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1. Introduction

The notion of duality for generalized linear fractional programming problem
with point-functions was initiated by Von Neumann [10] in the context of an
economic equilibrium problem. Recently, various optimality conditions, duality
results, and computational algorithms for several classes of generalized fractional
programs have been appeared in the related literature. A fairly extensive list of
references pertaining to different aspects of generalized fractional programming
problems is given in [14, 15].

In this paper, we consider the following discrete minmax subset programming
problem:

Fi(T)
Gi(T)
subject to H;(T) <0, je M, T € A™,

(P) Minimize max
1<i<k

where A" is the n-fold product of o-algebra A of subsets of a given set X,
Fi,Gi,i € K =1{1,2,...,k} and H;,j € M ={1,2,...,m} are real-valued
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functions defined on A", and for each ¢ € K, F;(T) > 0 and G;(T) > 0 for all
T € A" such that H;(T) <0, j € M.

Zalmai [11] established necessary and sufficient optimality conditions and var-
ious duality results for (P). A Lagrangian-type dual problem was constructed
for (P) in [12] via a Gordan-type transposition theorem and appropriate dual-
ity results were proved. Preda [9] extended the concept of p-convexity [11] to
(F, p)-convexity and obtained duality theorems. Bhatia and Kumar [3] derived
sufficient optimality conditions and duality results for different combinations of
the problem function by using p-convexity. In [2], Bector and Singh discussed op-
timality and duality theorems involving generalized b-vexity assumptions, how-
ever, the Lagrangian-type dual problem was discussed in [5]. Lai and Liu [6]
presented parameter-free necessary and sufficient optimality conditions for (P).
They constructed also two parameter-free dual models and discussed duality re-
sults. Zalmai [14] obtained nonparametric sufficient optimality conditions and
duality results for minmax programming problems under generalized (F, p, 6)-
convexity assumptions. A number of parametric and parameter-free sufficient
optimality conditions and duality results were discussed in [15] under generalized
(F, a, p, 0)-V-convexity [13]. Recently, Ahmad and Sharma [1] derived sufficient
optimality conditions for a multiobjective subset programming problem under
(F, a, p,d)-type I functions.

In this paper, motivated by Zalmai [14, 15] and Mishra [7], we present para-
metric and parameter-free sufficient optimality conditions for (P) under gener-
alized (F, «, p, 8)-V-type-1 n-set functions. Moreover, appropriate duality theo-
rems are proved for parametric and parameter-free dual models of (P).

2. Notations and preliminaries

Let (X, A, 1) be a finite atomless measure space with L1 (X, A, 1) separable,
and let d be the pseudometric on A™ defined by

2

dT,Y)= > (TL,AY,)| | T, Y, €A peN={L2... n}
peEN

where A denotes the symmetric difference; thus, (A", d) is a pseudometric space.
For h € L1(X, A, ) and S € A with characteristic function xs € Loo(X, A, 1),
the integral [ h du will be denoted by (h, xs).

Corley [4] introduced the notion of differentiability for n-set functions as:

A function F' : A — R is said to be differentiable at T, if there exists
DF(T*) € L1(X, A, i), the derivative of F at T™*, such that for each T € A,

F(T) = F(T*) + (DF(T™), xo — x1+) + Ve (T,T7),

Ve (T, T
where Vp(T,T*) is o(d(T, T*)), that is, d(T%’IP)HO % =0
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A function G : A" — R is said to have a partial derivative at T = (75, T+,
., T¥) € A™ with respect to its pth argument, if the function

F(T;D) = G(Tl*a s aTgflanaT;+la s aT;)
has derivative DF(T,), p € N; in that case, the pth partial derivative of G at
T is defined to be D,G(T*) = DF(T,), p € N.
A function G : A" — R is said to be differentiable at 7™, if all the partial
derivatives DG, (T™*), p € N, exist and

G(T) = G(T") + > _(DGy(T"), x, = xr3) + We(T, T),
peEN
where We (T, T*) is o(d(T,T*)) for all T € A™.
It was shown in [8] that for any triplet (T,Y,\) € A x A x [0, 1], there exist
sequences {7} and {Yj} in A such that

Xz, S Mxryy and xy, S (1= A)xyr (1)

imply
Xnuviuray) % Axr + (L= Ny, (2)
where > denotes weak* convergence of elements in Lo (X, A, ), and T\ Y is

the complement of T relative to Y. The sequence {Viy(\)} = {TR, UY, U(T'NY)}
satisfying (1) and (2) is called the Morris sequence associated with (T,Y, A).

