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Abstract

In this paper, a pair of multiobjective fractional variational symmetric dual problems over cones is formulated. Weak,
strong and converse duality theorems are established under generalized F-convexity assumptions. Moreover, self duality
theorem is also discussed.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The notion of symmetric duality in nonlinear programming, in which the dual of the dual is the primal, was
first introduced by Dorn [13], but significantly developed and studied by Dantzig et al. [11], Mond and Weir
[23], and Chandra et al. [7]. Bazaraa and Goode [4] generalized the results of Dantzig et al. [11] to arbitrary
cones. Nanda and Das [24] studied symmetric duality in fractional programming involving arbitrary cones
assuming the functions to be pseudoinvex. Chandra and Kumar [10] pointed out some logical shortcomings
in the proofs of duality theorems of Nanda and Das [24]. Suneja et al. [26] formulated a pair of multiobjective
symmetric dual programs over arbitrary cones and proved various duality results for cone–convex functions.
Recently, Khurana [19] discussed multiobjective symmetric duality results for Mond–Weir type problems
under generalized cone–invex functions.

Mond and Hanson [22] and Bector et al. [5] extended symmetric duality to variational programming, giving
continuous analogous of the results of Dantzig et al. [11] and Mond and Weir [23], respectively. Smart and
Mond [25] studied symmetric duality for variational problems with invexity, omitting the nonnegativity con-
straints taken by Mond and Hanson [22]. Gulati et al. [16] presented a pair of multiobjective symmetric dual

0377-2217/$ - see front matter � 2007 Elsevier B.V. All rights reserved.

doi:10.1016/j.ejor.2007.05.018

* Corresponding author.
E-mail address: izharamu@hotmail.com (I. Ahmad).

Available online at www.sciencedirect.com

European Journal of Operational Research 188 (2008) 695–704

www.elsevier.com/locate/ejor



Author's personal copy

variational problems and discussed duality results under generalized invexity. In [15], Gulati et al. generalized
the results of Mond and Hanson [22] and Bector et al. [5] by constraining some of the primal and dual vari-
ables to belong to arbitrary sets of integers. Recently, Ahmad and Husain [3] formulated minimax mixed inte-
ger multiobjective symmetric dual variational programs over cones and obtained appropriate duality results.

Chandra and Husain [9] studied symmetric duality for fractional variational problems. In [17], Gulati et al.
established usual duality results for static and continuous symmetric dual fractional programming problems
without nonnegativity constraints. Recently, Kim et al. [20] and Ahmad [1] discussed symmetric duality results
for multiobjective fractional variational programs under invexity and pseudoinvexity, respectively.

Generalizing convex functions, Hanson and Mond [18] introduced functions which satisfy certain convexity
type properties with sublinear functionals. Egudo and Mond [14] named these functions as F-convex, F-
pseudoconvex, and F-quasiconvex functions. Examples of these functions have been given in [14,18] also.
Later on, Chandra et al. [8] used these definitions in another form to discuss symmetric duality. Motivated
by Hanson and Mond [18], Egudo and Mond [14], and Chandra et al. [8], we propose the continuous version
of generalized F-convexity, and use this concept to prove symmetric duality results for multiobjective frac-
tional variational symmetric problems involving arbitrary cones. At the end, self duality theorem is also
proved.

2. Notations and preliminaries

Let I ¼ ½a; b� be a real interval, and C1 � Rn;C2 � Rm, be closed convex cones with nonempty interiors hav-
ing polars C�1 and C�2. Let for each i 2 K ¼ f1; 2; . . . ; kg, f iðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞ and giðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞ,
where x : I ! Rn and y : I ! Rm, with derivatives _x and _y, are twice continuously differentiable functions.
Superscripts denote vector components; subscripts denote partial derivatives. The symbols f i

x ; f
i
_x ; f

i
y and f i

_y

denote gradient vectors of the scalar function f iðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞ with respect to x; _x; y and _y for i 2 K.
For instance,

f i
x ¼

of i

ox1
; . . . ;

of i

oxn

� �T

; f i
_x ¼

of i

o _x1
; . . . ;

of i

o _xn

� �T

:

