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6.1 The Random Process Concept

R.P. = collection of r.v.'s
X[n], n=0,1,2,--- X[n], neZ" ={0,1,2,--}={0}UN
X[0], X[1], X[2], --- arer.v.'s

Ex1: X[n], neZ, where ---, X[-1], X[0], X[1],

areiidr.v.'s with [y (x3n) = fy, (%) =u(x)—u(x-1)

Ex2: X[n], neZ, where X[n]=4 and A isar.v.with
J4(a)




6.1 The Random Process Concept

continuous time

X(@), —wo<t<owm
Ex3: X()=4, —-o<t<w
where A4 isarv.with f,(a)
Ex4: X({), —wo<t<w© (Poisson R.P.)
k -t
P[X(t)=k]=%, k=0,1,2, -
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6.1 The Random Process Concept
Classification of R.P.

1. continuous random process

2. discrete random process
3. continuous random sequence

4. discrete random sequence

continuous time ¢t = X (¢) =R. Process

discrete time #» = X[n]=R. Sequence

6.1 The Random Process Concept

continuous random process

t -- continuous A
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6.1 The Random Process Concept

discrete random process :

t -- continuous

X(t) -- discrete r.v.
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6.1 The Random Process Concept
continuous random sequence :
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6.1 The Random Process Concept

discrete random sequence

-

n -- discrete L] []

X|[n] -- discrete r.v.
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6.1 The Random Process Concept

Nondeterministic R.P. -- future values of any sample function can not be

predicted exactly from the past values.

Most R.P.s are non-deterministic

Deterministic R.P. -- future values of any sample function can be

predicted exactly from the past values.

Ex: X(¢)= Acos(wt +6), A,0,,0: rv's




6.2 Stationary and Independence
Stationary R.P. -- all its statistical properties do not change with time.

Nonstationary R.P. -- not stationary

Fy(x;3t) = P{X(t)<x} Ist-order distribution

fr(xst) = F L (x50) 1st-order density

1

Fy(x,%,5t,t,) = P{X(t,) <x,, X(1,) <x,} 2nd-order joint distribution

2

0
S (ux3t,0) = ———Fy (%, X310, 15) 2nd-order joint density
0x,0x,

6.2 Stationary and Independence
Nth-order joint distribution & density

Fy (X, Xystyseesty) S (XXt osty)
Ex3: X()=A, —oo<i<ow f(a)
e (est) = 14(x,) Sy Geoxystty) = f,(x)0(x, —X,)
Mean (ensemble average) ELX (0] = xf, (x:t)dx
E[X(1)]= ZxP{X(t) X}

Autocorrelation function of X (7)

(o) = ELXAOX 1= [ 7 x50, £ (3,30, )dnd,




6.2 Stationary and Independence
Autocovariance function of X (¢)

C)QY (tlatz) = E[{X(tl) - E[X(tl)]} {X(tz) - E[X(tz)]}]
=Ry, (4,,1,) — E[X(1)]E[X (1,)]

Cross-correlation function of X (¢) & Y (¢)
Ry (1) = ELXU)Y ()= [ 7 x5 fr (3, 01500.0 )y
Cross-covariance function of X (¢) & Y (¢)

CXY(tPtz) :E[{X(tl)_E[X(tl)]}{Y(tz)_E[Y(tz)]}
=R, (t,,t,) — E[ X (¢)]E[Y (¢,)]

6.2 Stationary and Independence
X() & Y(¢) -- independent <

fXY(xl’.”’xN’yl’.”’yM;tl’.”’tN’Tl’”.’TM)

:fX(xla."axN;tla"'9tN)](Y(y1>'"ayM;Tla"'arM)
X(t) & Y(t) --uncorrelated < C,,(4,1,)=0
X(t) & Y(t) -- orthogonal < R, (t,t,)=0

indep. = uncorr.




6.2 Stationary and Independence

Ist-order stationary (stationary to order one)

S (st = fr(xpsf +A), Vi,A

E[X (4 +M)]= [ o (st + N = [ xf (st )b = ELX(1)]

E[X(t)]= X = constant

6.2 Stationary and Independence
2nd-order stationary (stationary to order two)

Fr(axyst ) = fio (x5 + A, +A), VLA
S (s xy50,0) = fro(x,%,50,8, — 1))
2nd-order stationary = Ist-order stationary

Sy (i) = J_wa(xl,ngtl,tz)dxz = _[_OofX(xl’x2;tl +AL + N)dxy = fr (%31 +A)

2nd-order stationary = R, (¢,.t,+7) = E[X({))X (¢, +7)]=R,, (7)