Definition 1. A function F': A™ — R is said to be (strictly) convex if for every
(T,Y,\) € A" x A™ x [0, 1], there exists a Morris sequence {Vi(A)} in A™ such
that

limsup F(Vi(N) (<) < AF(T)+ (1 - NF(Y).

k—o00

It was shown in [4, 8] that if a differentiable function F' : A™ — R is (strictly)
convex, then

F(T) (>)> F(Y)+ > (DyF(Y), x1, — Xv,) VT,Y € A™.
peEN

Definition 2. A function F(T,T*;-) : LT (X, A, u) — R is said to be sublinear
with respect to its third argument, if for fixed T, T* € A", and for every f,g €
LY (X, A, ) and ¢ € Ry = [0, 00),

F(TT5 f+9) < F(T,T f) + F(T,T7 )
and
F(T, T";cf) = cF(T,T%; f).
Consider the following generalized subset programming problem:

(P1) Minimize max F;(T)
1<i<k

subject to T € X,
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where X, = {T'€ A" | H;(T) <0, j € M} denote the set of all feasible solutions
of (P).

The following definitions [7] are needed in the sequel:

Let F(T,T*;-) : LY (X, A, ) — R be a sublinear functional, 6 : A™ x A" —
A" x A™ be a function such that T # T* = 0(T,T*) # (0,0) and let the
functions F : A" — R* and H : A" — R™ with components Fj, i € K, and
Hj, j € M, respectively, be differentiable at T* € A™.

Definition 3. (F, H) is said to be (F, «, p, §)-V-type-I at T* € A", if there exist

11 2 2
vectorsa—(al,OzQ,... ak,al,OzQ,...,am) and p = (p}, p3, ..., ph, P2, 03, ...,

p2,) € R*™ where o} aJ A" x A" — R\ {0}, andpl,pj eRforie K, je
M, such that for each TeX,,andforallie K, j € M
F(T) - F,(T") > F(T,T"; a%(T, T*)DF;(T")) + p; d2(9(T, %)),
—H;(T*) > F(T,T*; a5(T, T*) DH;(T*)) + p}d*(8(T, T")).
Definition 4. (F, H) is said to be (F, &, p, 0)-V-pseudoquasi type-I at T* € A™,

ifthereexistvectors&—(6&,&%,... ar,at, a3, ... a2) and p= (p*, p?) € R?,
where a;, aZ : A" x A" — R, \{0} fori € K, j € M, such that for each T' € X,

F (T, Yy DFl-(T*)> > —p'd*(0(T,T%)) = Y alFi(T) > > Fi(T

iceK icK icK

=Y @H{T*)<0=F |T,T% Y DH;(T*) | < -p*d*(0(T,T")).
JEM jeM
If in the above definition, the first inequality is satisfied as

F (T, iy DFl-(T*)> > —p'd*(O(T,T%)) = Y alFi(T) > > o Fi(T
€K €K €K
then we say that (F, H) is (F, &, p, 0)-V-strictly pseudoquasi type-I at T*.
Definition 5. (F, H) is said to be (}' &, p,0)-V-quasi strictlypseudo type-I

at T* € A", if there exist vectors a = (dl,d%,... ar,a3,a3,...,a2), and

ﬁ:(ﬁl,[))eRQ,wherea az: A" x A" — Ry \ {0}, fori € K, j € M, such
that for each T' € X,

S G R(T) < Y @RI = F (T, ™y DE(T*)) < P P(O(T, 7)),

€K €K €K
F\T.T* > DH;(T*) | > —p*d*(0(T,T%)) = — > _ a2H,;(T*) > 0.
JEM JjEM

If in the above definition, the first inequality is satisfied as

N GF(T) <> alF(T*) = F (T, Yy DFl-(T*)> < —prd*(0(T, T*)),

e K e K icK
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then we say that (F, H) is (F, &, p, #)-V-prestrictquasi strictlypseudo type-I at
T*.

We next recall a set of necessary optimality conditions and other related
results which form the basis for our discussion of sufficiency criteria for (P).

Theorem 2.1 [11]. Assume that F;, G;,1 € K, and Hj, j € M, are differen-
tiable at T* € A™, and that for each i € K, there exists T* € A™ such that

Hy(T*)+ > _(DyH,(T"), Xgs = xrz) <0, j € M. (3)
peEN
If T* is an optimal solution of (P), then there exist \* € R, p* € U =

{,LLG RE 3 = 1}, and v* € R such that

€K
Z<ZMDF — X' DpGi(T)) + > v; DyHy(T XTP—XT;>20,
peEN \ieK JjEM
VT eA™,

PEFAT*) = N Gy(T*)] =0, i € K, v;H;(T*) =0, j € M.

For brevity, we shall henceforth refer to an T* € X, satisfying (3) as a regular
feasible solution of (P).

It is easily seen that one obtains the following parameter-free version of Theo-
rem 2.1 by eliminating the parameter \* and redefining the multipliers associated
with the inequality constraints.

Theorem 2.2. Assume that F;, G;,i € K, and Hj, j € M, are differentiable
at T* € A™. If T* is a regular optimal solution of (P), then there exist p* € U
and v* € R such that

3 (SN D) OO 0D, + 3 45Dyt
peN \ieK jeEM
XT, _XT;> >0,VTe A",
pi [D(T, p")F3(T7) = O(T", p*)Go(T)] = 0, i € K,
Fi T* T*, *
T = max ) _ O )
1<i<k Gi(T*)  T(T*, )
where O(T*, u*) = > pi F(T%) and D(T*, 1i*) = 3 piG(T*).
i€ K ieK
Finally, we state following lemma that provides an alternative expression for
the objective function of (P).