Similarly, gi
x; g

i
_x; g

i
y and gi

_y can be defined.
Let SðI ;RnÞ denotes the space of piecewise smooth functions x with norm kxk ¼ kxk1 þ kDxk1, where the

differentiation operator D is given by

u ¼ Dx() xðtÞ ¼ aþ
Z t

0

uðsÞds;

where a is a given boundary value. Therefore, d
dt � D except at discontinuities. Denote by Y ðI ;RmÞ, the space of

piecewise smooth functions y : I ! Rm with the norm as that of space SðI ;RnÞ.
Consider the following multiobjective variational problem:

ðPÞ Minimize

Z b

a
/1ðt; xðtÞ; _xðtÞÞdt; . . . ;

� Z b

a
/kðt; xðtÞ; _xðtÞÞdt

�
subject to xðaÞ ¼ 0 ¼ xðbÞ;

_xðaÞ ¼ 0 ¼ _xðbÞ;
hðt; xðtÞ; _xðtÞÞ 5 0; t 2 I ;

where / : I � Rn � Rn ! Rk and h : I � Rn � Rn ! Rm are differentiable functions.
Let X denotes the set of all feasible solutions of (P), i.e.,

X ¼ fx 2 SðI ;RnÞjxðaÞ ¼ 0 ¼ xðbÞ; _xðaÞ ¼ 0 ¼ _xðbÞ; hðt; xðtÞ; _xðtÞÞ 5 0; t 2 Ig:
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Defintion 1. A point x0 2 X is said to be an efficient solution of (P), if there exists no other x 2 X such thatZ b

a
/iðt; x0ðtÞ; _x0ðtÞÞdt >

Z b

a
/iðt; xðtÞ; _xðtÞÞdt; for some i 2 K;Z b

a
/jðt; x0ðtÞ; _x0ðtÞÞdt =

Z b

a
/jðt; xðtÞ; _xðtÞÞdt; for all j 2 K:

Defintion 2 [6]. A point x0 2 X is said to be a weakly efficient solution of (P), if there exists no other x 2 X
such that

Z b

a
/iðt; x0ðtÞ; _x0ðtÞÞdt >

Z b

a
/iðt; xðtÞ; _xðtÞÞdt; for all i 2 K:

Defintion 3. A functional F : I � Rn � Rn � Rn � Rn � Rn ! R is said to be sublinear in its sixth argument, if
for any x; _x; u; _u 2 SðI ;RnÞ,

(i) Fðt; x; _x; u; _u; a1 þ a2Þ 5 Fðt; x; _x; u; _u; a1Þ þFðt; x; _x; u; _u; a2Þ, for any a1; a2 2 Rn; and
(ii) Fðt; x; _x; u; _u; baÞ ¼ bFðt; x; _x; u; _u; aÞ, for any b 2 R; b = 0 and a 2 Rn.

Let w : I � Rn � Rn � Rm � Rm ! R be a differentiable function.

Defintion 4. The functional
R b

a wðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞdt is said to be F-pseudoconvex in x and _x for fixed y

and _y, if

Z b

a
Fðt; x; _x; u; _u; wxðt; u; _u; y; _yÞ � Dw _xðt; u; _u; y; _yÞÞdt = 0)

Z b

a
wðt; x; _x; y; _yÞdt =

Z b

a
wðt; u; _u; y; _yÞdt;

for all x; u : I ! Rn and for some arbitrary sublinear functional F.

The functional
R b

a wðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞdt is said to be strictly F-pseudoconvex in x and _x for fixed y and
_y, if Z b

a
Fðt; x; _x; u; _u; wxðt; u; _u; y; _yÞ � Dw _xðt; u; _u; y; _yÞÞdt = 0)

Z b

a
wðt; x; _x; y; _yÞdt >

Z b

a
wðt; u; _u; y; _yÞdt;

for all x; u : I ! Rn and for some arbitrary sublinear functional F.

