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Then

fo(@)fo(z) = (2 = 8)(x+8)(x —1) =2 + 12"+ 2 — 1
fo(e)fi(x) =(x = 8)(x4+1) =2 — Tz — 8.

Let C' be the code such thét = ({ fo(x) f2(2); 13 fo(x) fr(2)}). We
note that the code is also nonfree. Thenk (C') = 4—deg(fo(x))
3andd(C)=2 =4 — 3+ 1. So the code is also MDR.

A. Chinese Remainder Theorem of RS Codes

We shall show how the CRT construction applies to RS codes. Let

ey

n be a divisor ofged (¢1(p]

)y oo o)), with k = [Ti_, pi™,

wherea; is an element o -; satisfying the conditions given above.

Namely,a; is a unit,a?=", o # 1forj < n,andl — o’ is a unit for
j=12 -, n—-1

Lemma3.4:a=®;" (a1, -, as) has the desired propertiesin.

Proof: Itis clear thaty is a unit. Ifa’ werel for j < n then that
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would imply thata'? wasl in Z,r giving a contradiction. Moreover,

n

(&7 (g, -, a )" =8 (af, -, al) =1
since®; ' is aring isomorphism.
Thenitisclearthat — o’ isaunitforj =1, ---, n —1. O

Let {C*)} be the cyclic codes given in Theorem 2.6, respectively.

A Single Asymmetric Error-Correcting Code with 213
Codewords of Dimensionl7

Sulaiman A. Al-Bassam and Sultan Al-Muhammadi

Theorem 3.5:1f {C?9)} are Reed-Solomon codes of designed

distances, then CRT(C'P),
code of designed distanée

Proof: From Proposition 2.4 and Theorem 2.6, we can take

proper generator polynomig (z) of CRT(C'®1), ...

fola) = 37" (£ @), £ @),

, C(T’s)) is also a Reed—Solomon Abstract—A new single asymmetric error-correcting code is proposed.

This code is constructed using a product of two codes of smaller dimen-
sions. The proposed code is of dimensiati7 and of size 8192, i.e., witl2*2
Adewords. The best known code of dimensiati has size 7968 and capable
of handling 12 information bits only. The only other three known cases of
single asymmeteric codes accommodating one more extra information bit
than the symmetric case are for code dimension, 4, and 16.

Index Terms—Asymmetric errors, Cartesian product, error correction,
lower bounds, partitions.

sincef((z) = (x — a;)(x — a?) -+ (x —a’ 1), foralli and by the

above lemma

fol) =0 (x =, -, w—ay) - B!
(, 5—1 671>
le—ay 7,0, — g

=(z—a)(e—a’)- (e =a").
The theorem follows.
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In this work, a new code capable of correcting a single asymmetric
error is proposed. Before describing the code construction we recall
few definitions. The asymmetric distance of two binary vectoend
y of the same length is defined as