Lemma 2.1 [11]. For each T € A™, one has

F(T) Yick HiFi(T)
max =—maX———————.
1<i<k Gl(T) pnel E ieK ,Uqu(T)

VIH,(T*) =0, j € M,
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In overall treatment of sufficiency and duality theorems, it is assumed that
the functions Fj, G, i € K, and Hj, j € M are differentiable on A™.

3. Parametric sufficient optimality conditions

In this section, we establish the parametric sufficient optimality conditions
for (P). For stating optimality Theorems 3.2 and 3.3, we use the real-valued
functions B;(-, A*, p*) and C; (-, v*) defined, for fixed A\*, u*, and v* on A", and
foralli € K, j € M by

Bi(T, X", p") = pi [Fi(T) = X*Gi(T)], and Cj(T,v") = vy H;(T).

Theorem 3.1. Let T* € X, and let there exist p* € U, v* € R and \* € Ry
such that

F\T, 7% ui[DF(T*) = X*DGi(T*)] + > viDH;(T*) | >0, VT € A",

e K jeM
(1)
pi [Fi(T%) = X Gi(T")] = 0, i € K, (2)
*H( *)=0, j€ M. (3)

If

(Z) [(Fl()_)\*Gl()a s aFk()_)\*Gk())a (Hl()a cee ,Hm())] is (-7:5 a, p, 9)_
V-type-1 at T™,
(i) a1 = a3 = .. —O‘k—

2

1 —

(i) 3 pipi + X vips =0,
i€K JEM

then T* is an optimal solution of (P).

ad=...=a2, =46, and

Proof. The inequality (1) along with the sublinearity of F implies

F (T, T pi[DF(T*) — A*DGi(T*)]> +F | T, 7% Y v;DH,;(T") | >0.
icK JEM
(4)
By hypothesis (i), we get
(F(T) = A"Gi(T)) — (Fi(T™) = A"G4(T™))
> F(T,T*; ai (T, T*)[DFi(T*) = N*DGi(T™)]) + p; d*(0(T, T*)),i € K,
—H;(T*) > F(T,T*;a3(T,T*)DH;(T*)) + p3d*(0(T, 1)), j € M.

On multiplying the first inequality by p* > 0, second by v* > 0, and using (2),
(3) and (ii), we obtain

wi (Fi(T) = XN*Gi(T)) = F(T, T 6(T, T*)pu; [DFi(T™) — X*DG;(T™)])
+uipid*(0(T,T*)), i € K,
0> F(T,T*;6(T, T*)vyDH;(T*)) + v; p;d*(0(T,T*)), j € M,
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which on being summarized yield

> ur(F( AG())zaf(T,T*aTT > ui[DF(T*) = \*DGi(T >]>

€K ieK

+F |\ D561, T) Y vy DHy(T) | + [ D piph + > vipd | d*(0(T,T)).
JjEM icK JEM

This inequality in view of (iii), (4), (T, T*) > 0, and the sublinearity of F gives

3 e ) - NG 20
As §(T,T*) > 0, the above inequality reduces to
Y i (F(T) = X" Gi(T)) 2 0. (5)
€K

Now from Lemma 2.1, we have

_ Fiy(T) Doiex Wi (T) e i Fi(T) _
V= G I S G Semanm = )

(6)
Hence, in view of (2) and (6), we conclude that T* is an optimal solution of
(P). O

Theorem 3.2. Let T* € X, and let there exist p* € U, v* € R} and \* € R
satisfying (1) to (3). If

(Z) [(Bl(a )‘*a /L*)a s aBk('a )‘*a /L*))a (Cl('a V*)a s ,Cm(', V*))] is (-7:5 Q, P, 9)_
V-pseudoquasi type-I1 at T, and

(i) p' +p° >0,
then T* is an optimal solution of (P).

Proof. The inequality (3) and a3(T,T*) > 0,j € M imply
> a3 (T, T*)w; Hy(T*) = 0. (7)
jeM
From (7) and hypothesis (i), we obtain
FA\T,T% Y viDH(T*) | + p*d*(0(T, T*)) < 0. (8)
jeM

The inequality (8) along with (4) and hypothesis (ii) yields

F (T Ty w{[DF(T") = X DGi(T )]) +pd*(0(T,T%)) > 0,

€K
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which because of hypothesis (i) gives
DAl T T (FAT) = N*Gi(T)) = Y ad (T, T )i (F(T™) = X Gi(T™)).
icK ieK
From the above inequality and (2), we have
> al (T, T s (Fi(T) = A*Gi(T)) > 0. 9)
icK
By virtue of Lemma 2.1, we have
’IZJ(T) = llélia,gxk m = 1121'&§Xk W (CLS (&%) (T,T ) > O, 1€ K)
_ Dicx Miai (T, T*)Fi(T)
= max — "
nel ZiEK it (T, T*)G;(T)
, ral (T, T*)F;(T
> Zie MO TORT) . (), (10)
Yiex K0 (T, T%)Gi(T)
Hence, in view of (2) and (10), we conclude that 7% is an optimal solution of
(P). d
The proof of the next theorem is analogues to Theorem 3.2, and hence being
omitted.
Theorem 3.3. Let T* € X, and let there exist p* € U, v* € R} and \* € R
satisfying (1) to (3). If
(Z) [(Bl(a )‘*a /L*)a s aBk('a )‘*a /L*))a (Cl('a V*)a s ,Cm(', V*))] is (-7:5 a, ﬁa 9)_
V-prestrict quast strictlypseudo type-1 at T, and
(i1) 7'+ 7 >0,
then T* is an optimal solution of (P).

