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PSD	  of	  Digitally	  Modulated	  Signals	  
with	  Memory	  	  

•  Let	  v(t)	  be	  the	  bandpass	  modulated	  signal,	  its	  
lowpass	  equivalent	  signal	  is	  :	  	  	  

•  Where	  In	  is	  the	  informaFon	  sequence	  
•  The	  autocorrelaFon	  of	  vl(t)	  is	  
	  	  

vl (t) = sl (t − nT ; In )
n=−∞

∞

∑

Rvl (t +τ ,t) = E vl (t +τ )vl
*(t)⎡⎣ ⎤⎦

= E sl (t +τ − nT ; In )sl
*(t −mT ; Im )⎡⎣ ⎤⎦

m=−∞

∞

∑
n=−∞

∞

∑

PSD	  of	  DM	  Signals	  with	  Memory	  	  
•  vl(t)	  is	  cyclostaFonary	  since	  changing	  t	  to	  t+T	  does	  not	  change	  

the	  mean	  and	  autocorrelaFon	  funcFon.	  	  
•  To	  determine	  its	  power	  spectral	  density,	  we	  need	  to	  average	  

over	  one	  period	  T.	  	  
•  Let	  k	  =	  n	  –	  m	  	  

Rvl (τ ) =
1
T 0

T

∫ E sl (t +τ −mT − kT ; Im+k )sl
*(t −mT ; Im )⎡⎣ ⎤⎦dt

m=−∞

∞

∑
k=−∞

∞

∑

= 1
T −mT

−(m−1)T

∫ E sl (u +τ − kT ; Ik )sl
*(u; I0 )⎡⎣ ⎤⎦du

m=−∞

∞

∑
k=−∞

∞

∑

= 1
T −∞

∞

∫ E sl (u +τ − kT ; Ik )sl
*(u; I0 )⎡⎣ ⎤⎦du

k=−∞

∞

∑

Change	  u=t-‐mT	  
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PSD	  of	  DM	  Signals	  with	  Memory	  	  
Let	  
	  
Then	  
	  
	  
And	  the	  PSD	  of	  vl(t)	  is	  
	  	  	  	  

gk (τ ) =
−∞

∞

∫ E sl (t +τ ; Ik )sl
*(t; I0 )⎡⎣ ⎤⎦dt

Rvl (τ ) =
1
T

gk (τ − kT )
k=−∞

∞

∑

Svl ( f ) =
1
T
F gk (τ − kT )

k
∑⎡
⎣⎢

⎤
⎦⎥

= 1
T

Gk ( f )e
− j2π kfT

k=−∞

∞

∑

PSD	  of	  DM	  Signals	  with	  Memory	  	  
Where	  Gk(f)	  is	  the	  Fourier	  transform	  of	  gk(τ)	  

Gk ( f ) = F
−∞

∞

∫ E sl (t +τ ; Ik )sl
*(t; I0 )⎡⎣ ⎤⎦dt

⎡

⎣
⎢

⎤

⎦
⎥

=
−∞

∞

∫ E sl (t +τ ; Ik )sl
*(t; I0 )⎡⎣ ⎤⎦e

− j2π fτ dt dτ
−∞

∞

∫

= E sl (t +τ ; Ik )e
− j2π f (t+τ )sl

*(t; I0 )e
j2π ft dt dτ

−∞

∞

∫
−∞

∞

∫
⎡

⎣
⎢

⎤

⎦
⎥

= E Sl ( f ; Ik )Sl
*( f ; I0 )⎡⎣ ⎤⎦
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PSD	  of	  DM	  Signals	  with	  Memory	  	  
•  Note	  that	   	   	   	   	   	   	  	  is	  real	  and	  	  

•  	  Define	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Thus	  	  
•  Then	  we	  can	  write	  	

•  Since	  

•  We	  can	  write	  	  	  
	  
	  

G0 ( f ) = E Sl ( f ; I0 )
2⎡

⎣
⎤
⎦ G−k ( f ) = Gk

*( f )

′Gk ( f ) = Gk ( f )−G0 ( f )
′G−k ( f ) = ′Gk

*( f )
′G0 ( f ) = 0

Svl ( f ) =
1
T

Gk ( f )−G0 ( f )( )e− j2πkfT +
k=−∞

∞

∑ 1
T

G0 ( f )e
− j2πkfT

k=−∞

∞

∑

e− j2πkfT
k=−∞

∞

∑ = 1
T

δ f − k
T

⎛
⎝⎜

⎞
⎠⎟k=−∞

∞

∑

Svl ( f ) =
1
T

Gk ( f )−G0 ( f )( )e− j2πkfT +
k=−∞

∞

∑ 1
T 2 G0 ( f )δ f − k

T
⎛
⎝⎜

⎞
⎠⎟k=−∞

∞

∑

PSD	  of	  DM	  Signals	  with	  Memory	  	  

Svl ( f ) =
2
T
Re Gk ( f )−G0 ( f )( )e− j2π kfT

k=−∞

∞

∑⎡
⎣⎢

⎤
⎦⎥
+ 1
T 2 G0 ( f )δ f − k

T
⎛
⎝⎜

⎞
⎠⎟k=−∞

∞

∑
= Svl

c ( f )+ Svl
d ( f )

