=1
k
2y (Z A (vy ficx, y) = Ciwi + vyy fi(x, y) pi)) > 0 (by hypothesis (iv) and)),
i=1
which by second order F-pseudoconcavit;@}f:1 AiLfi(x,.) — (O'Cjwi] aty gives

k K 1
D oulfiv) —v'Cwil £ ) A [fi X, y) = ¥'Ciwj — Epit Vyy fi(x,y) pi] - (12)
i=1 i=1

Combining nequalities 11) and (L2), we get

k k
1
E Ailx'Biz + v'Ciwi] 2 E Ai [fi (U,v) +Uu'Biz — Erit Vxx fi (U, v)ri
i=1 i=1

1
—fi(x, y) + Y'Ciwi + Epit Vyy fi (X, Y)pi] :
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Applying the Schwartz inequality3) and @), we obtain

K
1
> ki [fi (%, Y) + (X'Bix)Z — y'Ciwj — Epit Vyy fix,y) pi}
i=1

k
1 1
> ;Ai |:fi (u,v) — (UtCi v)2 + ut Bizy — Eﬂt Vxx fi (U, U)ri] .
Hence

KX, y,w, p) £GU,v,zr). O

Theorem 3.2 (Strong Duality. Let f be thrice diferentiable on R x R™ and (X, y, A, w, p), a weak
efficient solution for (MP), and = A fixed in (MD). Assume that

() vyy fiisnonsingular foralli=1,2,...,Kk,

(ii) the matrixZ!‘:1 Ai (Vyy fi Pi)y is positive or negave ddinite, and

(iii) the set{v f1 — Ciw1 + vyy f1p1. vy f2 — Cowz + vyy f2P2. ..., vy fk — Ckik + Vyy fk Pk}
is linearly independent,

where f = fij(X, ¥),i =1,2,...,k. ThenX, y, A, z, = 0) is feasible for (MD), and the two objectives
have the same values. Also, if the hypotheséshebrenB.1 are satisfied for all feasible solutions of
(MP) and (MD), then(X, ¥, A, z, F = 0) is an eficient solution for (MD).

Proof. Since(X, ¥, A, w, p) is a weak efficient solution of (MP), by the Fritz—John conditioil fhere
existe € R, B € R™ y € R, v € RK, § € Rkand¢ € R" such that

_.l_

1 -
1:I + Biz — E(Vyy 1:i pi)xpii|

M* =

xl_lﬂ‘

Ai [Vyx fi + (Zyy fiPOx] (B—vy) —§ =0 (13)

_ 1 o
= Giwi — 5(Vyy fi Py pi}

k
+ [Vyy fi + (Vyy fi Pyl(B—vY) —v ZAI [Vy fi — Ciwj + Vyy fipil=0 (14)
i=1

= i=1

B—yP' vy fi —Ciwi +vyy fiBi] -8 =0 i=12..k (15)

@iCiy+ (B—yP'AiCi = 2vCiwi, i=12...,k (16)

[(B—yYii—aip] vy i=0  i=12..k 17)

Bz = (xX'Bx)3, i=12...k (18)
k

B " %i(wy fi — Cii + vy fipi) =0 (19)

i=1
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k
vy D vy fi = Cii + vy, fipi) =0 (20)
i=1
Vi (Wi Ciw — 1) =0, i=12....k (21)
s'h=0 (22)
xte=0 (23)
ZBiz <1, i=12...,k (24)
(@,B,y,v,8,6) 20 (25)
(o, B,y,v,6,8) #£0. (26)
Sinceir > 0 ands > 0, (22) impliess = 0. Consequently16) yields
B=yY'[vy fi — Ciwi + vyy fifi] =0, i=12....k (27)
Sincevyy fi isnonsingularfoi =1, 2, ..., k, from (17), it follows that
(B — Vy))_\i = i P, i=12 ..., k. (28)