In order to prove next sufficient optimality theorems, we introduce some ad-
ditional notations. Let {I,I1,...,I.} be a partition of the index set M, thus
Is C M for each g € {0,1,...,7r}, IsN 1, =0, if 3 # v and Up_, Ig = M. For
fixed A*, u* and v*, we define the real-valued functions on A" as:

E(T N " v*) = i | FiT) = XN Gi(T) + Y viHy(T)| , i € K,
Jj€lo
and
Lp(T,v*) = viH;(T), =1,2,...,r
Jje€lp

Theorem 3.4. Let T* € X, and let there exist p* € U, v* € R and \* € Ry
satisfying (1) to (3). If

(Z) [(51(5 )‘*a /L*a V*)a s agk('a )‘*a ,UJ*a V*))a (‘61('5 V*)a s aET('a V*))] is (-7:5 Q,
p,0)-V-pseudoquasi type-I at T*, and

(i) p* + ﬁ; % >0,
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then T* is an optimal solution of (P).

Proof. From (3) and a3(T,T*) > 0,j € M, we have Z (T, T")v; Hy(T") =
Jje€lp
0, 6=1,2,...,r, which along with hypothesis (i) gives

FT.7% > viDH(T") | < —pfd*(0(T.T%)), 3=1,2,...,r. (11)
Jj€lp

By (1) and the sublinearity of F, we obtain

F\T, 7% pi[DE(T*) = N"DGi(T*)] + Y _ viDH,(T
ieK jel,s

+Y F|T. T viDHTY) | >0,
B=1 jelp

F\T, 7% pi[DE(T*) = N"DGi(T*)] + Y viDH,(T
ieK jel,y

~ S APOTT) >0, (by (11)).

As hypothesis (ii) holds, and ) pf = 1, the above inequality becomes
i€K

F\ 1,77 pi[DF(T*) = N'DGi(T*) + Y v; DH,(T
ieK jel,y
+p'd*(0(T, T*)) > 0. (12)
Inequality (12) together with hypothesis (i) implies
> al T, TET, N ptv7) = Y al (T, THET™ N, p, v,
€K €K

which in view of (2) and (3) yields

> aH(T, Ty | F(T) = NGi(T) + > viH;(T)| > 0.

ieK j€el,y
Since T' € X, and v* € R, we get
> @ (T, T) i (Fi(T) — X*G4(T)) > 0,
ieK
which is identical to (9). Therefore, following the proof of Theorem 3.2, we
conclude that 7™ is an optimal solution of (P). O
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Theorem 3.5. Let T* € X, and let there exist p* € U, v* € R and \* € Ry
satisfying (1) to (3). If

(Z) [(51(5 )‘*a /L*a V*)a s agk('a )‘*a ,UJ*a V*))a (‘61('5 V*))a s aET('a V*))] is (-7:5 Q,
0, 0)-V-prestrictquasi strictlypseudo type-I at T*, and

(id) 7+ X 7 >0,

B=1

then T* is an optimal solution of (P).

Proof. The proof follows on the similar lines of Theorem 3.4. O

4. Parameter-free sufficient optimality conditions

In this section, we discuss parameter-free versions of the parametric sufficient
optimality conditions for (P) obtained in Section 3. For stating optimality The-
orems 4.2 - 4.5, we use the functions C;(-, v*) and Lg(-,v*) defined in Section 3,
and the real-valued functions A;(-, T, u*) and IL;(-, T*, u*, v*) defined, for fixed
T*, p*, and v* on A", and for all i € K, by

Ai(T.T7, p") = i [D(T, p*) F3(T) — O(T7, p*)Gi(T)],
and
(T, T, 5, v*) = i [D(T%, w*) Fi(T) = (T, w*)Gi(T) + Y v Hy(T)]
Jj€lo
Theorem 4.1. Let T* € X, and let there exist p* € U and v* € R such that

T,7% Y wi[D(T*, p*)DF(T*) — O(T*, u*) DGi(T*)] + > _ vy DH;(T
e K jeM
>0, VT e A", (1)
pi [T, @) F(T7) = O(T™, ") Gi(T7)] = 0, i € K, (2)
" — F(T) _ o™, p)
VI = B G ) T, ) ®)
VIH;(T*) =0, j € M. (4)
If
(@) [T, @) Fi() = O(T", p*) G (), - - DT, ) Fi (1) — ©(T™, ") G (),

y b
(H1(v), ... ,Hm())] is (F,a, p, 9)—V—type—] at T*
1 1 1 2 2

(1) af = ag = —ak—al—OzQ: .=a2 =46, and
(i) > pipi + Z vip; >
e K
then T* is an optzmal solution of (P).
Proof. The inequality (1) along with the sublinearity of F implies

