Function of a Square Matrix

Examples of square matrices

AK  ,  eAt
Why those functions?

AK raised from the solution to the difference equation


x(k + 1) = Ax(k)

given x(0)

which is 


x(k) = AK x(0)

while eAt come from the solution of the Differential Equation
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x

 = Ax

given x(0)

which is 


x(t) = eAt x(0)

Ploynomials of a square matrix

For any square matrix A, we can define Ak and A-k as

Ak  = A.    A….  A  
(k times)

A-k = A-1. A-1…. A-1 
(k times)

Polynomial matrix functions can then be defined in terms of power of A

Example

F(A) = A2 – 6A + 2I

Matrix Functions

Definition:

 Given an analytical Function f(λ) of a scalar λ with a power series representation of f(λ) as


f(λ) = 
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With a radius of convergence ρ, then f(A) is defined as 


f(A) = 
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If the absolute values of all the eigenvalues of A are smaller than ρ.

Theorem: Given an nxn matrix A.  If 


A = QÂQ-1

Then


f(A) = Q f(Â) Q-1

Proof: Not that


Ak= A.A. …A = QÂQ-1 QÂQ-1… QÂQ-1

     = Q Â Â… Â Q-1


     = 
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If we now consider

f(A) = 
[image: image5.wmf]1

0

0

-

¥

=

Ù

¥

=

å

å

=

Q

A

Q

A

k

k

k

k

k

k

a

a


         = 
[image: image6.wmf]1

0

)

(

-

¥

=

Ù

å

Q

A

Q

k

k

k

a


         = 
[image: image7.wmf]1

)

(

-

Ù

Q

A

Qf


Definition:  The minimal polynomial of a matrix A is the monic polynomial ψ(λ) of least degree such that ψ(A)=0

A direct consequence of the preceding theorem is that f(A) = 0 iff f(Â) = 0 ( A and  Â have the same minimal polynomial.

We will find the minimal polynomial using the Jordan form

Let 
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 be the distinct eigenvalues of A with multiplicities n1, n2, …, nm respectively, then the characteristic polynomial of A is 


[image: image9.wmf]i

n

i

m

i

A

I

)

(

)

(

det

)

(

1

l

l

l

l

-

Õ

=

-

=

D

=

D


Definition  The largest order of the Jordan blocks associated with λi in A is called the index of λi in A
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Theorem:  The minimal polynomial of A is 
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where 
[image: image12.wmf]i
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 is the index of  λi in A.

Example  Consider the Jordan matrix Â
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Find (a) the characteristic polynomial (b) minimal polynomial

(i) 
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(ii) 
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Example:  The matrices
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all have the same chara. Polynomial
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However, their minimal polynomials are
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Cayley – Hamilton Theorem

Every square matrix A satisfies its own characteristic equation.

Proof: Distinct eigenvalues:
A similarity transformation Q will reduce A to the diagonal matrix Â so that 


Â = Q-1AQ

Let
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Each term in the bracket is a diagonal matrix since 
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 is diagonal.  A typical j-th element is 
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Which is zero because 
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 is an eigenvalue.  Therefore, every diagonal term in the bracket is zero because 
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 is an eigenvalue.  Therefore, every diagonal term in the bracket is zero and 
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Computational Method of Functions of a Square Matrix

Given an nxn matrix A with chara. equation 
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, the matrix polynomial P(A) can be computed by consideration of scalar polynomial P(λ).  Let us factor or use long-division to force P(λ)/∆ (λ) into a form
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where R(
[image: image32.wmf]l

) is the remainder polynomial of order n-1.

or 

P(λ) = φ(λ) ∆ (λ) + R(λ) 
if we evaluate at the eigenvalues 
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then P(λ) = R(λ)



This imply that we can obtain the coefficients of R(λ) from the P(λ) polynomial.

Let us now consider the matrix form

P(A) = 
[image: image34.wmf])
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But 
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 from the Cayley-Hamiton theorem, yielding


P(A) = R(A)

The procedure to find function of square matrix is as follows:

1. Find the eigenvalues of A.

2. If all the eigenvalue are distinct, solve

P(λi) = R(λi)



i=1, 2, …, n

R(λ) = α0 + α1 λ + … + αn-1 λn-1
For an eigenvalue of multiplicity mI use 

P(λi) = R(λi)
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 EMBED Equation.3  [image: image38.wmf]i
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3. Use the constants solved for αi.  Than  compute P(A) = R(A)

Example  Find A26 for


A = 
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Solution
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F(A) = A26



F(λ) = λ26  


n = 2 
 (



g(λ) = αo + α1 λ
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(-1)26 = 
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(-1)26 = 
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For 
[image: image47.wmf]3

-

=

l



(-3)26 = 
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(-3)26 = 
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Solving 1 and 2 gives
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Then


P(A) = R(A)

So
A26 = 
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Example

Compute eAt  For

A = 
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Solution

The chara. Eq.
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Let R(λ) be of the type

R(λ) = 
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at  λ = λ1
F (λ1)=R(λ1) (
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The successive evaluation of the derivatives of R(λ) will produce 
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For k = 1, 2, 3, …,n-1
So

eAt = 
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and A- λ1I is

(A- λ1I) = 
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 EMBED Equation.3  [image: image66.wmf]ú
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Higher order powers of (A- λI) show a similar pattern except that the super diagonal ones are shifted a column to the right for each higher power.  This gives 

eAt = 
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