Defintion 5. The functional
R b

a wðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞdt is said to be F-pseudoconcave in y and _y for fixed x

and _x, if

Z b

a
Fðt; v; _v; y; _y;�fwyðt; x; _x; v; _vÞ � Dw _yðt; x; _x; v; _vÞgÞdt = 0)

Z b

a
wðt; x; _x; v; _vÞdt 5

Z b

a
wðt; x; _x; y; _yÞdt;

for all y; v : I ! Rm and for some arbitrary sublinear functional F.

Similarly, strict F-pseudoconcavity of the functional
R b

a wðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞdt can be defined.

Example. The function w : I � R� R� R� R! R defined by

wðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞÞ ¼ ðxðtÞ þ y3ðtÞÞt
is F-pseudoconvex in x and _x for fixed y and _y on I ¼ ½a; b�; a < b, with respect to the sublinear functional

Fðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞ; zÞ ¼ ðxðtÞ � yðtÞÞz:
The function w is F-pseudoconcave also in y and _y for fixed x and _x on I ¼ ½a; b�; a < b, with respect to the
sublinear functional
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Fðt; xðtÞ; _xðtÞ; yðtÞ; _yðtÞ; zÞ ¼ 1

3
xðtÞ � y3ðtÞ

x2ðtÞ

� �
z:

Defintion 6. Let x 2 C � Rn. Then C is a cone if and only if kx 2 C, for all k = 0. Moreover, C is called a con-
vex cone if it is convex.

Defintion 7. Let C � Rn be a cone. Then C� is said to be a polar of C, if

C� ¼ p 2 RnjpTx 5 0; for all x 2 C
� �

:

In the sequel, we will write Fðt; x; u; nÞ for Fðt; x; _x; u; _u; nÞ and Fðt; v; y; gÞ for Fðt; v; _v; y; _y; gÞ.

3. Symmetric duality

We present the following pair of multiobjective fractional variational symmetric dual programs:

ðSPÞ Minimize

R b
a f 1ðt; x; _x; y; _yÞdtR b
a g1ðt; x; _x; y; _yÞdt

;

R b
a f 2ðt; x; _x; y; _yÞdtR b
a g2ðt; x; _x; y; _yÞdt

; . . . ;

R b
a f kðt; x; _x; y; _yÞdtR b
a gkðt; x; _x; y; _yÞdt

" #

subject to xðaÞ ¼ 0 ¼ xðbÞ; yðaÞ ¼ 0 ¼ yðbÞ;
_xðaÞ ¼ 0 ¼ _xðbÞ; _yðaÞ ¼ 0 ¼ _yðbÞ;
Xk

i¼1

ki Giðx; yÞ f i
y � Df i

_y

� �
� F iðx; yÞ gi

y � Dgi
_y

� �n o
2 C�2; t 2 I ;

yðtÞT
Xk

i¼1

kifGiðx; yÞðf i
y � Df i

_yÞ � F iðx; yÞðgi
y � Dgi

_yÞg = 0; t 2 I ;

k > 0; xðtÞ 2 C1; t 2 I :

ðSDÞ Maximize

R b
a f 1ðt; u; _u; v; _vÞdtR b
a g1ðt; u; _u; v; _vÞdt

;

R b
a f 2ðt; u; _u; v; _vÞdtR b
a g2ðt; u; _u; v; _vÞdt

; . . . ;

R b
a f kðt; u; _u; v; _vÞdtR b
a gkðt; u; _u; v; _vÞdt

" #

subject to uðaÞ ¼ 0 ¼ uðbÞ; vðaÞ ¼ 0 ¼ vðbÞ;
_uðaÞ ¼ 0 ¼ _uðbÞ; _vðaÞ ¼ 0 ¼ _vðbÞ;

�
Xk

i¼1

kifGiðu; vÞðf i
x � Df i

_xÞ � F iðu; vÞðgi
x � Dgi

_xÞg 2 C�1; t 2 I ;

uðtÞT
Xk

i¼1

kifGiðu; vÞðf i
x � Df i

_xÞ � F iðu; vÞðgi
x � Dgi

_xÞg 5 0; t 2 I ;

k > 0; vðtÞ 2 C2; t 2 I ;

where, f i : I � C1 � C1 � C2 � C2 ! Rþ, and gi : I � C1 � C1 � C2 � C2 ! Rþ n f0g; i 2 K, are twice con-
tinuously differentiable functions, and

F iðx; yÞ ¼
Z b

a
f iðt; x; _x; y; _yÞdt; Giðx; yÞ ¼

Z b

a
giðt; x; _x; y; _yÞdt:

Remark. If C1 ¼ Rn
þ;C2 ¼ Rm

þ, and k = 1, then the programs (SP) and (SD) reduce to those considered by
Gulati et al. [17] with the omission of x = 0 and v = 0 in (SP) and (SD), respectively.