da(2, y) = max{N(z, y), N(y, v)}
where

N(z, y) = |{i: z; = 1 andy; = 0}|
i.e., the number of positions wherehas al andy has a0.
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The minimum asymmetric distance of a cddés defined as follows: Ay A, A; Ay
: 0010000 0100000 0000100 0OOCGOOGOO
Da(C) = min{da(ar, y) : v, y € Cande # y} 0000011 0001010 0001001 0011000
In general, a cod&’ can correctd asymmetric errors or fewerif gpo01100 0010001 0100010 0100100
D.(C) > d. Intheproposedcodetheasym'me_trlc_dlstahcsaz_ 1100000 1000100 1010000 1000001
. The constructlon.ofthe proposed code) is similar to thatgiven  g511001 0010110 0001110 0000111
in [1_]_. The method is based on the Cartesian product of two sets 0100101 0100011 0010101 0101010
partltlonedcodes,sa{)&ll,Ag,---}and{Bl,Bg,---},Where 0110010 0101100 0111000 0110001
C=A1 XxXBiUAs x ByU A3 Xx B3 U---. 1001010 1001001 1000011 1001100
These two sets are defined as follows. 1010100 1110000 1100100 1010010
Let A be the set of all the? binary vectors of lengtly and let 0010111 0011101 0101101 0011011
Ay, Ay, ---, A, be a partition of4, i.e., 0101110 0111010 0110011 0111100
’ 1001101 1001110 1010110 1010101
A =0 1100011 1010011 1011001 1100110
and 1111000 1100101 1101010 1101001
UA,-:A 0111101t 0110111 0111110 0101111
. 1011011 1101011 1001111 1011110
such thatD. (4;) > 2foralli. — 1110110 1111100 1110101 1110011
Also, let B be the set of the?™" even-weight binary vectors of 1101111 1011111 1111011 1111101
lengthg andB,, Bs, -- -, B, be apartition o8B suchthatD.(B;) > )
2 for all 7. As As A7 Ag
It was shown in [1] that the code constructed using this methodis@ 000010 06001000 0000001 1000000
asymmetric distanc2. The cardinality of the code is clearly 0010100 1000010 0000110 0000101
|C| = |A1| * |Bi| + |Az| * | Ba| + |As| * |Bs| + -+ 0100001 0110000 1001000 0O010O010O
) ) ) 0001101 0010011 1100010 0101000
and the dimension of the constructed codg is g. 0011010 0011100 0001011 1000110
0100110 0101001 0110100 1011000
Il. THE NEw CopE 1010001 1000101 0011110 1100001
The code of dimension7, given in [7], had 7968 codewords. In 1101000 06001111 0100111 1001011
[1], a code with 7688 codewords was constructed using the Cartesi0 1010611 0110110 0111001 1110100
product of two partitionsA and B. The A partition contains allbi- 0110101 1011010 1010111 1111111
nary vectors of length = 7 and it is obtained from the Abelian 1006111 1101100 1101101
group Zs; yielding eight partitions each of siz&5 codewords, ie., 1011100 1110001 1111010
A = {A, Ay, -+, Ag} with [4,] = 16 foralli. From[2],one 1110010 0111011 0111111
may obtain aB partition containing all the even binary vectors of 0011111 1011101
lengthq = 10 having nine partitons8 = {By, B2, --- Bo}with 1101110 1100111
the following nine sizes72, 70, 70, 70, 62, 60, 54, 40, and14,re- 1111001 1111110
spectively. Using the Cartesian product method with thésend B 1110111

partitions, the code of dimensidr’ and of size
16 % (72470 + 70 + 70 + 62 4+ 60 + 54 + 40) + 0« 14 = 7688

codewords can be obtained.
Here, a new A partition of length 7 bits is given. The
new A partition has eight partitions with the following sizes:

Fig. 1. The newA-partition of the2” binary vectors, with cardinalities
18, 18, 18, 18,17, 16, 13, and10, respectively.

15 from 2188 to 2214 codewords and the code of dimens$ibfrom

18, 18, 18, 18, 17, 16, 13, and 10. The actual partition is shown in
28032 to 28548.

Fig. 1. Applying the Cartesian product method using thigartition
with the aboveB partition gives a new code of dimensiai and of
size:

185 (T24T0HTH70)+17+ 624164 604134 54410 % 40+H0+ 14 = 8192 A single asymmetric error-correcting code with 17 bits now can

codewords which is exactly equal 20°. This code improves the bestaccommodate 13 information bits. Previously, only 12 information bits
known code by 224 codewords. were possible which was similar to tegmmetriccase. The maximum

The newA partition is obtained using graph-coloring method. In thi§ymmetric single error-correcting code of dimensithis at most
method, a grapli = (N, E) is constructed with the set of node, 2''/18, by the Hamming bound, which is only 7281 codewords.
being all2” binary vectors, and the set of edgéss defined as follows: Therefore, the maximum number of information bits in any single

E={(x.y): 2.y € N Dals y) = 1} symmetric error of dimensionf is at most 12. _
O P I The only three other known cases of single asymmeteric codes acco-

The nodes of the graph are colored using eight colors. From the sefigdating one more extra information bit than the symmetric case are
of the graph, we see that (f:, y) € E thenxz andy have different of dimension<, 4, and16.
colors,V «, y € N. Clearly, the subset of nodes having calorsay
Ay, satisfies the conditio®, (A;) > 2 and hence constitutes a single
asymmetric error-correcting code.

