Equivalent Dynamical Equations

Consider the linear time-invariant dynamical equation
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Define 
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,  where P is any n × n nonsingular matrix 

Then
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Defining: 
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We have  
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System (
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) is said to be (algebraically) equivalent to the dynamical system (Σ) and P is called an equivalent transformation.

From input-output viewpoint: Two equivalent dynamical equations give the same zero-state response i. e.

The impulse response and therefore the transfer function remain unchanged under an equivalence transformation.

To prove this
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Definition: Two state equations are said to be zero-state equivalent if the have the same Impulse Response matrix or Transfer Function.

Definition: Two state equations are said to be zero-input equivalent if for any initial state in one equation, there exists a state in the other equation, and vice versa, such that the outputs of the two equations due to zero input are identical.

Why do we care about equivalent dynamical equations? 

1. Equivalent dynamical equations arise when the same system is described using different state variables.

Example: Consider the following circuit
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If the current passing through the inductor x1 and the voltage across the capacitor x2 are chosen as state variables then we have
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If the loop currents 
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 and 
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 are chosen as state variables then
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The above dynamical equations have the same dimension and describe the same system. Hence they are equivalent. Indeed if we define
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  or 
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and substitute for x in (Σ) we get the equations for 
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given by (
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).

2. An equivalent system description may give more insight about those properties which are presented by the equivalence transformation.

e.g. given  
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Let P be chosen so that 
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Defining 
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This easier to solve. 

Once we solve for 
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Remark: We have seen if two dynamical equations are equivalent they will be input-output equivalent (i.e. zero-state equivalent). Is the converse true?

 The answer is no.

Consider 
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where
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Clearly, 
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So 
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 are zero-state equivalent (have the same transfer function). Yet 
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 are not equivalent state equations. Why?

They do not have the same dimension.

Question: Given two state space systems 
[image: image34.wmf]S

S

 

and

 

 with realizations
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When will these two systems have the same transfer function?

Theorem: Two linear dynamical systems 
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, not necessarily of the same dimension, are zero-state equivalent or have the same transfer function if and only if
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Proof: 

They are zero-state equivalent iff
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This equality hold iff  
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 EMBED Equation.3  [image: image40.wmf]
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