On using an abstract version of Dinkelbach’s results [12], we define for each i 2 K,
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si ¼ F iðx; yÞ
Giðx; yÞ

¼
R b

a f iðt; x; _x; y; _yÞdtR b
a giðt; x; _x; y; _yÞdt

;

ri ¼ F iðu; vÞ
Giðu; vÞ

¼
R b

a f iðt; u; _u; v; _vÞdtR b
a giðt; u; _u; v; _vÞdt

;

and express the problems (SP) and (SD) in the following equivalent forms:

ðSPÞ0 Minimize s ¼ ðs1; s2; . . . ; skÞ
subject to xðaÞ ¼ 0 ¼ xðbÞ; yðaÞ ¼ 0 ¼ yðbÞ; ð1Þ

_xðaÞ ¼ 0 ¼ _xðbÞ; _yðaÞ ¼ 0 ¼ _yðbÞ; ð2ÞZ b

a
f iðt; x; _x; y; _yÞdt � si

Z b

a
giðt; x; _x; y; _yÞdt ¼ 0; i 2 K; ð3Þ

Xk

i¼1

kifðf i
y � Df i

_yÞ � siðgi
y � Dgi

_yÞg 2 C�2; t 2 I ; ð4Þ

yðtÞT
Xk

i¼1

kifðf i
y � Df i

_yÞ � siðgi
y � Dgi

_yÞg = 0; t 2 I ; ð5Þ

k > 0; xðtÞ 2 C1; t 2 I : ð6Þ

ðSDÞ0 Maximize r ¼ ðr1; r2; . . . ; rkÞ
subject to uðaÞ ¼ 0 ¼ uðbÞ; vðaÞ ¼ 0 ¼ vðbÞ; ð7Þ

_uðaÞ ¼ 0 ¼ _uðbÞ; _vðaÞ ¼ 0 ¼ _vðbÞ; ð8ÞZ b

a
f iðt; u; _u; v; _vÞdt � ri

Z b

a
giðt; u; _u; v; _vÞdt ¼ 0; i 2 K; ð9Þ

�
Xk

i¼1

kifðf i
x � Df i

_xÞ � riðgi
x � Dgi

_xÞg 2 C�1; t 2 I ; ð10Þ

uðtÞT
Xk

i¼1

kifðf i
x � Df i

_xÞ � riðgi
x � Dgi

_xÞg 5 0; t 2 I ; ð11Þ

k > 0; vðtÞ 2 C2; t 2 I : ð12Þ

Let P and Q denote the sets of feasible solutions of ðSPÞ0 and ðSDÞ0, respectively.
In the subsequent analysis, weak, strong and converse duality theorems are discussed in terms of ðSPÞ0 and

ðSDÞ0, but equally apply to (SP) and (SD). In the following theorem, it is assumed that:

Fðt; x; u; nÞ þ uTn =0; for all x; u 2 C1;�n 2 C�1; and t 2 I ð13Þ
and

Fðt; v; y; gÞ þ yTg = 0; for all v; y 2 C2;�g 2 C�2; and t 2 I : ð14Þ

Theorem 1 (Weak duality). Let ðx; y; k; sÞ 2 P and ðu; v; k; rÞ 2 Q. If either

(i)
R b

a

Pk
i¼1k

iff iðt; �; �; y; _yÞ � rigiðt; �; �; y; _yÞgdt is F-pseudoconvex in x and _x and
R b

a

Pk
i¼1k

iff iðt; x; _x; �; �Þ�
sigiðt; x; _x; �; �Þgdt is strictly F-pseudoconcave in y and _y; or