6.2 Stationary and Independence

E[X(1)]=X =const
E[X()X(1+7)]= Ry (1)

widesense stationary <

2nd-order stationary = widesense stationary
&=

Nth-order stationary
So XXyt )= fo (X Xty + Ao 0, + A)
Nth-order stationary = kth-order stationary (k < N)

strict-sense stationary = stationary to all orders

6.2 Stationary and Independence
Ex 6.2-1: X ()= Acos(ow,t+0O) A,o, : constants

fo(0) =~ (@) ~u(@ -2}
T
ELX()] = Acos(y + G)idé? 0

R (t,t+7)= E[X()X(t+1)] = A*E[cos(w,t + ®)cos(a, (¢ + ) +O)]
= A?z E[cosat + w,t +20) + cos(w,7)]

AZ AZ AZ
=7 El[cos(w,7)]+ 7E[COS(2a)0t + 0,7 +20)]= Tcos(a)or)

= X(¥) -- w.s.s. (widesense stationary)




6.2 Stationary and Independence

jointly widesense stationary
X)) & Y(@) w.s.s.
R, (t+1)=E[XO)Y(t+71)]=R,,(7)

Time average
.1 ogr
1= ] e
— N Y
% = A[x()] = lim— j_Tx(t)dt
time autocorrelation function

N
R _(r)=A[x(@O)x(t+7)]= ;I—IEEI—T x(t)x(t+7)dt

6.2 Stationary and Independence

time cross-correlation function

R (D) =A[x()y(t+7)]= kr)g%ji x@)y(t+7)dt

. x=X
ergOdlc < 9{xx (T) = RXX (T)

ergodic X (¢) and Y(¥)
ER)cy (T) = RXY (T)

jointly ergodic <

Mean-ergodic => ¥ =X

Correlation-ergodic => R, (1) =Ry (7)

10



6.3 Correlation Functions
Properties of autocorrelation function of w.s.s. r.p.:

R, (t,t+7)=E[XO)X(+71)]=R,(7)

() |Ryy (7)< R, (0)

(2) Ry (=7) =Ry (7)

(3) Ry (0)= E[X(1)]

(4) stationary & ergodic X(¢) with no periodic components

= limR, ()=X

|7| >0
(5) stationary X (¢) has a periodic component

= R, (7) has a periodic component with the same period.

6.3 Correlation Functions

Ex 6.3-1: stationary, ergodic with no periodic component

4
14672

R, (r)=25+

imR, (r)=X = E[X()]=X=+25=15

|7| >0

oy = E[X*()]-(E[X(D)])’ =R, (0)-X*=29-25=4

Ex 6.3-2:  w.s.s. X(1) R, ,(t)=e, a>0
Y(1) = X(1)cos(w,! +©) X()&© indep.
1
, = constant f@(9)=g{u(9+ﬂ)—U(9—ﬂ)}

11



6.3 Correlation Functions
R, (t,t+7) = E[Y ()Y (t +7)]
= E[X([0)X (1 +7)cos(wy +O)cos(wy +m,7 +O)]
= E[X(1)X (1 +7)]E[cos(a, +O)cos(w,f + 0,7+ O)]
—R, (r)% E[cosQayt + @7 +20) +cos(w,7)] @-

cos (@l + ©)
(@

1
- P Ry (7)cos(w,7) = Ry, (7) -

1Ru(0)
1 g \\\
2 Ryx (@) - 3 Cycles at angular
JRex(~y b
& 7\\> / 7\2/ rate wg

®)

6.3 Correlation Functions
Properties of cross-correlation function of jointly w.s.s. r.p.'s:

Ry (1) = E[LX (DY (1 +7)]

D Ry (-1)=Ry(7)
(2) |Ryy (2)| Sy Ry (0)Ryy (0)

() R @] <5 [Rer 0+ R, 0]

E[{Y(t+1)+aX()}]20, Va

JRo ()R, (0) < %[RXX (0)+ Ry, (0)]

12



6.3 Correlation Functions
Fx 6.3-3: A,B:rv.'s @, = const
E[A]=E[B]=0, E[AB]=0, E[A4’]=E[B’]=0"
X (t) = Acos(wyt) + Bsin(ot), Y(t) = Bcos(w,t)— Asin(w,t)
E[X ()] = E[Acos(a,t)+ Bsin(wyt)] = E[A]cos(a,t) + E[B]sin(@yt) =0
R, (t,t+7)=E[X@)X(+71)]
= E[ A’ cos(w,t) cos(w,t + m,7) + ABcos(w,t) sin(@,f + o,7)
+ ABsin(@,t) cos(@,t + w,t) + B’ sin(o,t) sin(w, + o,7)]
=0 {cos(@,t) cos(@,l + w,7) +sin(@yt)sin(w,l + ®,7)} = ¢ cos(w,)

= X(t):w.s.s.