(T 7% i [0(T, p*) DF,(T*) — @(T*,ﬂ*)DGi(T*)]>

€K
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+F [ 7.7% > viDH;(T) | > 0. (5)
jeM
By hypothesis (i), we get
(DT, p*) Fi(T) = ©(T™, ) Gi(T)) — (D(T™, p") Fi(T7) = (T, p*) Gi(T™))
> F(T, T 0 (T, T*)[D(T*, p*) DF,(T*) = O(T*, ") DG4(T™))) +p; d*(0(T, T™)),
—H,(T*) = F(T, T a3(T,T*)DH;(T")) + 2 (O(T, T*)),i € K, j € M.
On multiplying the first inequality by p* > 0, second by v* > 0, and using (2),
(4) and (ii), we obtain
pi (DT, ) Fi(T) = ©(T, ") Gi(T)) = F(T, T 6(T, T )i [U(T™, n*) DF(T™)
=O(T", u*)DG(T™)]) + pi pi d*(0(T,T%)), i € K,
0> F(T, T 6(T, T*)v; DH(T™)) + v} pjd*(0(T, T")), j € M.
Taking summation over ¢ € K and j € M, respectlvely and then adding to
obtain

D ui (DT, p*)F(T) = O(T*, 1) Gy(T))

ieK
> F(T,T*6(T,T%) >y [L(T*, p*)DF;(T*) — ©(T*, u*) DG(T™)))
ieK
FF(T, T4 8(T,T%) > viDHH(T*) + (O wipt + Y vipd)d*(0(T. 1)),
JjEM e K JjEM

which in view of (5), (iii) §(T,T*) > 0 and the sublinearity of F gives

sz T R = O w)G(T) 2 0

Since §(T, T*) > 0, the above inequality becomes
D (DT, ) Fi(T) — O(T, 4i*)G4(T)) > 0. (6)
€K

From Lemma 2.1, we get

B F(T) Yiex miFi(T)
V) = 0, GT) T T e mGiD)

Duex M E(T) (T ) .
- 2iex M Gi(T) =TT 1) =9(T7), (by (6) and (3)). (7)

Hence T™ is an optimal solution of (P). O

Theorem 4.2. Let T € X, and let there exist u* € U and v* € R} satisfying
(1) to (4). If

(Z) [(Al(a T*a /L*)a s aAk('a T*a /L*))a (Cl('a V*)a s ,Cm(', V*))] is (-7:5 Q, P, 9)_
V-pseudoquasi type-1 at T, and

(i) p*+p* >0,
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then T* is an optimal solution of (P).
Proof. Following the proof of Theorem 3.2, we get

F\T.T% Y viDH;(T*) | + p*d*(0(T,T7)) <0,
jEM
which by the virtue of (5) and hypothesis (ii) implies
FT,T5 Y i [D(T*, 1) DE(T?) — O(T*, 5*)DGA(T*)]) + P d*(0(T, T*)) > 0.
€K

This inequality together with hypothesis (i) gives
DAl (T, T i (D(T*, 1) FA(T) = O(T*, u*)Gs(T))

€K
> @i (T.T%) i (DT, w*) F(T") = O(T, ") Go(T)),
€K
Y AHT T )i (DT, 1) E(T) = O(T", 1) Gi(T) 2 0, (by (2)).  (8)
ieK
By Lemma 2.1, (3) and (8), it follows that
¥(T) = max Fi(T) = max M (as &; (T, T*) > 0,i € K)

1<i<k Gi(T)  1<i<k & (T, T*)G4i(T)

Dier it (T, T*)Fy(T)
= max .
i ZZEK i (T T)Gi(T)
Hence ¢(T") > ¢(T™), which shows that T™* is an optimal solution of (P). O

Theorem 4.3. Let T* € X, and let there exist u* € U and v* € R satisfying
(1) to (4). If

(Z) [(Al(a T*a /L*)a s aAk('a T*a /L*))a (Cl('a V*)a s ,Cm(', V*))] is (-7:5 Q, ﬁa 9)_
V-prestrictquasi strictlypseudo type-1 at T, and

(ii) p+p* >0,
then T* is an optimal solution of (P).