(ii)
R b

a

Pk
i¼1k

iff iðt; �; �; y; _yÞ � rigiðt; �; �; y; _yÞgdt is strictly F-pseudoconvex in x and _x and
R b

a

Pk
i¼1k

iff i

ðt; x; _x; �; �Þ � sigiðt; x; _x; �; �Þgdt is F-pseudoconcave in y and _y,

holds, then

sir:
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Proof. (i). By taking n ¼
Pk

i¼1k
ifðf i

x � Df i
_xÞ � riðgi

x � Dgi
_xÞg and using (13), we get Fðt; x; u;Pk

i¼1k
ifðf i

x � Df i
_xÞ � riðgi

x � Dgi
_xÞgÞ = � uT

Pk
i¼1k

ifðf i
x � Df i

_xÞ � riðgi
x � Dgi

_xÞg = 0, by (11), which impliesZ b

a
Fðt; x; u;

Xk

i¼1

kifðf i
x � Df i

_xÞ � riðgi
x � Dgi

_xÞgÞdt = 0:

This, in view of F-pseudoconvexity of
R b

a

Pk
i¼1k

iff iðt; �; �; y; _yÞ � rigiðt; �; �; y; _yÞgdt in x and _x givesZ b

a

Xk

i¼1

kiff iðt; x; _x; v; _vÞ � rigiðt; x; _x; v; _vÞgdt =
Z b

a

Xk

i¼1

kiff iðt; u; _u; v; _vÞ � rigiðt; u; _u; v; _vÞgdt:

This, in view of (9) yields

Z b

a

Xk

i¼1

kiff iðt; x; _x; v; _vÞ � rigiðt; x; _x; v; _vÞgdt = 0: ð15Þ

Taking g ¼ �
Pk

i¼1k
ifðf i

y � Df i
_yÞ � siðgi

y � Dgi
_yÞg and using (14), we obtain

Fðt; v; y;�
Xk

i¼1

kifðf i
y � Df i

_yÞ � siðgi
y � Dgi

_yÞgÞ = yT
Xk

i¼1

kifðf i
y � Df i

_yÞ � siðgi
y � Dgi

_yÞg = 0; ðby ð5ÞÞ;

which shows that

Z b

a
Fðt; v; y;�

Xk

i¼1

kifðf i
y � Df i

_yÞ � siðgi
y � Dgi

_yÞgÞdt = 0:

The strict F-pseudoconcavity of
R b

a

Pk
i¼1k

iff iðt; x; _x; �; �Þ � sigiðt; x; _x; �; �Þgdt in y and _y along with (3)
yields

Z b

a

Xk

i¼1

kiff iðt; x; _x; v; _vÞ � sigiðt; x; _x; v; _vÞgdt < 0: ð16Þ

Combining (15) and (16), we get

Z b

a

Xk

i¼1

kiðsi � riÞgiðt; x; _x; v; _vÞdt > 0: ð17Þ

Suppose, if possible, that s 6 r, i.e., si < ri, for some i 2 K and sj
5 rj, for all j 6¼ i, then from k > 0 andR b

a giðt; x; _x; v; _vÞdt > 0, we haveZ b

a

Xk

i¼1

kiðsi � riÞgiðt; x; _x; v; _vÞdt < 0;

which contradicts (17). Hence

sir:

(ii). The proof is same as that of part (i). h

Theorem 2 (Strong duality). Let

(a1): ð�x; �y; �k;�sÞ be a weakly efficient solution of ðSPÞ0,
(a2): UðtÞT

Pk
i¼1

�ki f i
yy � �sigi

yy

� �
� D

Pk
i¼1

�ki f i
_yy � �sigi

_yy

� �n o
þ D UðtÞTD

Pk
i¼1

�kiðf i
_y _y � �sigi

_y _yÞ
n o

þ D2f�UðtÞT
h
Pk

i¼1
�kiðf i

_y _y � �sigi
_y _yÞg�UðtÞ ¼ 0 implies UðtÞ ¼ 0, where UðtÞ ¼ ðcðtÞ � nðtÞ�yðtÞÞ, t 2 I; and

(a3): the set fððf 1
y � �s1g1

yÞ � Dðf 1
_y � �s1g1

_yÞÞ; . . . ; ððf k
y � �skgk

yÞ � Dðf k
_y � �skgk

_yÞÞg be linearly independent.
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Then ð�x; �y; �k;�sÞ 2 Q with k ¼ �k; and the objective values of (SP) 0 and (SD) 0 are equal. If, in addition, the

assumptions of weak duality (Theorem 1) are satisfied, then ð�x; �y;�sÞ is an efficient solution of ðSDÞ0 with k ¼ �k.

