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Chapter 7. Random Process – Spectral Characteristics

0.       Introduction

1. Power density spectrum and its properties

2. Relationship between power spectrum and autocorrelation function

3. Cross-power density spectrum and its properties

4. Relationship between cross-power spectrum and cross-correlation function

5. Power spectrums for discrete-time processes and sequences

6. Some noise definitions and other topics

7. Power spectrums of complex processes
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7.1 Power density spectrum and its properties
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Goal: Find the frequency component of RP X(t).

For deterministic signal x(t) it is simple

You can also get the time domain representation of the signal using

This is not the case with RP X(t). Why?

How to find the frequency spectrum of RP X(t)?
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For a RP X(t), we find the average power using the same equation as    

but with two modifications:

1. We take the expectation of X(t) to include all possible sample values.

2. We let T� infinity to cover the whole time domain

Thus we can write the average power of RP X(t) as

7.1 Power density spectrum and its properties
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7.1 Power density spectrum and its properties
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0 0

( ) cos( )X t A tω= +Θ  -- uniformly distributed on (0, )
2

π

Θ

5

7.1 Power density spectrum and its properties

power density spectrum

Example 7.1-2: 0 0
( ) cos( )X t A tω= +Θ

0 0

0 0

0 0 0

( ) ( )0 0

0 0
0 0

0 0

1
( ) cos( ) [ ]

2

2 2

sin[( ) ] sin[( ) ]

( ) ( )

T T
j t j tj t j j j t

T
T T

T T
j t j tj j

T T

j j

X A t e dt A e e e e e dt

A A
e e dt e e dt

T T
A Te A Te

T T

ω ωω ω

ω ω ω ω

ω ω

ω ω ω ω

ω ω ω ω

−− Θ − Θ −

− −

− − +Θ − Θ

− −

Θ − Θ

= +Θ = +

= +

− +
= +

− +

∫ ∫

∫ ∫

1 sin( )
2

j T j T
T T

j t j t

t TT

e e T
e dt e T

j j T

β β
β β β

β β β

−

=−−

−

= = =∫
2

[ ( ) ]

2
lim

T

XX

T

E X
S

T

ω

→∞

=

6



4

7.1 Power density spectrum and its properties

2 2
2 * 2 2 20 0

0 2 2 2 2

0 0

2 2 2 2 0 0

0

0 0

sin [( ) ] sin [( ) ]
( ) ( ) ( ) [ ]

( ) ( )

sin[( ) ] sin[( ) ]
( )

( ) ( )

T T T

j j

T T
X X X A T T

T T

T T
A T e e

T T

ω ω ω ω

ω ω ω

ω ω ω ω

ω ω ω ω

ω ω ω ω

Θ − Θ

− +
= = +

− +

− +
+ +

− +

0 0

0 0

0 0

sin[( ) ] sin[( ) ]
( )

( ) ( )

j j

T

T T
X A Te A Te

T T

ω ω ω ω

ω

ω ω ω ω

Θ − Θ− +

= +

− +

2 2 / 22

0
0

2 2
[ ] [2cos2 ] 2cos2 sin 2 0j j

E e e E d

π

π

θ θ θ
π π

Θ − Θ
+ = Θ = = =∫

2
2 2 2

0 0 0

2 2 2 2

0 0

[ ( ) ] sin [( ) ] sin [( ) ]
[ ]

2 2 ( ) ( )

T
E X A T TT T

T T T

ω π ω ω ω ω

π ω ω π ω ω

− +

= +

− +

* 0 0

0 0

0 0

sin[( ) ] sin[( ) ]
( )

( ) ( )

j j

T

T T
X A Te A Te

T T

ω ω ω ω

ω

ω ω ω ω

− Θ Θ− +

= +

− +

7

7.1 Power density spectrum and its properties

2
2

0

0 0

[ ( ) ]
( ) lim [ ( ) ( )]

2 2

T

XX
T

E X A
S

T

ω π
ω δ ω ω δ ω ω

→∞

= = − + +

2

2

sin
         (C-54)

x
dx

x
π

∞

−∞

=∫

2

2

, if 0sin ( )
lim          (b)

0,  if 0( )T

T T

T

αα

απ α→∞

∞ =
= 

≠
2

2

sin ( )
(a) & (b)     lim ( )

( )T

T T

T

α
δ α

π α→∞

⇒ =

2 2

2 2

sin ( ) sin 1
1           (a)

( )

T T T x
d dx

T x T

α

α

π α π

∞ ∞

−∞ −∞

= =∫ ∫

2 2

0 0

0 0

1 1
( ) [ ( ) ( )]

2 2 2 2
XX XX

A A
P S d d

π
ω ω δ ω ω δ ω ω ω

π π

∞ ∞

−∞ −∞

= = − + + =∫ ∫

8



5

7.1 Power density spectrum and its properties

Properties of the power density spectrum:
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Properties of the power density spectrum

2
(5) ( ) ( )

XXXX
S Sω ω ω=ɺ ɺ

2
2 2

2 2
[ ( ) ] [ ( ) ] [ ( ) ]

( ) lim lim lim ( )
2 2 2

T T T

XXXX
T T T

E X E j X E X
S S

T T T

ω ω ω ω

ω ω ω ω
→∞ →∞ →∞

= = = =ɺ ɺ

ɺ

PF of (5):

0

( ) ( )
( ) lim

d X t X t
X t

dt ε

ε

ε→

+ −
=

0

( ) ( )
lim ,

( )

0,               o/w
T

X t X t
T t T

X t ε

ε

ε→

+ −
− < <

= 


ɺ

FT

0

( ) ( )
( )    lim   = ( )

j

T T
T T

X e X
X t j X

ωε

ε

ω ω

ω ω

ε→

−
←→

ɺ

( ) ( )
FT j af t a F e ω

ω
−

− ←→

10



6

7.1 Power density spectrum and its properties
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Example 7.1-3: ( )  lowpass form
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7.2 Relationship between power spectrum and 
autocorrelation function
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autocorrelation function
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7.2 Relationship between power spectrum and 
autocorrelation function
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7.2 Relationship between power spectrum and 
autocorrelation function
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7.2 Relationship between power spectrum and 
autocorrelation function
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7.2 Relationship between power spectrum and 
autocorrelation function
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7.6 Some noise definitions and other topics
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