Proof. The proof follows on the similar lines of Theorem 4.2. O

Theorem 4.4. Let T € X, and let there exist u* € U and v* € R} satisfying
(1) to (4). If
(Z) [(Hl(a T*a /L*a V*)a s aHk('a T*a ,UJ*a V*))a (‘61('5 V*))a s aET('a V*))] is (-7:5
a, p, 0)-V-pseudoquasi type-I at T*, and
N oo
(@) '+ 3 20,



Sufficiency and duality in minmax fractional subset programming 1003

then T* is an optimal solution of (P).
Proof. Following Theorem 3.4, one can get the inequality

F\T.T% > viDHT*) | < —p3d*(O0(T.T%)), B=1,2,...,r.  (9)
Jj€lp
The inequality (1) and the sublinearity of F give
T,7% Y uil )DF,(T*) — ©(T*, p*)DGi(T*)] + > v; DH;(T
ieK j€el,y
+Y F|T,7%)  viDH(TY) | >0,
pB=1 jelp
or
T,7% Y pi[0(T*, p*)DF,(T*) — (T*, u*)DGi(T*)] + > _ v DH,(T*)
ieK jel,s
Z (0(T,T7)) = 0, (by (9)),
which in view of hypothes1s (ii), and > pr =1 yields that
ieK
F(T, T pi[D(T*, p*)DF(T*) — O(T*, u*)DGi(T*) + Y _ vy DH,(T
ieK j€el,y
+prd*(O(T, T*)) > 0. (10)

The inequality (10) along with hypothesis (i) implies
Z O_['Ll(Ta T*)H’L(Ta T*a ,u*a V*) Z Z O_[»Ll(Ta T*)H’L(T*a T*a /L*a V*)a
icK ieK
which by (2) and (4) gives
D@l (T, T )i [D(T, 1" Fi(T) = ©(T, w*)Gi(T) + Y viH,(T)]) > 0.
ieK j€el,y
Since T' € X, and v* € R, we get
D@ (T, T ) s (DT, 15" F(T) = O(T*, ) Gi(T)) > 0.
iceK
Now, following the proof of Theorem 4.2, we obtain the required condition that

T* is an optimal solution of (P). O

Theorem 4.5. Let T* € X, and let there exist u* € U and v* € R} satisfying
(1) to (4). If ~

(Z) [(Hl(a T*a /L*a V*)a s aHk('a T*a ,UJ*a V*))a (‘61('5 V*))a s aET('a V*))] is (-7:5 a,
0, 0)-V-prestrictquasi strictlypseudo type-I at T*, and
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(ii) 5+ 3 7 >0,
=1
then T* is an optimal solution of (P).
Proof. The proof is analogues to that of Theorem 4.4. O

5. Duality model 1

In this section, duality theorems are proved for the following parametric dual
problem:
(DI) Maximize A
subject to

FA\T,Y;Y wlDF(Y) = ADGi(Y)] + > v;DH;(Y) | >0, VT € A", (1)

i€ K jeM
w(Fi(Y) = AGi(Y)) 2 0, i € K, (2)
vy H;(Y) 20, j € M, (3)

YeA", Ne Ry, peU, veRY,
In order to prove duality theorems, we use the functions B;(-, A, ) and C; (-, v)
introduced in Section 3.
Theorem 5.1 (Weak Duality). Let T and (Y, A\, p,v) be the feasible solutions
of (P) and (DI), respectively. If
(Z) [(Bl(a A, /L)a s aBk('a A, /L))a (Cl('a V)a s ,Cm(', V))] is (-7:5 a, p, 9)_V'p56U'd0
quasi type-1 at'Y , and
(i) p' +p* >0,
then ¥(T) > A
Proof. From (3) and a3(T,Y) > 0,5 € M, we have
=Y a3(T,Y)vH;(Y) <0. (4)
JjEM
The inequality (4) and hypothesis (i) give
F(T,Y; Y v;DH;(Y)) + p°d*(0(T,Y)) < 0. (5)
jeM
The inequality (5) along with (1), the sublinearity of F and hypothesis (ii)
implies
F(T,Y; Y w[DF(Y) = ADG;(Y)]) + p*d*(6(T,Y)) > 0,
ieK
which in view of hypothesis (i) gives

T Y)w(Fi(T) = AG(T) = > ai (T, Y )ua(Fi(Y) = AG(Y)).

€K ieK
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From the above inequality and (2), we obtain
> al (T Y)ui(Fi(T) — AGi(T)) > 0. (6)
ieK

By virtue of Lemma 2.1, we have

Fi(T) a; (T,Y)Fy(T)
T) = = it Sk Bl i
VT = max G~ 12 31T Y)GA(T)

Hence ¢(T') > A. O

Theorem 5.2 (Weak Duality). Let T and (Y, \, u,v) be the feasible solutions
of (P) and (DI), respectively. If

(@) [(BL(GsA )y e s B, A 1), (Co(5v)y oo, Cn (-5 0))] i (F, &, p, ) - V - pre-
strict quasistrictlypseudo type-1 at'Y, and

(i) p' + p* >0,

then ¥(T) > A.

Proof. The proof follows on the similar lines of Theorem 5.1. O

Theorem 5.3 (Strong Duality). Let T* be a regular optimal solution of (P), let
F(I,T*; DF(T*)) = > e n(DpF(T™), x1,—X7T3) for any differentiable function
F: A" — R and T € A", and assume that any of the weak duality theorems
(Theorem 5.1 or 5.2) holds for all feasible solutions of (DI). Then there exist
N e Ry, p* €U, and v* € R such that (T, \*, u*,v*) is an optimal solution
of (DI) and the objective values of (P) and (DI) are equal.

