Chapter 8

System of Linear Differential Equations with Applications

8.1 System of linear first order Equations

8.2 Matrices and Linear Systems

8.3 Homogeneous Systems : Distinct Real Eigenvalues

8.4 Homogeneous Systems : Complex and Repeated Real Eigenvalues

8.5 Method of Variation of Parameters

8.6 Matrix  Exponential

8.7 Applications

8.7.1      Electrical circuits

 8.7.2      Coupled springs

 8.7.3      Mixture Problems

 8.7.4       Arms Race

8.8.
Exercises 

In this chapter we discuss solutions of problems modeled by systems of differential equations. In the first section we show a technique for solving systems of differential equations that is similar to the method of elimination of a variable used for solving systems of algebraic equations. In sections 8.2 to 8.7 we develop a general theory for solving systems of linear first order equations using some basic concepts from the algebra of matrices discussed in Appendix........, During the course of discussion we shall see that this general theory and solution procedure is similar to that of linear,  higher-order differential equations considered in Sections 5.5, 5.6 5.7. In section 8.7 we present applications to electrical circuits, coupled springs, mixture problems and arms race. 

8.1 System of linear first order equations 

Let
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(8.1)-(8.2) is called a system of two linear differential equations of first order  in two dependent variables x and y where a11, a12, a13, a14, a21, a22, a23 and a24 are constants. 

Examples: 

(a)
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Here a11= 1, a12 = 0, a13=0, a14=-1, g(t) = t2 

a21=0, a22 = 1, a23=4, a24=0, h(t)=t

(b)
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Here a11=1, a12=0, a13=0, a14= -3, g(t)=0

a21=0, a22=1, a23=-2, a24=0, h(t) =0

(c)
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Here a11=3, a12=-1, a13=2, a14=0, g(t)=2

a21=1, a22=0, a23=0, a24=1, h(t) =0

We confine ourself to system of linear equations  of first order with constant coefficients. 

A solution  of a system of two linear differential equations in two unknown functions is a pair of functions x and y which simultaneously satisfy both equations. 

Example 8.1  x=c1e-t+2c2e-2t+1and 


y= c1e-t+2c2e-2t
is the general solution of the system 
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Solution: 
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Substituting values of x,y 
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 and 
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dy

 we get 

(-3cie-t-6c2e-2t) – (-c1e-t-4c2e-2t) + 2c1e-t+2c2e-2t+2 = 0+0+2=2

Example 8.2  The system 
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Solution: 
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= 2(c1e
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Let D = 
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A linear combination of differential operators of the form 

an Dn + an-1 Dn-1+ .........+a1D+a0
where ao, a1, a2,........,an are constants is called an nth-order polynomial operator and is denoted by P(D). To indicate that P(D) is being applied to an n-times differentiable function y, we write P(D) y, and observe that 

P(D)y=(anDn+an-1Dn-1+ - - - -+a1D +ao) y

= anDny+an-1Dn-1y+- - - - +a1Dy +ao y

Recalling that Dn= 
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, we see that P(D) y means 

P(D)y=an 
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y"+3y'-y=0 may be written as (D2+3D-1)y=0

y"'-16y'=sin x may be written as (D3-16D)y=sin x. 

In general, the nth-order linear differential equation  with constant coefficients may be written as 

P(D)y=f(t)

Definition 8.1  

(a) Two operators P1(D) and P2 (D) are called equal if P1(D)y=P2(D)y, for all admissible functions y. 

(b) For P1(D) and P2(D), P1(D) + P2(D) is defined as (P1(D) + P2(D))y=P1(D) y + P2(D)y, that is, the sum of two operators P1(D) and P2(D) denoted by P1(D) + P2 (D) means that the equivalent operator is obtained by first expressing P1 and P2 as linear combination of the operator and adding coefficients of like powers of D. 

