Controllability and Observability of Linear Dynamical Equations

System analysis consists of two parts

· Quantitative 

· Qualitative

Controllability and Observability Example

If the initial voltage in capacitor 2 is zero, no matter what input u is applied, the mode e-t in loop II can never be exited.

The presence of e-t of loop I can never be detected from the output.

Example: The Modal Canonical Form

Consider a single input single output state space system defined by
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Suppose A has distinct eigenvalues λ1, …, λn.

Than A can be diagonalized by the following Similarity Transformation



[image: image3.wmf]Px

x

=


where P = V-1
(V is an eigenvector matrix) so the system (*) is equivalent to the following system in modal Canonical form
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Now if 
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 =0 for any k =1, 2, …, n.  
[image: image7.wmf]k

x

is uncontrollable.

Controllability of Linear Time – Invariant Systems

Consider the n-dimensional p-input state equation


[image: image8.wmf]Bu

Ax

x

+

=

·




*

Definition: The state equation (*) or the pair (A, B) is said to be controllable if for any initial state x(0) = x0 and any final state x1, there exists an input that transfers x0 to x1 in a finite time. Otherwise (*) or (A, B) is said to be uncontrollable.

Remark: According to the definition, for a controllable system the input must be able to steer the state of the system from x0 at time t0 to x1 at time t1. The exact trajectory followed is not important. 

Theorem:
The n-dimensional linear – invariant system (*) is controllable if and only if any of the following conditions is satisfied:

1. The Controllability Gramian

[image: image9.wmf]t

t

t

d

e

BB

e

W

T

A

T

t

A

c

ò

=

0


is nonsingular for any t > 0.

2. The n × np controllability matrix

U = [B   AB
A2B
…
An-1B]

has rank n.

3.  ρ[ λI – A:   B] = n

The input that will transfer x(0) to any x(t1) = x1 is given by
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Example:

Check the controllability of the system
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Solution:


U = [B   AB
A2B]
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[image: image1.wmf]ρ(U) = 3


               system is controllable

Example:

Investigate the controllability of the system
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 Solution:

Let us find the eigenvalues of A.
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Then characteristic equation is 


λ2  + 4 λ  + 3 = 0


λ = -1, -3

For the system to be controllable

ρ[ λI – A:   B] = n

For λ = -1
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For this matrix to have rank 2
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-β - 3α ≠ 0

So if  α = - ⅓β 
the system is uncontrollable

For λ = -3
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For this matrix to have rank 2
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α ≠ -β 

So if  α = - β 
the system is uncontrollable

Hence for the system to be controllable

1. α ≠ -⅓β 

2. α ≠ -β 

Controllability Indices

Let A and B be n × n and n × p constant matrices. Suppose the pair {A, B} is controllable then the controllability matrix

U = [B   AB
A2B
…
An-1B]

has rank n which mean that there are n linearly independent columns in U.

It may be that we can find n such columns in the partial controllability matrix

Uk = [B   AB
A2B
…
Ak-1B]

1 ≤  k ≤ n.

Definition: The smallest k, say μ, such that Uk has rank n will be called the controllability index of {A, B}.

Corollary:

The pair {A, B} is controllable iff the n × (n - 
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has rank n, or the  n × n matrix 
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Example:

Check the controllability of the system.
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Solution:


 ρ(B) = 2

U4-2 = [B   AB
A2B]= 
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ρ(U4-2) = 4
so {A, B} is controllable

[image: image35.wmf]Notice that ρ[B : AB] = 4 



the controllability index is 2

What is the natural way to check linear independence?

Let us look again on the matrix U

U = [B   AB
A2B
…
An-1B]

Or

U = [b1  b2 …  bp:  Ab1  Ab2 …  Abp:  A2b1  A2b2 …  A2bp:



: 
…
:  An-1b1  An-1b2 …  An-1bp]

Now we search the linearly independent from left to right.

Let us rearrange the linearly independent columns as
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The integer μi is the number of linearly independent columns associated with bi in the above set.

Clearly

 μ = max{μ1, μ2, …, μp}

The set {μ1, μ2, …, μp} will be called the controllability indices of {A, B}.

Theorem:

The controllability property is invariant under any equivalence transformation.

Proof: Consider the pair {A, B} with the controllability matrix



U = [B   AB
A2B
…
An-1B]

and its Equivalent Pair (
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where P is a nonsingular  matrix.  The controllability 

The controllability matrix of (
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Because P is nonsingular, we have 

Theorem:

The set of the controllability indices of (A, B) is invariant under any equivalence transformation any reordering of the columns of B.
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