Proof. By Theorem 2.1, there exist \* € Ry, p* € U, and v* € R such that
(T, X%, p*,v*) is a feasible solution of (DI). Since ¢(T*) = \*, it follows from
the weak duality theorem (Theorem 5.1 or 5.2) that (T, A*, u*, v*) is an optimal
solution of (DI). O

Theorem 5.4 (Strict Converse Duality). Let T* be a regular optimal solution
of (P) and let (Y*, \*, u*,v*) be an optimal solution of (DI) such that

(Z) [(Bl(a AT, /L*)a s aBk('a A%, /L*»a (Cl('a V*>a s ,Cm(', V*))] is (-7:’ a, p, 9)'V'
strictlypseudoquasi type-1 at Y*, and

(i) p' +p* > 0.

Also, suppose that, for any differentiable function F : A — R, F(T,T*; DF
(T") = > pen(DpF(T7), X1, — X13), T € A". Then Y* =T, that is, Y™ is
an optimal solution of (P), and ¥(T™) = \*.

Proof. We assume Y* # T* and exhibit a contradiction. Now, following the
proof of weak duality (Theorem 5.1), we get inequality (6) as strict inequality so
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that we obtain ¢(7*) > A*, which contradicts the fact that ¢(T*) = A*. Hence
Y* =T~ O
6. Duality model 1T

In this section, we present more general parametric dual model by making
use of partitioning scheme introduced in Section 3.

(DII) Maximize A
subject to

F\T.Y;Y wlDF(Y) = ADGi(Y)] + > v;DH;(Y) | 20, VT € A", (1)

icK jeM
i (F5(Y) )+ > viH(Y)) >0, i€ K, (2)
Jj€lo
S yH;(Y) >0, 3=1,2,...,m, (3)
Jj€lp

YeA", N\e Ry, peU, ve R

We use the functions & (-, A, 1, v) and C;(+, v) introduced in Section 3.
Theorem 6.1 (Weak Duality). Let T and (Y, \, u,v) be the feasible solutions
of (P) and (DII), respectively. If

(Z) [(51(5 A, s V)a s agk('a A, H, V))a (‘61('5 V)5 s 1‘67“('5 V))] is (-7:5 o, p, 9)_V_
pseudo quasi type-1 at'Y , and

(i) p* + 32 pj >0,

B=1

then Y(T) > A

Proof. From (3) and a2(T,Y) > 0,j € M, we have — Y _ a3(T, Y )v;H;(Y) <

VS
0, 6=1,2,...,r, which along with hypothesis (i) gives
F(T.Y; ) viDH;(Y)) < —p3 *(0(T,Y)), f=1,2,....r.  (4)
Jje€lp
By (1) and the sublinearity of F, we obtain
F(T,Y;Y il DF(Y) = ADGi(Y)] + Y v;DH;(Y))
ieK j€el,y
+ Z F(T,Y; > v;DH;(Y)) >0,

Jjels
or
F(T,Y; > wi[DF;(Y) = ADGy(Y)] + Y v; DH;(Y))
ieK j€el,y

Z pAd*(60( ) >0, (by (4)).
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As hypothesis (ii) holds, and > p; = 1, the above inequality becomes
i€k
F(T,Y;Y il DF(Y)=ADG;(Y)+ Y v;DH;(Y)]) + ' d*(0(T,Y)) > 0. (5)
ieK j€el,s

The inequality (5) together with hypothesis (i) implies

Z @%(T, Y)El(Ta A, B V) = Z @%(T, Y)El(}/a A, I/),
ieK ieK
which in view of (2) and (3) yields

YAl T Y)u(Fi(T) = AGi(T) + Y v Hy(T)) = 0.

ieK j€el,y
Since T' € X, and v > 0, we get

> @ (T,Y)us(Fi(T) — AG4(T)) > 0,
ieK
Now by Theorem 5.1, we obtain ¢(T) > A. O

Theorem 6.2 (Strong Duality). Let T* be a regular optimal solution of (P), let
F(I,T*; DF(T*)) = > en(DpF(T™), x1,—X13) for any differentiable function
F: A" - R and T € A", and assume that the assumptions of weak duality
(Theorem 6.1) hold for all feasible solutions of (DII). Then there exist \* €
Ry, p* €U, and v* € RT such that (T*, \*, u*,v*) is an optimal solution of
(DII) and the objective values of (P) and (DII) are equal.

Proof. By Theorem 2.1, there exist A* € Ry, p* € U, and v* € R such that
(T, X*, p*,v*) is a feasible solution of (DII). Since ¥(T™*) = \*, it follows from

the weak duality (Theorem 6.1) that (7, \*, u*,v*) is an optimal solution of
(DII). 0
Theorem 6.3 (Strict Converse Duality). Let T* be a regular optimal solution
of (P) and let (Y*, \*, u*,v*) be an optimal solution of (DII) such that

(@) [y A v*), o E (e A5 v), (Lo (™), oo, Lo (4, 0)] is (F, &,
P, 0)-V-strictly pseudoquasi type-I at Y*, and

(i) p' +p* > 0.

