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Abstract
A Mond-Weir type dual for a class of nondifferentiable minimax fractional programming problem is considered.
Appropriate duality results are proved involving (F,a, p, d)-pseudoconvex functions.
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1. Introduction

Fractional programming is an interesting subject appeared in many types of optimization problems. For
example, it can be used in engineering and economics to minimize a ratio of functions between a given period
of time and a utilized resource in order to measure the efficiency or productivity of a system. In these types of
problems the objective function is usually given as a ratio of functions in fractional programming form (see
Stancu-Minasian [16]).

Optimization problems with minimax type functions arise in the design of electronic circuits, however mini-
max fractional problems appear in the formulation of discrete and continuous rational approximation problems
with respect to the Chebyshev norm [3], in continuous rational games [14], in multiobjective programming [15],
in engineering design as well as in some portfolio selection problems discussed by Bajona-xandri and Martinez-
legaz [2].

Minimax mathematical programming has been of much interest in the recent past [1,4,5,11,13,18-20].
Schmitendorf [13] established necessary and sufficient optimality conditions for minimax problem. Tanimoto
[17] applied these optimality conditions to define a dual problem and derived duality theorems, which were
extended for the fractional analogue of generalized minimax problem by Yadav and Mukherjee [19].

Motivated by various concepts of generalized convexity, Liang et al. [8,9] introduced a unified formulation
of generalized convexity, which was called (F,a, p, d)-convexity and obtained some corresponding optimality
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conditions and duality results for the single objective fractional problems and multiobjective problems.
Recently, Liang and Shi [10] obtained sufficient conditions and duality theorems for minimax fractional prob-
lem under (F, «, p, d)-convexity. Lai et al. [7] derived necessary and sufficient conditions for nondifferentiable
minimax fractional problem with generalized convexity and applied these optimality conditions to construct
one parametric dual model and also discussed duality theorems. Lai and Lee [6] obtained duality theorems for
two parametric-free dual models of nondifferentiable minimax fractional problem involving generalized con-
vexity assumptions. Recently, Mishra et al. [12] established duality results for one parametric and two para-
metric-free dual models of nondifferentiable minimax fractional programming problem under generalized
univexity.

The optimization problem considered in this paper is the nondifferentiable minimax fractional program-
ming problem which consists of minimizing the supremum of ratio of functions involving square roots. Taking
motivation from the work of Liang et al. [§], Lai et al. [7] and Lai and Lee [6], we consider a Mond—Weir type
dual model for this problem and establish weak, strong and strict converse duality theorems with (F,a, p, d)-
pseudoconvexity. This work improves and generalizes some existing results on minimax fractional
programming.

2. Notations and preliminary results

Let R” be the n-dimensional Euclidean space and X an open set in R”.

Definition 2.1. A functional F: X x X x R" — R is said to be sublinear if Vx, x € X

(1) Flx, % a1 + a) < F(x,X;a1) + F(x,X;a2) Yai,a, € R,
(ii) F(x,x; fa) = pF(x,X;a) VB € R, and Va € R".

By (ii), it is clear that F(x,%,0) = 0.
Definition 2.2 [8,9]. Given an open set X C R", a number p € R, and two functions «: X x X — R{\{0} and

d(-;’) : X x X — R, a differentiable function { over X is said to be (F,a, p,d)-convex at X, if for any x € X,
F: Xx XxR"— R is sublinear, and {(x) satisfies the following condition:

{(x) = LX) = F(x,%a(x, %) V(X)) + pd*(x,X).
Definition 2.3. Given an open set X C R”, a number p € R, and two functions «: Xx X — R{\{0} and
d(-;’) : X x X — R, a differentiable function { over X is said to be (F,ua, p,d)-pseudoconvex at X, if for any
x € X, there exists a sublinear functional F: X x X x R" — R such that

{(x) < (%) = Flx,%;0(x, %) V() < —pd’(x,%).

Further, { is said to be strictly (F,a, p,d)-pseudoconvex at X, if for any x € X, there exists a sublinear functional
F: Xx XxR"— R such that

F(x,%0(x,5)VIF)) = —pd’(x,5) = {(x) > {(%).

We now consider the following nondifferentiable minimax fractional programming problem:

, ‘Bx)'
(P) min sup frny) + x)1/2 )
YeR" yey h(x,y) — (x'Dx)
subject to g(x) <0, x € X,

where Y is a compact subset of R”, f, h: R"x R™ — R, are C' on R"x R" and g : R" — R’ is C' on R". Band
D are n X n positive semidefinite matrices.
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Let S = {x € X : g(x) < 0} denote the set of all feasible solutions of (P). For each (x,y) € R” x R", we define

S0xy) + (Bx)'”
h(x,y) — (x’Dx)l/z’

¢(x7y) =

such that for each (x,y) € Sx Y, fix,y) + (x'Bx)"? = 0 and h(x,y)—(x'Dx)"?> > 0. For each x € S, we define
J(x)=1{jeJ:g{x)=0}, where J={1,2,...,p}

Y(x) = {y €Y :f(x,y) + (¢'Bx)"” f(x,z) + (x’Bx)1/2}7

= Ssup -
hxy) — (D) e hr,z) — (vDx)'

K(x) = {(s,t,j/) ENXR. XR":1<s<n+1,t=(t1,tr,...,t) ER’

with Zti = 175}: (.)_/17)_}27"'7)_}5') with .)_}i € Y(x)(l = 1727-~-7S)}'
i=1

Since f and / are continuously differentiable and Y is compact in R”, it follows that for each x* € S,
Y(x") # (), and for any y, € Y(x*), we have a positive constant

c oy SR+ B

ko= ¢(x",y,) = ( — )+ *)1/2'

h(x*,y;) — (x*'Dx")

We shall need the following generalized Schwartz inequality.

