9.3 THEOREM. Chain Rule. If ris a differentiable vector function and s = u(t)
isa differentiable scalar function then the derivative of r(s) with respecttotis

dr _dr ds
dt ds dt

9.4 THEOREM. Rules of Differentiation. Let r; and r, be differentiable vector

functions andu(t) a differentiable scalar function. Then

() SLO+LO=LO+L0;
(i) ghuanxo]:uanxo+u%ogax
(i) S{EO LO]=L O LO+LO - LO);

(W)'%HﬁYLAm=LﬂYLJU+L®'b0)



Integrals of Vector Functions If f, g and h are integrable then the indefinite and
definite integrals of a vector function r(t) = f(t)i + g(t)] + h(t)k are defined,
respectively, by

FOdt =[of @i +|gatat] j + | hiydefk
Srat =|¢ f ®dtf +|§adt]j + |Shivydtk

Theindefiniteintegral of r(t) is another vector function R(t) + ¢ such that R(t)
= 1(t).

Length of aSpace Curve. If function r(t) = f(t)i + g(t)] + h(t)k isa smooth
function then it can be shown that the length of the smooth curve traced by r(t)
IS given by

s=gV[F OF +[gOF +[V@Fdt =

r'(t)dt.

Example 8*(p.456) Integral of aVector Function

If r(t) =t i+ 3t?j + 4t°Kk then

Qrtydt = & (ti +3t2 j +4t° k)t
= |Gttt + |G 3atj +| G4t
= e r2)+ e[ e )
= §i_+9j +15kK.
2

Example 9* (pp.456-7) Length of a Space Curve
Find the length of the curvetraced by r(t) =ti+ tcostj + tantk (O£t £p ).
Solution.

s=gllr'(t)lldt =i + (cost - tsint)j +(sint - tcost)k || dt
= 6\/1+ (cost - tsint)? +(sint +tcost)*dt = &/2 +1t2dt
_pv2+p’
2

+sinh™*(p 21 2). (Integration by parts then using integral table).



9.5 Directional Derivative

The Gradient of a Function. The vector differential operator calleddel- or
nabla- operator is given by
N—|_1+ Jl or N-|_1+ Jl+|_( l
ix Ty ™x =Ty 9z
When the del-operator is applied to a differentiable function z= f (x, y) or
w=F(x,y,z), we say that the vectors

NF (x, y)_%H?T_yJ and NF (x, y,z)_—|+£1 +E

x Ty~ 9z~
are thegradients of f and F, respectively. Nf is usually read: grad f.

Example 1* (p.474) Gradient



9.5 DEFINITION Directiona Derivative
The directional derivativeof z= f (x, y)inthedirection of a unit

vectoru(q) =cosgi+sing j is
f(x+hcogy,y+hsnqg)- f(xy)
h

D, f(xy)= Iljgrg
provided the limit exists.

9.6 THEOREM. Computing a Directional Derivative If z= f(x,y)isa
differentiable function of xandyand u=cosqi +sinq j, then
D, f(xy)=Nf(xy)- u (5)



Maximum Value of the Directional Derivative Let f represent a function of
either two or three variables. Snce (5) and its three-variable anal ogue express
the directional derivative as a dot product, we see from Definition 7.3 (MATH
201) that

D, f =[INf [[[lullcosf =[|Nf |lcosf, (Jlull=2),
wheref istheangle between Nf and u. Because 0£f £p we have
- 1£cosf £1 and, consequently, - [|Nf | £D, f £||Nf ||. In other words:

The maximum value of the directional derivativeis || Nf ||and it occurs
whenu hasthe samedirection as Nf (whencosf =1),
and:

The minimum value of the directional derivativeis - ||Nf || and it occurs
whenu and Nf have opposite directions (when cosf =- 1).



9.7 Divergence and Curl

Vector Fields Vector functions of two and three variables,

F(X, y) =P y) i+ Q(X,y)] _
F(x,y,2)=PXy,2i+QXY, 9| +R(X Yy, )k
are also called vector fields.



9.7 DEFINITION Curl
The Curl of a vector fieldF=P i+ Q| + Rk isthe vector field

R ﬂQ9| +6é£_ TRo. +££- Egk

culE=g—- —+¢ : =K
By 25 6T o £ s

9.8 DEFINITION Divergence
The Divergence of a vector field F=P i+ Q] + Rk isthe scalar function

divk :E+E+E.
™x Ty 1z