(c) [P1(D)P2(D)] y=P1(D) [P2(D)y]

Example 8.3  (i) 
P1(D)=2D+3,P2(D)=D-5. Find P1(D) P2(D)

(ii) P1(D) = 3D2+7D -5, P2(D) = D3+6D2-2D-3

Find   P1(D) + P2(D)



(iii)
Find   P1(D) P2(D) P3(D)



where P1(D)=D, P2(D) = D-3, P3(D)=D+2

(iv)
P1(D)= D-3, P2(D)=D+2, P3(D)=2D




Find P1(D)P2(D) +P3(D)

Solution: (i) P1(D)P2 (D)= (2D+3)(D-5)




= 2D2-10D+3D-15




= 2D2-7D-15

(ii)
P1(D)+P2(D)= (3D2+7D-5)+(D3+6D2-2D-3)



= D3+9D2+5D-8

(iii)
P1(D)P2(D)P3(D)= D(D-3)(D+2)


= D(D2+2D-3D-6)


=D(D2-D-6)


= D3-D2-6D

(iv)
P1(D)P2(D)+P3(D)= (D-3)(D+2)+2D




= (D2+2D-3D-6)+2D




= D2+D-6


A system of two linear equations with constant coefficients in the unknown functions x and y may be written in operator form as 

P11(D)x + P12(D)y=f1(t)

P21(D)x + P22(D)y=f2(t)


The polynomial operators, denoted by Pij(D), are linear combinations of the D operator. For example, in the system 


(D2-1)x+Dy=t

(D2+D)x+D(D-1)y=sin t 

we note that 

P11=D2-1,P12=D, P21=D2+D, P22=D2-D, f1(t)=t, and f2(t)= sin t. 

Example 8.4 Let    
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be a system of two linear differential equations of first order. Solve this system by the method of elimination. 

Solution: We first write the system using operator notation, as 

Dx-y=t2 or D2x - Dy=2t



Dy+4x=t

Adding these two equations, we obtain 

D2x + 4x = 3t

The solution of the corresponding homogeneous equation (D2+4)x=0 is

xc = c1 cos 2t +c2 sin 2 t 

[Auxiliary equation is m2+4 =0, roots are m1=2i, m2= -2i. By equation (5.18) we find that complementary solution xc=eo(c1cos 2t + c2sin 2t)].

The form of the xp is At+B. Using the method of undetermined coefficients, we get 

4At+4B=3t

from which B=0 and A= 
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3

. Thus 

x(t) = c1 cos 2t + c2 sin 2t + 
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3

t. 

To obtain y(t), we substitute this expression into the second equation of the given system. This yields 
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We Integrate it  to get y(t) as

y (t) = 
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 t 2- 
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c1 sin 2t + 
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 c2 cos 2t - 
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3

 t 2+c3
         =  - t 2- 2c1 sin 2t + 2 c2 cos 2t + c3
To determine the relation, if any, that exists between constants c1, c2, c3 we substitute the expressions for x (t) and y(t) into the first equation of the system.

(-2c1sin2t +2c2 cos 2t +
[image: image41.wmf]4

3

)-(-t2-2c1 sin 2t +2c2 cost 2t + c3)=t2
or 
c3 = 
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Thus the solution to the system containing two arbitrary constants is given by

x(t) = c1cos  2t + c2 sin 2t + 
[image: image43.wmf]4

t

3


y(t) = -t2 -2c1 sin 2t + 2c2 cos 2t + 
[image: image44.wmf]4

3


Remark 8.1 (i) The arbitrary constants of Example 8.4 can be specified in a variety of ways. For example, the values of x and y at 0 could be given, or the values of x' and x at o could be given.

(ii) Example 8.4 indicates the manipulations that are used to eliminate one of the unknown functions 

Outline of the method of elimination 

1. 
Apply an operator to one or both equations so that the operator coefficient of one of the unknown functions is the same in each equation. 

2. 
Subtract the two equations, thereby eliminating one of the unknown functions. 

3. 
Solve the remaining linear equation in the one unknown function. 

4. 
Substitute this solution into one of the equations of the given system. Solve this equation for the second function. 

5. Substitute both solution functions into the remaining equation to determine any relationships between the arbitrary constants. 

Example 8.5
 Solve the system 
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Solution:  The system can be written in  terms of  operator notation as 


Dx+(D+2)y=0


(D-3)x-2y=0

Operating on the first equation by (D-3) and on the second by D and then subtracting eliminates x from the system:


(D2-3D)x+(D2-D-6)y=0


(D2-3D)x-2Dy=0


(D2-D-6)y+2Dy=0


(D2+D-6)y=0

Auxiliary equation is m2+m-6=0

or 
(m-2)(m+3)=0,

Roots are m1=2,m2= - 3 so we obtain the general solution as 
y(t) = c1e2t+c2e-3t. 