Let B be a positive semidefinite matrix of order n. Then for all x, w € R”,

x'Bw < (x’Bx)%(w’Bw)%. (1)
We observe that equality holds if Bx = ABw for some 4 > 0. Evidently, if (W’Bw)% < 1, we have
X'Bw < (x’Bx)%.
If the functions f, g and / in problem (P) are continuously differentiable with respect to x € R", then Lai

et al. [7] derived the following necessary conditions for optimality of (P). In what follows V stands for gradient
vector with respect to x.

Theorem 2.1 (Necessary conditions). If x* is a solution of problem (P) satisfying x*'Bx* >0, x*'Dx* > 0, and
Vgi(x"), j € J(x") are linearly independent, then there exist (s,t*,y) € K(x*), ko € R+, w, v € R", and ii* € R, such
that

S TS50+ B = kTl 3) = Do)} + ¥ Z kg ) =0, @)
p =

L7 + (B — ko(h(x",5,) — ('Dx)) =0, i=12,...,s, (3)
> wex) =0, 4)
j=1

1=203G0=12,...,5), sﬁ:L (5)

wBw < 1, v'Dv < 1,
(x*th*)l/Z = x*'Bw, (6)
(x"*Dx*)"? = x*'Du.

Remark. In the above theorem, both matrices B and D are positive semidefinite at the solution x*. If one of

(x*"Bx") and (x*'Dx") is zero, or both B and D are singular, then for (s, 7*,y) € K(x*), we can take a set Z(x*)
as defined in [6] by
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Zy(x") ={z € R" : ZVg,(x") <0, j € J(x") satisfying one of the following conditions}:
(i) x*'Bx* >0, x"Dx" =0

=z (i tf{Vf(X*ayi) + B kOVh(x*,yi)}> + (zt(k(z)D)z)% <0,
p

(x*’Bx*)%

(i) x""Bx" =0, x*'Dx" >0

- Dx* .
2\ D GVI5) — ko (Vh(x*f,-) 7> }) + (ZBz) <0,
(i—l { g g (x*Dx*)?

(iii) xBx* =0, x""Dx* =0

ol—

Z’(it?{vf(f,yi)—kth(x*,y,-)}> + (Z(k2D)z2)* + (ZBz) < 0.

If we insert the condition Z;(x*) = () in Theorem 2.1, then the result of Theorem 2.1 still holds.

3. Duality model

In this section, we first restate Theorem 2.1, in the form of following theorem, which can be proved on the
lines of Theorem 4 in [6].

Theorem 3.1 (Necessary conditions). If x™ is a solution of problem (P). Assuming Z(x*) to be empty, there exist
(s,t*,y) € K(x*), w, v € R" and u* € R satisfying

V(Zl 1 1{f( ,y1)+x*tBW}+Z] llujgj( )) -0 (7)
St {h(x, 3;) — x*'Duv} ’
P
> 18) =0, ®)
=1
FER(I=1,2...5), S =1 9)
=1
wBw <1, (x"Bx*)'"? = x"Bw, (10)
VDo <1, (x"Dx")"* = x"Du. (11)
Theorem 3.1 can be employed to construct the following Mond-Weir type dual as follows:
2inti{/ (2. 3) +2Bwh + 37 8,(2)
(D) max sup 5 ,
(5. )€K () (z.u,0,w)EH (s,£%.3) Zl 1 z{h(z yl) - ZtDU}
where H(s,t*,y) denote the set of all (z, u,w,v) € R" X Rf. x R" x R" satisfying
z,y;) +Z'Bw} +
V(Zl 1 l{f( y) } IZ/ llujg]( )) _ O, (12)
Zz 1 l{h(z yl) 7ZDU}
wBw <1, (2Bz)"? =zBw, (13)
VDo <1, (2Dz)"* =ZDv.
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If the set H(s,t*,y) is empty, we define supremum over it to be —co. For convenience, we use the notation:

Zt {/C3) + ()'Bw} + Zp:u,g,(-)]
[Zt {h(-, Dv}}

s

W)= [Zr{hzyl ) —2'D

i=1

) [Z G (@3) + 7Bl + Y ez
=1 =

Suppose that
s p s
S 6{f(@r) +ZBwk+ > wgz) =0 and > #{h(z,3;) — (2)'Dv} > 0,
=1 =1 =1

for all (s,#*,y) € K(z), (z, u, w,v) € H(s,t*,y). The following weak duality theorem can be proved.