6.3 Correlation Functions
Y(t):w.s.s.

Ry (1) = ELX (DY (1 +7)]
= E{[Acos(w,t) + Bsin(wt)][Bcos(@,(t + 7)) — Asin(@,(t +7))]}
= E[ ABcos(w,t)cos(a,t +@,r) + B sin(@,t) cos(@,t + ®,)
— A’ cos(w,t)sin(w,t + ®,7) — ABsin(@t)sin(w,l + @,7)]
= o’ [sin(@,t) cos(@,t + @) — cos(@,t ) sin(@yt + ,7)]

=—0o’sin(w,r)

= X(@)&Y(t):]jointly w.s.s.

13



6.3 Correlation Functions
Random Sequence (=Discrete-time R.P)
X(nT)) = X[n]

Mean = E(X|[n])

R, (n,n+k)=E(X[n|X[n+k])

Cy(mn+k)=E{(X[n]- X[n])(X[n+k]-X[n+k])}
=R, (n,n+k)-X[n|X[n+k]

R, (mn+k)=E(X[n]Y[n+k])

C,y (mn+k)=E{(X[n]- X[n)(X[n+k]-Y[n+k])}
=R, (n,n+k)— X[nY[n+k]

6.4 Measurement of Correlation Functions

4 Delay
1) —»]
y(®) P ﬁ

» L
Product ™ 57 ftl

B
0 Delay ‘]‘

T

()t = Ryt +27)

R (1, +2T) = [ 2~y ~T+ ) ! [ >+ o)
=— x(t— -T+rydt=—| x T
ot 27 I 4 o7 e T
=0 & T large

R,(2T)= % jTT KO +7)d =R (7) = Ry (7)
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6.4 Measurement of Correlation Functions
Ex 6.4-1: X (1) = Acos(w,t + ®) ® :uniform on (-7,7)

1 ¢,
R(T) = J’_T A% cos(,t + ) cos(w,t + 0 +,7)dt

2
= f—T J-_TT [cos(w,T)+cosRat + 26 + o, 7)]dt

2

A
R,(2T) =R, (7) +&(T) Ry (7)= Tcos(wof)
2 .
£(T) =L cos(a,r +20) 02T
2 20,T
10
|e(T)|<0.05R,, (0) = <005 = T>—
o,T ,

6.5 Gaussian Random Process
- continuous r.p. X (), —oo<t<w

1
Ty (epeees Xystysoaty) =%
Qm)"|Cy]

)_(i :E[X(ti)] Clk =CXX(t17tk)

exp{—%[x—)?]’c;[x—)?]}

stationary = E[X(f)]=X (const) & R, (t,.t,) =R, (t, —1)
Cxx(tntk) = CXX(tk _t;)

w.s.s. Gaussian = strictly stationary

15



6.5 Gaussian Random Process
Ex 6.5-1:  w.s.s. gaussian r.p. X(¢)
— i—1
¥=4 Ro@=25e™ p=tam =123,

=]

C = Co(tt,) = Ry (1,1,) - X> =25¢ 2 16

3

25-16 25¢2-16 25¢7°-16

O

S8}
w

3 3

25¢2-16 25-16 25¢ 2-16

a
Il
ann
ann
Il

S8}
@

3
25¢7-16 25¢2-16 25-16

6.6 Poisson Random Process
-- integer-valued discrete r.p. X (f), —wo<ft<owo

X(0)=0 L, <t, = X)X,

_ k
P - X =k =L o g0,

t, <t <t <t, = X(t,)-X(t)&X({)-X(t,)are indep.
X()=E[X ()] =Mt R, (t,1) = E[X(1)*] = At + (A1)’

Co(t.0)=At

16



6.6 Poisson Random Process

O<r,<t, =

P[X(tl)=kl,X(l‘2)=k2]=P[X(tl)=kl,X(l‘2)—X(t1)=k2 _kl]

(ltl)kl e M [ﬂ“(tz —4 )](kz—h) e ) S>>
=| & (ky, —k)! o
0, otherwise
ky _ (ky=ky)
(/11‘1) [ﬂ‘(tZ tl )] e—/uz , k2 2 kl 2 O
= k\(k, —k)!
0, otherwise

6.6 Poisson Random Process
O0<t,<t, =
PLX(1,) =k, | X (1) =k 1= PLX (1) - X (1,
=P[X(f2)_X(t1):k2_k1]

_ (ky=ky)
[ﬂ’(tZ tl)] e—/i(tz—tl)’ kz 2 kl
= (kz - kl)!

0, otherwise

):kz _kl|X(t1):k1]

17



6.6 Poisson Random Process
Ex 6.6-1: X(t) =Poisson r.p.
0<1 <1, <14
0<k <k, <k, =
PIX(t)=k,X(t,) =k, X(t;)=k,]
=P[X (1) =k, X(1,) =X (1) =k, =k, X(;) - X(t,) = k; -k, ]
=P[X (1) =k PLX(1,) - X () =k, =k 1P[X(t;) - X(1,) = ks — k]
GNP VIO ST VI GRS e
k! (k, —k)! (ky—k,)!
_ () A =) VLA — 1) o
k Nk, —k)(k, — k,)!

3
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