From (4), we get

K k
Z(ai —yA)(vy fi — Ciwp) + Zii Vyy iB=vy—vp)
i=1 i=1
k -1
+ Z(Vyy fi Pi)y [(ﬂ —YYA — P Iﬁi] =0.
i=1
By using @8), it follows that

k . 1K
> (@i — yxi(wy fi = Ciini + vy fip) + > > iy fiB)y(B—vy) =0. (29)
i=1 i=1
Premutiplying (29) by (8 — ¥ ¥)! and using 27), we obtain
k
B—yN'Y_ Ai(wyy fip)y(B—yy) =0,
i=1

which by hypothesis (ii) implies

B=vy. (30)
Therefore, from29), we getZ!‘:l(ai — yii)(vy fi —Ciwi + vyy fi pi) = 0, which by hypothesis (iii)
yields

Cli=]/ii, i=12, ...,k (31)

If y = 0, theng; = 0,i = 1,2,...,k andfrom (30), 8 = 0. Alsofrom (13) and (6), we get
& =0,vy =0i =12,..., k. Thus(«, 8, y,98,v,&) = 0, a contradiction to46). Hencey > 0.
Sincerj > 0,i = 1,2,..., k, (31) implieseo; > 0,i = 1,2,..., k. Using @B0) in (28), we get
aiff =0,i =1,2,...,k andhencep; =0,i =1,2,...,k. Using @0) andp; =0,i =1,2,..., K,
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in (13), it follows thatZ}‘:l ai[vy fi + Bizi] = &, whichby (31) gives

k
> hilvy f+Bzl=220 (32)
i—1 Y
and
k B )—(tg
x> 2ilvk fi + Bizil = — =0 (33)
i—1 Y
Also, from (30), we have
y= f >0, (34)

Hencefrom (24) and 82)—(34), (X, V., A, z, T = 0) is feasible for (MD). Now Iet%[—”ii =a.Thena=0
andfrom (16) and 30)

Ciy =aCuwj, (35)
which is the condition for equality in the Schwartz inequality. Therefore

§'Ciwi = (§'Ci¥)2 (! Ci )2

In casev; > 0, (21) givesw!Ciw; = 1 and soy'Cjw; = (y'C; ¥)2.In casev = 0, (35) give<C;y = 0

and soy'Cjwi = (Y'C; y)% = 0. Thus in either case

y'Cii = (F'Ci9)2. (36)
Hence

Ki(X. ¥, . p=0) = fi(X.y)+ (X'BR)? — y'Ciy

= fi(X,y) — (J'Ci¥)? + X'BZ = Gi(X, ¥,z 7 = 0) (using (L8) and 6)).

Now it follows from Theorem 3.Xhat(X, V, X, 2, = 0) is an efficient solution for (MD).
A converse duality theorem may be merely stated as its proof would run analogously to that of
Theorem 3.2 0O

Theorem 3.3 (ConverseDuality). Let f be thrice differentiable on'R< R™ and (d, v, A, Z,T), aweak
efficient solution for (MD), and = A fixed in (MP). Assume that

(i) vy« fi isnonsingularforalli=1,2,...,k,
(ii) the matrixZ!‘:1 Li (Vxx fiTi)x is positive omegative definite, and
(iii) the set{yy f1 + B1zy + vyyx f11, vy T2 4+ BoZo + vy fol2, ..., vy Tk + BkZk + vy fklk} IS
linearly indgpendent,

where f = fi(G,0),i = 1,2,...,k. Then(d, v,1, w, p = 0) is feasible for (MP), and the two
objectives have the same values. Also, if the hypotheséBeafrens.1 are satisfied for all feasible
solutions of (MP) and (MD), the(, v, A, w, p = 0) is an eficient solution for (MP).
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4. Special cases

MIfB =C =0,i =1,2,...,k then (MP) ad (MD) reduce to the second order multiobjective
symmetric dual program studied by Suneja et®)] fvith the omission of non-negativity constraints
from (MP) and (MD). If in additionp = r = 0, andk = 1, then we get the first order symmetric
dual programs of Chandra et o] [

(i) If we setp = r = 0, in (MP) and (MD), then we obtain a pair of first order symmetric dual
nondifferentiable multiobjective programs considered by Mond et §]. [
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