(see section 5.5).

Eliminating y in a similar manner yields (D2+D-6)x=0, from which we find x(t)=c3e2t+c4e-3t

Substituting values of x(t) and y(t) into the first differential equation written in the operator form we get 

2c3e2t-3c4e-3t+2c1e2t-3c2e-3t+2c1e2t+2c2e-3t = 0

(4c1 + 2c3) e2t + (-c2-3c4)e-3t = 0

4c1 + 2 c3 = 0 or c1 = -
[image: image47.wmf]2
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-c2-3c4=0 or  c2= -3c4
Thus

x (t) = c3 e2t + c4 e-3t
y (t) = - 
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 c3 e2t -3 c4e-3t
8.2
Matrices and Linear Systems

In this section matrix methods are presented to solve systems of linear differential equations. Basic properties of Matrices required in this section are reviewed in Appendix  B.

The normalized form of a system of n first-order linear differential equations is
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 = a11 x1 + a12 x2 +.........+ a1n x n + f1 (t)
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 = a21 x1 + a22 x2 +..........+ a2n xn + f2 (t)


(8.3)

...................................................................

...................................................................


[image: image51.wmf]dt
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n

 = an1 x1 + an2 x2 +..........+ann xn + fn (t)

where x1, x2,...........,xn are unknown functions and t is the independent variable. The coefficients aij may be continuous functions in general but in this chapter they are only constants. If f1 (t),.......,fn (t) are zero then the system is called homogeneous; otherwise, the system in nonhomogeneous.

The normalized Equations (8.3), can be written in matrix form as


X' = AX + F







(8.4)

where

X' =      
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               F =   
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A homogeneous system can be written as


X' = AX







(8.5)

Example 8.6 Write down the following systems of differential equations in the matrix form

(a)
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 = 2 x + y
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 = x – y

(b)
2 x' + y' + y = 0


x' - x + y' = 0

(c)
x' - 3x + 4y = 0


y' -5x + 7y = 0

(d)
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 - 3x + 5y = 0
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 - 4x - 8y = 0

(e)
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Solution (a)  X' = 
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A =  
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(b) First we should write the system in the normalized form and then in the matrix form. For this we solve for 
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=x' and 
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= y'. Eliminating y' by subtracting the second equation from the first, we obtain 

x'=-x-y

Substituting this result in the first equation, 
we get y'=-x'+x= x+y+x=2x+y

or y'=2x+y

Thus the matrix form is X'=AX, where 

X' = 
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(c)
x' = 3x - 4y


y' = 5x - 7y

X' = AX, where

X' = 
[image: image74.wmf]÷

÷

ø

ö

ç

ç

è

æ

'

y

'

x

, A = 
[image: image75.wmf]÷

÷

ø

ö

ç

ç

è

æ

7

-

5

4

-

3


F = 
[image: image76.wmf]÷

÷

ø

ö

ç

ç

è

æ

0

0

= 0 ,   X=
[image: image77.wmf]÷

÷

ø

ö

ç

ç

è

æ

y

x


(d)   First write the equations in the normalized form :
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X' = 
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The matrix form is


X'=AX

(e)      Here there are 3 unknown functions x.y.z.


X' =   
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First we have written the equations in the normalized form as: 
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 = - 3 x + 4y + 0.z + e-t sin 2t
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 =  5x + 0.y + 9z + 4e-t cos 2t
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We have written this system in the matrix form. 

Definition 8.2   A solution vector on an interval ( is any column matrix

X=
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whose entries are differentiable functions satisfying the system 8.4 on the interval.

Remark 8.2
 A solution  vector of (8.4)  can  be expressed as n scalar equations 

x1=(1(t),x2=(2(t),........,xn=(n(t). It can be interpreted geometrically as a set of parametric equations of a space curve. In the case n = 2, the equations x1=(1(t), x2= (2(t) represent a curve in the x1x2 - plane. It is often called a trajectory and the plane is called the phase plane.