ConFnuous	   Discrete	  
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PSD	  of	  Linearly	  Modulated	  Signals	  
•  In	  linearly	  modulated	  signals,	  such	  as	  ASK,	  PSK	  and	  QAM,	  the	  

lowpass	  equivalent	  of	  the	  modulated	  signal	  is	  	  

•  Thus	  in	  this	  case,	  

•  And	  	  
	  

vl (t) = Ing(t − nT )
n=−∞

∞

∑
sl (t, In ) = Ing(t)

Gk ( f ) = E Sl ( f ; Ik )Sl
*( f ; I0 )⎡⎣ ⎤⎦

= E Ik I0
* G( f ) 2⎡⎣ ⎤⎦

= RI (k)G( f )
2

AutocorrelaFon	  of	  the	  
informaFon	  sequence	   FT	  of	  g(t)	  

PSD	  of	  Linearly	  Modulated	  Signals	  
•  In	  this	  case,	  the	  PSD	  will	  be:	  

•  Where	  	  

Svl ( f ) =
1
T
G( f ) 2 RI (k)e

− j2π kfT

k=−∞

∞

∑

= 1
T
G( f ) 2 SI ( f )

SI ( f ) = RI (k)e
− j2π kfT

k=−∞

∞

∑

PSD	  of	  the	  discrete	  
Fme	  random	  process	  
{In}	  

FT	  of	  the	  modulaFon	  
pulse	  	  

Spectral	  Shaping	  
Precoding	  of	  
informaFon	  
sequence	  

Pulse	  Shaping	  
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Precoding	  
•  To	  control	  the	  PSD,	  we	  can	  employ	  a	  precoder	  of	  the	  form	  

•  In	  General,	  we	  can	  introduce	  a	  memory	  of	  length	  L	  	  	  

•  The	  generated	  waveform	  will	  be:	  	  

•  And	  the	  resulFng	  PSD	  will	  be	  	  
	  

Jn = In +α In−1

Jn = α k In−k
k=0

L

∑

vl (t) = Jkg(t − kT )
k=−∞

∞

∑

Svl ( f ) =
1
T
G( f ) 2 α ke

− j2π kfT

k=0

L

∑
2

SI ( f )

Example	  3.4	  –	  1	  (Proakis)	  
•  For	  a	  binary	  communicaFon	  system,	  In=±1,	  with	  equal	  probability	  

and	  In’s	  are	  independent.	  	  
•  Using	  a	  rectangular	  pulse	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  to	  generate	  the	  signal	  

•  The	  PSD	  will	  be	  in	  this	  form	  	  

•  	  To	  determine	  Sl(f),	  we	  need	  to	  find	  RI(k)=E[In+kIn*]	  ,	  Since	  the	  
sequence	  {In}	  is	  independent:	  	  

g(t) =Π t
T

⎛
⎝⎜

⎞
⎠⎟

v(t) = Ikg(t − kT )
k=−∞

∞

∑

Sv ( f ) =
1
T
Tsinc Tf( ) 2 SI ( f )

RI (k) =
E I 2⎡⎣ ⎤⎦ = 1               , k = 0

E In+k[ ]E In
*⎡⎣ ⎤⎦ = 0     , k ≠ 0

⎧

⎨
⎪

⎩
⎪
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Example	  3.4	  –	  1	  (Proakis)	  
•  Thus,	  

•  And	  

•  A	  precoding	  of	  the	  form	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	   	   	  where	  α	  is	  real,	  
would	  result	  in	  a	  PSD	  of	  the	  form	  	  	  	  

SI ( f ) = RI (k)e
− j2π kfT

k=−∞

∞

∑ = 1

Sv ( f ) = Tsinc
2 Tf( )

Jn = In +α In−1

Sv ( f ) = Tsinc
2 Tf( ) 1+α 2 + 2α cos(2π fT )( )

Numerical	  EsFmaFon	  of	  PSD	  	  

The	  Periodogram	  Method	  	  
Let	  Sxx(f)	  be	  the	  PSD	  of	  a	  stochasFc	  process	  X(t),	  the	  an	  esFmate	  
of	  the	  PSD	  could	  be	  calculated	  as:	  	  
	  
	  
Where	  Ts	  is	  the	  sampling	  period	  and	  N	  is	  the	  number	  of	  
observed	  samples.	  	  
Also	  XN(f)	  is	  the	  discrete	  Fourier	  transform	  of	  the	  observed	  data	  
sequence	  	  
	  
	  

 
SXX ( f ) =

1
NTs

XN ( f )
2

XN ( f ) = Ts X(n)e− j2π fnTs
n=0

N−1

∑
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The	  Periodogram	  Method	  	  

Matlab	  funcFon	  periodogram	  
	  
hfp://www.mathworks.com/help/signal/ref/
periodogram.html#bf5c35-‐2	  
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PracFce	  Problems	  

•  Proakis	  3.15,	  3.16,	  3.19,	  3.24,	  3.25,	  3.26	  	  	  	  