Proof. Since ð�x; �y; �k;�sÞ is a weakly efficient solution of ðSPÞ0, by Fritz John optimality conditions [26], there
exist a 2 Rk, b 2 Rk, piecewise smooth c : I ! C2, n : I ! R and d 2 Rk such that

Xk

i¼1

bifðf i
x � �sigi

xÞ � Dðf i
_x � �sigi

_xÞg þ ðcðtÞ � nðtÞ�yðtÞÞT
Xk

i¼1

�kifðf i
yx � �sigi

yxÞ � Dðf i
_yx � �sigi

_yxÞg � DðcðtÞ

� nðtÞ�yðtÞÞT
Xk

i¼1

�kifðf i
y _x � �sigi

y _xÞ � Dðf i
_y _x � �sigi

_y _xÞ � ðf i
_yx � �sigi

_yxÞg

þ D2f�ðcðtÞ � nðtÞ�yðtÞÞT
Xk

i¼1

�kiðf i
_y _x � �sigi

_y _xÞgðxðtÞ � �xðtÞÞ = 0; 8xðtÞ 2 C1; t 2 I ; ð18Þ

and the equalities (19)–(24) and (26)–(28) (with �qi ¼ �siÞ in [1] hold. Following the proof of Theorem 2 [1], we
obtain

cðtÞ � nðtÞ�yðtÞ ¼ 0; t 2 I ; ð19Þ

and

b ¼ nðtÞ�k; t 2 I : ð20Þ
For n(t) = 0, we reach a contradiction, and therefore n(t) > 0. So, we have

�yðtÞ ¼ cðtÞ
nðtÞ 2 C2; t 2 I : ð21Þ

Now, (18) along with (19) and (20), and with n(t) > 0, gives

Xk

i¼1

�ki f i
x � �sigi

x

� 	
� Dðf i

_x � �sigi
_xÞ

� �
ðxðtÞ � �xðtÞÞ = 0; t 2 I : ð22Þ

Let xðtÞ 2 C1. Then xðtÞ þ �xðtÞ 2 C1; t 2 I and so (22) shows that for every xðtÞ 2 C1,

Xk

i¼1

�ki f i
x � �sigi

x

� 	
� Dðf i

_x � �sigi
_xÞ

� �
xðtÞ = 0; t 2 I ;

i.e.,

�
Xk

i¼1

�ki f i
x � �sigi

x

� 	
� Dðf i

_x � �sigi
_xÞ

� �
2 C�1; t 2 I : ð23Þ

Also, by letting xðtÞ ¼ 0 and xðtÞ ¼ 2�xðtÞ simultaneously in (22), we obtain

�xðtÞT
Xk

i¼1

�ki f i
x � �sigi

x

� 	
� Dðf i

_x � �sigi
_xÞ

� �
¼ 0; t 2 I : ð24Þ

Thus, from (21), (23) and (24), it follows that ð�x; �y; �k;�sÞ 2 Q with k ¼ �k, and the two objective functionals are
equal (i.e., �s ¼ �r).