Example 8.7
Verify that X= 
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 e-5t is a solution of the system of differential equations


x' = 3x-4y


y' = 4x-7y

Solution:  The matrix form of the system is 

X' = AX where 

X' = 
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Example 8.8. Verify that X = 
[image: image103.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

13

-

6

1

 is a solution of the system

X' = 
[image: image104.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

1

-

2

-

1

-

0

1

-

6

1

2

1

X,

Solution
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as x (t) = 1, y (t) = 6, z (t) = -13.

Initial Value Problem : Let to denote a point on  an interval ( and

X (to) = 
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and

Xo =      
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where the (i, i= 1,2,3, .........n are given constants. Then the problem of finding solution of the system of differential equations



X' = A (t) X + F (t)





(8.6)

subject to an initial condition



X (to) = Xo






(8.7)

is an initial-value problem on the interval ( 

Theorem 8.1 (Existence of a unique solution). Let the entries of the matrices A(t) and F(t) be functions continuous on a common interval (  that contains the point to. Then there exists a unique solution of the initial value problem (8.6) - (8.7) on the interval under the consideration.

Theorem 8.2 (Superposition Principle) Let X1, X2, ..............,Xn be a set of solution vectors of the homogeneous system (8.5) on the interval I. Then the linear combination



X = c1 X1 + c2 X2 + .....................+ cn Xn

where the ci, i=1,2,3........,n are arbitrary constants, is also a solution on (.

Definition 8.3  (Linear Dependence and Independence).


Let X1, X2, ............, Xn be a set of solution vectors of the homogeneous system (8.5) on an interval (. It is called linearly dependent on (. If there exist constants c1, c2, .........,cn  not all zero such that c1X1+c2X2+……….+cnXn=0

for every t in the interval. If the set of vectors is not linearly dependent then it is called linearly independent.  

Remarks 8.3  For n=2, two solution vectors X1 and X2 are linearly dependent if one is a constant multiple of the other and conversely. For n>2 a set of solution vectors is linearly dependent if we can express at least one solution vector as a linear combination of the remaining vectors. 

Theorem 8.3  (Criterion for Linear Independent solutions).

Let X1 = 
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be n solution vectors of the homogeneous system (8.5) on an interval (. Then the set of solution vectors is linearly independent on ( if and only if the Wronskian 


W(X1, X2, .................Xn) =      
[image: image116.wmf]nn
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(8.8)

for every t in the interval. 
Definition 8.4 (Fundamental set of solutions).  Any set X1, X2, ...........,Xn of n linearly independent solution vectors of the homogeneous system (8.5) on the interval ( is called a fundamental set of solutions  on the interval. 

Theorem 8.4 (Existence of a Fundamental Set).  There exists a fundamental set of solutions for the homogeneous system (8.5) on an interval (.

Theorem 8.5  (General Solution of homogeneous systems). 

Let X1, X2, ...........,Xn be a fundamental set of solutions of the homogeneous system (8.5) on an interval (. Then 

X = c1 X1 +c2X2+............+cnXn, 

where ci, i=1,2,......n, are constants, is the general solution  of (8.5).

Theorem 8.6 (General  solution of nonhomogeneous systems). 

Let Xp be a given solution of the non-homogeneous system (8.4) on an interval (, and let 

Xc=c1X1+c2X2+.............+cnXn
denote the general solution of (8.5). Then the general solution  of the nonhomogeneous system on the interval ( is 

X = Xc+ Xp

The general solution Xc of (8.5) is called the complementary function of the nonhomogeneous system (8.4). 

Example 8.9 Let 
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be solutions of a system X' = AX. Determine whether the set of these vectors form a fundamental set on (-(,().

Solution:  The set of these vectors is not a fundamental set as their Wronskian
W(X1, X2, X3)=0 

Example 8.10  Prove that the general solution of 
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on the interval (-(,() is 



X= c1 
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Solution : Let         X1 = 
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Then 

X'1 = 
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e-t = AX1
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   e-2t= AX2
X'3 = 
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  e3t = AX3

and

W(X1, X2, X3) = 
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= 6e-t(et-et) + 3e-2t (-e2t + 5e2t)

+ 2e3t (-e-3t+5e-3t)

= 0+3.4e0 +2.4e0 = 20( 0

so that by Theorem 8.3 the set of vectors is a fundamental set of solutions. 