Also, suppose that, for any differentiable function F : A™ — R, F(T,T*;
DF(T*)) = > ,en(DpF(T*), x1, — X15), T € A". Then Y* =T*, that is, Y~
is an optimal solution of (P), and y(T*) = \*.

Proof. The proof follows on the similar lines of Theorem 5.4. (]
7. Duality model III

This section deals with the following parameter-free dual model for (P) and
corresponding weak, strong and strict converse duality theorems.

Y iex MiFi(Y)

(DIIT) Maximize ¢(Y, p,v) =
Diex 1iGi(Y)
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subject to

FT,Y:> LY, p)DF(Y) - (Y, ) DGi(Y)] + Y v; DH;(Y

e K jeM
>0,VT e A", (1)
T (Y, ) FAY) = O(Y, 0)Gi(Y)] > 0, i € K, (2)
v H;(Y) >0, j € M. 3)

YeA", pnelU, ve R

We use the functions A;(-, T, 1) and C;(+, ) introduced in Section 4. Through-
out this section, we assume that O(Y, ) > 0 and T'(Y, ) > 0 for all Y and p
such that (Y, u, v) is a feasible solution of the considered dual problem.

Theorem 7.1 (Weak Duality). Let T and (Y, u,v) be the feasible solutions of
(P) and (DIII), respectively. If

(Z) [(Al(a T, /L)a s aAk('a T, /L))a (Cl('a V)a s ,Cm(', V))] is (-7:5 a, p, 9) - V-
pseudo quasi type-I at'Y , and (ii) p* + p> > 0, then Y(T) > ¢(Y, u, v).
Proof. By (3) and a3(T,Y) > 0, j € M, we get — Z &?(T, Y)v;H;(Y) <0,

JjEM
which along with hypothesis (i) yields
F(T,Y; Y v;DH;(Y)) + p*d*(6(T,Y)) < 0. (4)
jeM
The inequality (4) together with (1), sublinearity of F, and hypothesis (ii) im-
plies
F(T,Y3 Y pwill(Y, p) DF;(Y) = O(Y, p) DG (Y)]) + p'd*(0(T, Y')) > 0,
€K

which by virtue of hypothesis (i) gives
> GHTY)ui(D(Y, ) Fi(T) = O(Y, p)Gi(T))

ieK
>l (T,Y)ui(T(Y, p) Fi(Y) — O(Y, p)Gi(Y)),
ieK
D@l (T,Y)ps(T(Y, p)FiT) — O(Y, )G (T)) > 0, (by (2)). (5)
ieK
From Lemma 2.1, we have
Fy(T) al(T,Y)Fy(T)
WT) = max Gy = B gy (@ M (TY) > 0 i€ K)
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L 2iex Ml (TY)E(T) _ O(Y, p)
~ Yiek i (T,Y)Gi(T) — T(Y, p)
oY, 1)
Hence 0(T) = i) = o(Y. ). O
Theorem 7.2 (Weak Duality). Let T and (Y, p,v) be the feasible solutions of
(P) and (DIII), respectively. If
(Z) [(Al(a Ta /L)a s aAk('a Ta ﬂ))a (Cl('a V)a s acm('a V))] is (-7:’ da [)a 9) - V-
prestrict quasistrictlypseudo type-I at'Y , and
(i) p' + p* =0,
then P(T) = (Y, p, v).
Proof. The proof follows on the similar lines of Theorem 7.1. O

Theorem 7.3 (Strong Duality). Let T* be a regular optimal solution of (P), let
F(T,T*; DF(T*)) = > ,en{DpF(T™), x1,—X13) for any differentiable function
F: A" - R and T € A", and assume that the assumptions of any of the weak
duality theorems (Theorem 7.1 or 7.2) hold for all feasible solutions of (DIII).
Then there exist p* € U and v* € R such that (T*,p*,v*) is an optimal
solution of (DIII) and the objective values of (P) and (DIII) are equal.

Proof. By Theorem 2.2, there exist u* € U and v* € R such that (T, u*, v*)
is a feasible solution of (DIII). Since ¥(T™) = ¢(Y™*, u*,v*), it follows from
the weak duality theorem (Theorem 7.1 or 7.2) that (T, u*,v*) is an optimal
solution of (DIII). O

Theorem 7.4 (Strict Converse Duality). Let T* be a regular optimal solution
of (P) and (Y™, u*,v*) be an optimal solution of (DIII) such that

(Z) [(Al(a T, /L*)a s aAk('a 17, /L*»a (Cl('a V*)a s ,Cm(', V*))] is (-7:’ a, p, 9) -
V - strictlypseudo quasi type-I at Y™, and

(i) p' +p* > 0.

Also, suppose that, for any differentiable function F : A™ — R, F(T,T*;
DF(T")) =3 ,en(DpF(T"), X1, — X13), T € A". Then Y* =T~ that is, Y*
is an optimal solution of (P), and Y(T*) = ¢p(Y*, u*, v*).

Proof. The proof is similar to that of Theorem 5.4. O

, (by (5))-
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