If ð�x; �y;�sÞ is not an efficient solution of ðSDÞ0 with k ¼ �k, then there exists ðu�; v�; r�Þ feasible of ðSDÞ0 with
k ¼ �k, i.e., ðu�; v�; �k; r�Þ 2 Q such that

�s 6 r�;

which contradicts weak duality (Theorem 1). Thus ð�x; �y;�sÞ is an efficient solution of ðSDÞ0 with k ¼ �k. h

The proof of the following theorem is analogous to Theorem 2, and hence being omitted.
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Theorem 3 (Converse duality). Let

(a1): ð�u;�v; �k;�rÞ be a weakly efficient solution of ðSDÞ0,
(a2): WðtÞT

Pk
i¼1

�ki f i
xx ��rigi

xx

� 	
�D

Pk
i¼1

�ki f i
_xx ��rigi

_xx

� 	n o
þD WðtÞTD

Pk
i¼1

�kiðf i
_x _x ��rigi

_x _xÞ
n o

þD2 �WðtÞT
Pk

i¼1
�ki

nh
ðf i

_x _x ��rigi
_x _xÞg�WðtÞ ¼ 0 implies WðtÞ ¼ 0, where WðtÞ ¼ ðcðtÞ � nðtÞ�uðtÞÞ, t 2 I; and

(a3): the set fððf 1
x � �r1g1

xÞ � Dðf 1
_x � �r1g1

_xÞÞ; . . . ; ððf k
x � �rkgk

xÞ � Dðf k
_x � �rkgk

_xÞÞg be linearly independent.

Then ð�u;�v; �k;�rÞ 2 P with k ¼ �k; and the objective values of (SP) 0and (SD) 0are equal. If, in addition, the

assumptions of weak duality (Theorem 1) are satisfied, then ð�u;�v;�rÞ is an efficient solution of ðSPÞ0 with k ¼ �k.

4. Self duality

A mathematical programming problem is said to be self dual, if its dual can be written in the form of the
primal.

The function f iðt; u; _u; v; _vÞ : I � C � C � C � C ! Rþ; i 2 K, is said to be skew symmetric, if

f iðt; u; _u; v; _vÞ ¼ �f iðt; v; _v; u; _uÞ; i 2 K; t 2 I ;

for all u and v in the domain of fi, and the function giðt; u; _u; v; _vÞ : I � C � C � C � C ! Rþ n f0g; i 2 K, is
said to be symmetric, if

giðt; u; _u; v; _vÞ ¼ giðt; v; _v; u; _uÞ; i 2 K; t 2 I ;

for all u and v in the domain of gi.
Consequently, it follows that

f i
xðt; u; _u; v; _vÞ ¼ �f i

y ðt; v; _v; u; _uÞ; f i
_xðt; u; _u; v; _vÞ ¼ �f i

_y ðt; v; _v; u; _uÞ; i 2 K; t 2 I ;

and

gi
xðt; u; _u; v; _vÞ ¼ gi

yðt; v; _v; u; _uÞ; gi
_xðt; u; _u; v; _vÞ ¼ gi

_yðt; v; _v; u; _uÞ; i 2 K; t 2 I :

Now we assume C1 ¼ C2 ¼ C; C�1 ¼ C�2 ¼ C�; fi and gi; i 2 K, to be skew symmetric and symmetric, respec-
tively, to show that (SP) and (SD) are self duals.

The problem (SD) may be recast as a minimization problem as:

Minimize �
R b

a f 1ðt; u; _u; v; _vÞdtR b
a g1ðt; u; _u; v; _vÞdt

;

R b
a f 2ðt; u; _u; v; _vÞdtR b
a g2ðt; u; _u; v; _vÞdt

; . . . ;

R b
a f kðt; u; _u; v; _vÞdtR b
a gkðt; u; _u; v; _vÞdt

" #

subject to uðaÞ ¼ 0 ¼ uðbÞ; vðaÞ ¼ 0 ¼ vðbÞ;
_uðaÞ ¼ 0 ¼ _uðbÞ; _vðaÞ ¼ 0 ¼ _vðbÞ;

�
Xk

i¼1

kifGiðu; vÞðf i
x � Df i

_xÞ � F iðu; vÞðgi
x � Dgi

_xÞg 2 C�; t 2 I ;

uðtÞT
Xk

i¼1

kifGiðu; vÞðf i
x � Df i

_xÞ � F iðu; vÞðgi
x � Dgi

_xÞg 5 0; t 2 I ;

k > 0; vðtÞ 2 C; t 2 I :

On using the skew symmetry and symmetry of fi and gi, respectively, for each i 2 K, the above problem is
transformed to
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ðSDÞ� Minimize