8.3 Homogeneous systems:  Distinct Real Eigenvalues 


Solutions of systems of differential equations are closely related to the concepts of eigenvalues and corresponding eigenvectors of matrices associated with the system. In Appendix ...........we have discussed in quite detail the methods of finding eigenvalues and associated eigenvectors. For the sake of convenience we just recall basic properties of eigenvalues and associated eigenvectors.

Definition 8.5 Let A be an nxn matrix. A real or complex number ( is called an eigenvalue  or characteristic value if there exists a nonzero solution vector K such that AK = (K. 

The vector K is called an eigenvector (characteristic vector) corresponding to the eigenvalue (.

Remark 8.4  (i) Every nonzero scalar multiple of an eigenvector is an eigenvector  (ii)  ( is an eigenvalue of a matrix A=(aij) if and only if |((-A| = det (((-A)=0. Equivalently 


[image: image134.wmf]nn

2

n

1

n

n

2

22

21

n

1

12

11

a

-

....

..........

a

-

a

-

.....

..........

..........

..........

..........

.

.....

..........

..........

..........

..........

a

-

.....

..........

a

-

a

-

a

-

..

..

..........

a

-

a

-

l

l

l

= 0

By expanding the determinant we get a polynomial of degree n. This polynomial is called the characteristic polynomial and is often denoted by pA (() 

(iii) By solving the equation pA (() =0 we get eigenvalues of A. If A is 2x2 then we have to find roots of polynomial of degree 2, that is, A has two eigenvalues. They may be real or complex and two values may be equal. Similarly for matrix of order 3 we have 3 eigenvalues with possibility of being real, complex and 2 or all three equal. Corresponding eigenvectors can be found by applying Gauss-Jordan elimination method for algebraic equations. We state the following theorem which is used to find the solution of homogeneous system (8.5),namely

 
X'=AX

where A is an nxn matrix of constants. 

Theorem 8.7  Let (1, (2, .............,(n be n distinct real eigenvalues of the matrix A of the homogeneous system, and let K1, K2, .................Kn be the corresponding eigenvectors. 

Then the general solution  of equation (8.5) on the interval (-(,()  is given by 

X=c1K1e(1t+c2K2e(2t+...........+cnKne(nt   


(8.9)

Example 8.11:  Solve the following homegeneous systems 

(a) X' = AX, where

A= 
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(b) X' = AX, where A = 
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Solution   (a)     pA(() = 
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or ((-4) ((-3)-6=0



or (2-7(+12-6=0




or (2-7(+6=0




or ((-6)( (-1)=0

Thus  1 and 6 are distinct eigenvalues.  Solving (A-(() X=0 for (=1 and 6 we get corresponding eigenvectors which are 

K1 = 
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X(t) = c1 
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(b)
det (( (-A) = ((-5) ((+1) = 0.  For (1 = 5

we get eigenvector K1 = 
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For (2 = -1,  we obtain 

K2 = 
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Therefore, the general solution is 

X= c1
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Example 8.12  Find the general solution of the homogeneous systems 

(a) 
X' = AX where 

A= 
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(b) 
X' = AX, where

A=  
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Solution: (a)  (i) Eigenvalues are the solutions of 

pA (() = 
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or ((-4) ((+1)=0

Therefore  (1=4 and (2 = -1 are eigenvalues 

(ii) Eigenvectors  Eigenvectors corresponding to eigenvalue (1=4 are vectors satisfying the equation 

(A-4() K1 = 0

or 
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This system has infinitely many solutions characterized by the constraint k2 = 
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 k1. Any convenient choice of k1 may be used. If we set k1=2 then k2=3, and one solution of the given system of differential equations is 

X1=K1e4t = 
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For eigenvalue (2 = - 1 the corresponding eigenvectors are solutions of the matrix equation (A-(() K2= 
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This implies that 

2m1 + 2m2 = 0

3m1 + 3m2 =0

This system also has infinitely many solutions characterized by m2= -m1. Let m1=1, we get m2= - 1, and another solution of the given system is 

X2 = 
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Since eigenvalues are distinct the general solution of the given system is 

X = c1 X1 + c2 X2 = c1 
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(b) Eigenvalues are roots of the characteristic equation 

det (A-(()= 0. Equivalently 
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Eigenvalues of A are (1=0, (2 = 4, and (3=9 . 