It should be noted that, using this ned partition, one can also  The authors wish to thank King Fahad University of Petroleum and
improve two other codes given in [1], namely, the code of dimensidviinerals for their continued support.
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Abstract—Optimal double circulant self-dual codes overF, have been 4 _
found for each lengthn < 40. For lengthsn < 14, 20, 22, 24, 28, and Let A; is the number of codewords of weighin C'. Then the num-

30, these codes are optimal self-dual codes. For leng#t, the code attains  Persdo, - -+, A, form the weight distribution o',
the highest known minimum weight. Forn > 32, the codes presented pro- A pure double circulantode has a generator matrix of the form
vide the highest known minimum weights. The[36, 18, 12] self-dual code [I R] wherel is the identity matrix of order. and R is ann by n

:mprovesdthe lower bound on the highest minimum weight for a[36, 18] i jant matrix. A[2n. n] code ovelF, with generator matrix of the
Inear code ’
form

Index Terms—Pouble circulant codes, self-dual codes.

|. INTRODUCTION T : » (2)
A linear [n, k] codeC overF. is ak-dimensional vector subspace '
of F}, whereF. is the Galois field with four elements. In this corre-
spondence, the elementdof are taken to bg0, 1,2, 3}, where2 = o« whereR' is ann — 1 by n — 1 circulant matrix, andv, 3 and~ € F,4
and3 = o*, anda® + a +1 = 0. An [n, k, d] code is arjn, k] code is called ébordered double circulantode. These two families of codes
with minimum weightd. The (Hermitian) inner product is defined as are collectively calledlouble circulan{DC) codes [6]. Both pure and
bordered DC self-dual codes exist for all even lengths.

{E'y:ZEy_“l‘""i':E'rzyT ifi
e All self-dual codes oveF, are classified for lengths < 16 [2],

for two vectorsz = ('r;" —;") andy = (y1, -, yf’) where 7] and the extremal codes are classified for lengthand20 [5]. The
3 f: Oal = 1,@ = o anda® = a. The dual cod&”™ of C'is  phighest possible minimum weight is also known for lengths24 and
efined as

n=28, 30. For length26, the highest minimum weight & or 10.

ct= {z € (Fa xF3)"|z-y=0forally € C}. By exhaustive search, the highest minimum weight has been deter-

mined for double circulant self-dual codes oferwith lengthn < 40.

For all lengths: < 30, n # 18, these codes attain the highest pos-

n sible minimum weight (except leng26, where the code attains the
d<2 LEJ + 2. highest known minimum weight). For > 32, the codes presented

A self-dual[n, n/2. 22 | + 2] code is callecxtremal have the 'hlghest minimum weights for self-dual codes. In fapt, the

[36, 18, 12] self-dual code improves the lower bound on the highest

minimum weight for a linear code ovéf,. The notation and termi-
Manuscript received February 4, 1999; revised March 29, 1999. nology for coding theory follow that in [6].
The author was with the Department of Electrical and Electronic Engi-
neering, University of Canterbury, Christchurch, New Zealand. He is now
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Victoria, P.O. Box 3055, STN CSC, Victoria, BC, Canada V8W 3P6 (e-mail: . . s . .
agullive@ece.uvic.ca). A self-dual DC code is calle®C-optimalif it attains the highest

Communicated by P. Solé, Associate Editor for Coding Theory. possible minimum distance for a self-dual DC code of that length.
Publisher Item Identifier S 0018-9448(00)00079-1. For lengthsn < 20, the DC-optimal codes are equivalent to known

C is (Hermitian)self-dualif ¢ = C*. For a self-dual code ovdt,,
the following upper bound is known [9]:
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