R b
a f 1ðt; v; _v; u; _uÞdtR b
a g1ðt; v; _v; u; _uÞdt

;

R b
a f 2ðt; v; _v; u; _uÞdtR b
a g2ðt; v; _v; u; _uÞdt

; . . . ;

R b
a f kðt; v; _v; u; _uÞdtR b
a gkðt; v; _v; u; _uÞdt

" #

subject to uðaÞ ¼ 0 ¼ uðbÞ; vðaÞ ¼ 0 ¼ vðbÞ;
_uðaÞ ¼ 0 ¼ _uðbÞ; _vðaÞ ¼ 0 ¼ _vðbÞ;Xk

i¼1

kifGiðv; uÞðf i
y � Df i

_yÞ � F iðv; uÞðgi
y � Dgi

_yÞg 2 C�; t 2 I ;

uðtÞT
Xk

i¼1

kifGiðv; uÞðf i
y � Df i

_yÞ � F iðv; uÞðgi
y � Dgi

_yÞg = 0; t 2 I ;

k > 0; vðtÞ 2 C; t 2 I ;

which is formally identical to (SP), i.e., the objectives, the constraint functions and the initial conditions of
(SP) and (SD)* are identical. Thus, (SP) is a self dual. It can easily be shown that the feasibility of ðx; y; kÞ
for (SP) implies the feasibility of ðy; x; kÞ for (SD) and conversely.

Theorem 4 (Self duality). Let f iðt; x; _x; y; _yÞ be skew symmetric and giðt; x; _x; y; _yÞ be symmetric for each i 2 K;

let C1 ¼ C2 ¼ C and C�1 ¼ C�2 ¼ C�. Then (SP) is a self dual. Also, if (SP) and (SD) are dual variational

problems, and ðx0; y0; k0Þ is a joint weakly efficient solution, then so is ðy0; x0; k0Þ andR b
a f iðt; x0; _x0; y0; _y0ÞdtR b
a giðt; x0; _x0; y0; _y0Þdt

¼ 0; i 2 K:

Proof. Since ðx0; y0; k0Þ is a joint weakly efficient solution of (SP) and (SD), the objective functional values are
equal to

R b
a f iðt; x0; _x0; y0; _y0ÞdtR b
a giðt; x0; _x0; y0; _y0Þdt

; i 2 K:

As (SP) is a self dual, it follows that ðx0; y0; k0Þ is feasible for (SP) iff ðy0; x0; k0Þ is feasible for (SD). Therefore,
weak efficiency of ðx0; y0; k0Þ for (SP) implies the weak efficiency of ðy0; x0; k0Þ for (SD) and conversely. Also,
the two objective values are equal toR b

a f iðt; y0; _y0; x0; _x0ÞdtR b
a giðt; y0; _y0; x0; _x0Þdt

; i 2 K:

Thus, we haveR b
a f iðt; x0; _x0; y0; _y0ÞdtR b
a giðt; x0; _x0; y0; _y0Þdt

¼
R b

a f iðt; y0; _y0; x0; _x0ÞdtR b
a giðt; y0; _y0; x0; _x0Þdt

; i 2 K

¼ �
R b

a f iðt; x0; _x0; y0; _y0ÞdtR b
a giðt; x0; _x0; y0; _y0Þdt

; i 2 K;

(by the skew symmetry of fi and by the symmetry of gi). HenceR b
a f iðt; x0; _x0; y0; _y0ÞdtR b
a giðt; x0; _x0; y0; _y0Þdt

¼ 0; i 2 K: �

5. Conclusion

We have presented multiobjective fractional variational symmetric dual programs over cones, and obtained
symmetric duality results by assuming the functions involved to be F-pseudoconvex/F-pseudoconcave and

I. Ahmad, S. Sharma / European Journal of Operational Research 188 (2008) 695–704 703



Author's personal copy

strictly F-pseudoconvex/strictlyF-pseudoconcave. Our results extend the results appeared in [1,20], and some
other references cited therein. It is possible to extend these results to a more general class of functions, viz.,
ðF; a; q; dÞ-convex functions [21], and generalized ðF; a; q; dÞ-convex functions [2].
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