Corresponding eigenvectors are solutions of the matrix equation 

(A-(()X=0

Case (1= 0. 
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Subtracting row two from row 3, we get equivalent system 
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From this we conclude that 

9k1-5k2= 0

-k2+5k3=0, and k3 is arbitrary. 

Choosing k3=1, we find that k1 = 
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k2 = 5. An associated eigenvector to the eigenvalue (1 = 0 is 


k1 = 
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We observe that any constant multiple of K1 is also an eigenvector of (1= 0 as k3 is arbitrary. 

Case (2= 4.   We have 

(A-4() K2 = 
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This simplifies to 
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Using the row operations 
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The  solution of this system is 

m1-m2 = 0, m2-m3=0, and m3 is arbitrary.  Choosing m3 =1, we get m2 = 1 and m1 = 1, so an eigenvector associated with ( = 4 is 

K2= 
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Case (3 = 9. We have 

(A-9() K3 = 
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which simplifies to


[image: image190.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

4

-

1

-

0

5

10

-

0

0

5

-

0

   
[image: image191.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

3

2

1

n

n

n

 = 
[image: image192.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

0

0

0


This gives the solution n2=0, n3 = 0 and n1 is arbitrary. Choosing n1=1 we have 

K3 = 
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e0.t, X2 = 
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Therefore, the general solution is 

X= c1 
[image: image197.wmf]÷

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

ç

è

æ

1

5

9

25

+ c2 
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Main Steps to find the General solution of  X’ = AX.

To solve the nth order homogeneous system 
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proceed as follows

1. Write the system in the matrix form



X'=AX 

where 

X= 
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2. Find the eigenvalues of A; that is, solve the characteristic equation 


det (A - (( )=0 for (.

3.
Substitute each eigenvalue (i into 


(A-(()K = 0 


and solve for the eigenvectors Ki

Resulting eigenvectors corresponding to different eigenvalues are linearly independent. 

4.
Each distinct real eigenvalue (i and associated eigenvector Ki yields a solution of X'=AX of the form Xi=Kie(it.

If the characteristic  equation has n distinct real eigenvalues (1, (2, ....,(n , the general solution of X'=AX is 


X=c1K1e(1t  + c2K2e(2t +..........+cnKn e(nt.


= c1X1 + c2 X2 +..........+cnXn.

8.4     Homogeneous systems: Complex and Repeated Real Eigenvalues 

Let roots of the characteristic polynomial pA (() be complex and occur in complex conjugate form, that is, eigenvalues are of the form (1=(+(i and (2=(-(i. Then the general solution of the homogeneous system (8.5) is given by the following theorem.

Theorem 8.8 Let A be the coefficient matrix having real entries of the homogeneous system X'=AX(eq(8.5)), and let K1 be an eigenvector corresponding to the complex eigenvalue  (1 =(+(i, ( and ( real. Then 

K1 e(1t and 
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Let B1 = 
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Then 



X1 = e(t [B1 cos (t-B2 sin (t)          (8.10)



X2 = e(t [B2 cos (t+B1 sin (t)          (8.11)

are linearly independent solutions.


The general solution of (8.5) in this case contains a linear combination of these two solutions.

Example 8.13 

(a) Solve the system X'= 
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(b) Solve the initial value problem 



X'=AX, A = 
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Solution (a)  The characteristic equation is 



det (A-(() = 
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= (1-() (-1-() +10



= 0

That is (1 = 3i and (2 = -3i

To find the eigenvector corresponding to (1 = 3i , we solve the system 



(A-(()K=
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which is equivalent to 



(1-3i)k1+10k2=0



-k1-(1+3i)k2=0.


If we assume k1=10, then k2= -1+3i so that an eigenvector corresponding to (1= 3i is 



K1= 
[image: image219.wmf]÷

÷

ø

ö

ç

ç

è

æ

+

i

3

1

-

10

 = 
[image: image220.wmf]÷

÷

ø

ö

ç

ç

è

æ

1

-

10

+ i 
[image: image221.wmf]÷

÷

ø

ö

ç

ç

è

æ

3

0





[image: image222.wmf]1

K

= 
[image: image223.wmf]÷

÷

ø

ö

ç

ç

è

æ

1

-

10

- i 
[image: image224.wmf]÷

÷

ø

ö

ç

ç

è

æ

3

0




B1 = 
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