Theorem 3.2 (Weak duality). Suppose that x and (z, u,v,w,s,t,y) are respectively the feasible solutions for (P)
and (D). Also assume that () is (F,o, p,d)-pseudoconvex at z and the inequality

0
a(x,z) =
holds, then
x,¥) + (Bx)'? XLt f (7 5) + ZBwh 4+ 30 wg,(2)
sup > _ J JoJ
ver h(x,y) - (xDx)"/? >t h(z,3,) — 2D}

Proof. By means of a contradiction, suppose that

up J )+ (B Yt (2, 9) + 2By + 3T m8,(2)
vely) h(x,y) — (x'Dx)"* Yoo tih(z,9,) — 2/ Dv} ’

for all y € Y. If we replace y by ¥, in the above inequality and sum up after multiplying by ¢, then we
have

23: t:{h(z,y,) — 2 Dv}

i=1

[Z i f (x,3,) + ('Bx)" 2}]

i=1

< [Z 6{f(z,3,) +2Bwh+ ) ujgj(Z)l lz t{h(x,5,) — (*Dx)"*}|.

i=1 j=1 i=1

Using the generalized Schwartz inequality and (13), we get

i=1 i=1

$(x) < [i t{h(z.3,) - #Dv}

S+ (B + D g

i=1

) [Z {f(z3) +2Bwh 4 ng(2)

i=1 j=1

[i 1 (h(e, ) — (D))

< Z,ujg, Zt {h(z,y,) — Z'Dv}.

Since Y, 4{h(z,¥,) —2Dv} > 0 and >, w;g;(x) <0, it follows that
Y(x) <0 =y(z).
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As Y(*) is (F,a, p,d)-pseudoconvex at z. Therefore, F(x,z;a(x,z)Vi)(z)) < — pd’(x,z), that is

F (x,z; oc(x,z){ li t:{h(z,y,) — 2'Dv

\Y%

i=1

fj t{f(z,3,) +ZBw} + Ep: g (2)1

i—1 =1

}) < —pd*(x,z).

> and using the sublinearity of F, we have

s

Z t:{h(z,y;) — 2 Dv}

i=1

- lz t{f (2,3,) +2Bw} + pr 1g,(2) |V

i=1

1
(x.2) [Z;l [,‘{h(z,j;‘.),ztDv}]

X,z St f(z,5,) +2Bwh + 377 1,g,(2) B pd’(x,z)
F( ’ ,v( >iiti{h(z,;) — 2D} )) = o(x,2) [0 ti{h(z,3,) — 2Dv}]”

On multiplying the above inequality by

Using the fact that 1()‘:.2)
iy oo (i @) + 28w} + 5T g, (@) ~0
T > iiti{h(z,3;) — ' Do} '

In the light of (12), the inequality (14) contradicts F(x,z;0) =0. O

> 0, we have

(14)

Theorem 3.3 (Strong duality). Suppose that X is optimal for (P) and Vg (%), j € J(X) is linearly independent.

mal for (D) and the two objectives have the same extreme values.

Proof. Since X is an optimal solution for (P) and Vg;(x), j € J(X) is linearly independent, then by Theorem 3.1,

(Theorem 3.2). O

tively. Also suppose that () is strictly (F,a,p,d)-pseudoconvex at z, for all (5,t,5*) € K(x), (z,L,,w,0) €
H(5,t,5"), and the inequality

P

L5
57 >0

holds, and Vg ,(X), j € J(X) is linearly independent. Then z = X; that is, Z is optimal for (P).

follows that
Zf’:l?i{f(zaj’?) +Z'Bw} + Zi:lﬁjgj(i)
> 0{h(z,3;) — #Dv}
i=1
The above inequality along with the sublinearity of F and a(;’z) > 0 implies
Pl (S G 280} g @)l
> iiti{h(z,y;) — 2 Do} (¥, 2)
which together with the sublinearity of F and a(X,z) > 0 yields

L (ZLn ) + By 4 2 g, (2) 2
F( ,Z; oc(x,z)V( Zlefi{h(za)_/?) ~ Do} )) > —pd (%,2).

\%

b
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Using strict (F, o, p, d)-pseudoconvexity of y(-), we obtain
Y(x) > y(2).
Since (z) = 0, then we have (x) > 0, that is

s

> i{h(z ;) — 2D}

i=1

L (55) + ®BW)}+ Y g (x)

=1

EMW

S

> S+ 2B+ Y ng 6 S a (T - (D)} |. (15)

i=1 i=1

The relations (1), (13), (15) and > ji;¢;(¥) < 0 imply

fEy) + @B LS E) + ZBw) + Y g (C)
vt h(x,y) — (¥Dx)"? >t h(z,y;) — 2D} '
Since x is optimal for (P) and g;(x), j € J(X) is linearly independent, by strong duality (Theorem 3.3), there

(16)

(D) and
fEY) + @) LS @) +2Bwy + Y yg, ()
ver h(x,y) — (¥Dx)"/? >t h(z,y;) — 2D}
which contradicts the fact of (16). Hence x =z. [

)
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