15.2 Applications of the Laplace Transform

Transforms of Partial Derivatives The BVPs considered in this section will involve either the one-dimensional wave and heat equations or slight variations of these equations. These PDEs involve an unknown function of two independent variables u(x, t), where the variable t represents time 
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 We define the Laplace transform of u(x, t) WRT t by
L{u(x, t)}
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where x is treated as a parameter. Throughout this section we shall assume that all the operational properties of Sections 4.3 and 4.4 apply to functions of two variables. For example by Theorem 4.4, the transform of the partial derivative 
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 = sL{u(x, t)} – u(x, 0);

that is,
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Similarly,

L
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 = s2U(x, s) – su(x, 0) ) – ut(x, 0).

(2)
Since we are transforming WRT t, we further suppose that it is legitimate to interchange integration and differentiation in the transform of 
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L{u(x, t)};
that is, 
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(3)
In view of the above we see that the Laplace transform is suited to problems with initial conditions––namely, those problems associated with the heat or the wave equation.
Example 1. (p. 748) Laplace Transform of a PDE

Find the Laplace transform of the wave equation 
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Example 2*. (p. 749) Using the Laplace to Solve a BVP

Solve
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Subject to
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15.3 Fourier Integral Theorem

15.1 DEFINITION Fourier Integral

The Fourier Integral of a function f defined on the interval 
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where
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Convergence of a Fourier Integral Sufficient conditions under which a Fourier integral converges to f(x) are similar to, but slightly more restrictive than, the condition for a Fourier series.

15.1 THEOREM Conditions for Convergence

Let f and f ' be piecewise continuous on every finite interval, and let f be absolutely integrable on 
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. Then the Fourier integral of f on the interval converges to f(x) at a point of continuity. At a point of discontinuity, the Fourier integral converges to the average
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where f(x+) and f(x–) denote the limit of f at x from the right and from the left respectively.
Example 1*. (p. 756) Fourier Integral Representation

15.2 DEFINITION Fourier Cosine and Sine Integrals

(i)
The Fourier Integral of an even function f defined on the interval 
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 is the cosine integral 
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(ii)
The Fourier Integral of an odd function f defined on the interval 
[image: image28.wmf])

,

(

¥

-¥

 is the sine integral 




[image: image29.wmf]a

a

a

p

d

x

B

x

f

ò

¥

=

0

sin

)

(

2

)

(

,

where




[image: image30.wmf].

sin

)

(

)

(

0

xdx

x

f

B

a

a

ò

¥

=


Example 2*. (p. 758) Cosine Integral Representation
Example 3*. (p. 758) Cosine and Sine Integral Representation
15.4 Fourier Transforms
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