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Q1. (10 Points - Suggested Time: 10 Minutes) State if each of the following

statements is TRUE or FALSE:

1. Any analytic function f(z) : Ω → R (where Ω ⊆ C is a region) is constant on Ω.

2. The radius of convergence for
∞∑

n=1

n!zn

nn is 1
e
.

3.
∮

|z−a|=1

1
(z−a)n dz = 0 for all n ≥ 2.

4.
∮

|z|=1

|z − 1| |dz| = 4.

5. The inversion T (z) = 1
z

maps lines not passing through the origins onto circles.

6. The residue of Γ(z) at z = −n for n = 0, 1, 2, ... is (−1)n

n!
.

7. The equation az + bz + c = 0 (a, b, c ∈ C) represents a straight line.

8. (C∞, d), where d is the chordal metric, is a complete metric space.

9. If f(z) : Ω → C is analytic, where and Ω is a region, then∮
γ

f(z)dz = 0,

where γ ⊂ Ω is a cycle.

10. The infinite product
∞∏

n=1

(1 + (−1)n+1

(n+1) ln(n+1)
) converges absolutely.
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Q2. (20 Points - Suggested Time: 30 Minutes) Give a counter example to each
of the following false statements:

1. If f(z) is meromorphic but not entire on C, then ef(z) is meromorphic.

2. If u(x, y) : R2 → R is harmonic, then g(x, y) = 5u • 5u is harmonic.
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Q3. (40 Points - Suggested Time: 75 Minutes) Prove any 5 of the following
statements.

1. f(z) = 1
z

is not uniformly continuous in the region Ω := {z ∈ C : 0 < |z| < 1}.

2. If f(z) is an analytic function with a zero of order h at z0, then f(z) = g(z)h, where
g(z) is analytic near z0 and satisfies g′(z0) 6= 0.

3. f(z) =
√

z2 − 1
z

can be defined as a single-valued continuous function outside the

unit disk.
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4. The image of the closed region

Ω := {z = x + iy ∈ C : |x| ≤ 1

2
, y ≥ 0}

under the mapping T (z) = e2πiz is the closed unit disk minus the origin.

5. Any analytic function f(z) : Ω → C,

Ω := {z ∈ C : R1 < |z − a| < R2}, R2 > R1 > 0,

has a Laurent’s series expansion f(z) =
∞∑

n=−∞
An(z− z0)

n, where C := C(a, ρ) is any

circle with center at z = a, radius R1 < ρ < R2 and

An =
1

2πi

∮
C

f(ζ)

(ζ − a)n+1
dζ.
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6. If {fn}∞n=1 is a sequence of analytic functions fn : Ωn → C, where Ωn ⊆ Ωn+1

for all n ≥ 1 and {fn}∞n=1 converges uniformly to f(z) on every compact subset of

Ω :=
∞⋃

n=1

Ωn, then f(z) is analytic on Ω and {f ′n}∞n=1 converges uniformly to f ′(z) on

every compact subset of Ω.

7. A series
∞∑

n=1

zn with lim
n7→∞

|zn+1|
|zn| = ρ converges absolutely, if ρ < 1 and diverges if

ρ > 1.
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Q4. (10 Points - Suggested Time: 15 Minutes) Consider the series
∞∑

n=1

zn(1− z).

1. Prove that the series is absolutely convergent to f(z) = z for |z| < 1.

2. Prove that the series converges uniformly to its sum for |z| ≤ ρ, where 0 < ρ < 1
and explain why the series does not converge uniformly for |z| ≤ 1.
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Q5. (20 Points - Suggested Time: 30 Minutes) Evaluate the following integrals:

1.
∮

|z|=4

sin z
z(z2−π2)

dz

2.
∮

|z|=5

ez

z2(z−1)
dz

3.
∮

|z|=5

cos z
z3+9z

dz
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4.
∫∞

0
sin x

x
dx
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