Chapter 3. Operations on One
Random Variable - Expectation
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3.1 Expectation

expectation of X = mean of X = average of X

E[X]=X = xf, (x)dx continuous r.v.
N

E[X]=X =) _xP(x) discrete r.v.
i=1

f (x+a)=f, (-x+a),¥x = E[X]=a

X rv. = Y=g(X) r.v. ExX: Yy =g(X)=X?

P(X =0) =P(X =-1) = P(X :1):% P(Y:O):% P(Yzl)z%




3.1 Expectation

expectation of a function of ar.v. X

E[g(X)]= jfo g(x)f (x)dx  continuousr.v.

E[g(X)]= i g(x)P(x) discrete r.v.

Ex 3.1-3: 2 v

—ve ®
fL(V)=15

vo_ 0, v<0 L :
5 Uu=e , V=
E[V?]= :gvse_f’dv =5[ "ce“de =-5e | +5[ e“d=5

v>0 Rayleigh r.v.

3.1 Expectation

conditional expectation of ar.v. X

E[X|B]= J'jo xf, (x|B)dx continuous r.v.
E[X|B]= i X.P(x;|B) discrete r.v.
i=1

Ex: B={X<b}

f. (X) < <b '[b xf,, (x)dx
g <ty = [ foodx E[X|X <b]= J';Of (X)dx

0, X=>b




3.2 Moments

n-th moment of ar.v. X

m, = E[X"]= f x" £, (x)dx continuous r.v.
N
m, = E[X"]=Y_Xx"P(x) discrete r.v.
i=1
m, =1 m, =X

n-th central moment of ar.v. X

o = ELX = X)"]= [ (x=X)" £ (x)dx
Ho =1 i =E[X —=X]=E[X]-E[X]=X-X=0

3.2 Moments
properties of expectation:
(1) E[c]=c C -- constant

(2) E[ag(X)+bh(X)]=akE[g(X)]+bE[h(X)] a,b -- constants
PF:
Elc] = jz of, (X)dx =¢ ji f (x)dx=c

E[ag(X) +bn(X)] = [ {ag(x) +bh(x)}f, (x)dx

=a[” g0, (9dx+b[” h(x)f, (x)dx = aE[g(X )]+ bE[h(X)]




3.2 Moments

variance of ar.v. X
0% =, = E[(X = X)?]1= E[X? =2XX + X?]
= E[X?]-2XE[X]+ X?=m, -m}

standard deviation of ar.v. X = o, (= 0)

—e P, x>a
skewness of ar.v. X = L§< (X)=1b
Ox Qix) symhetidc aboutx =X = 4, =0
Ex 3.2-1 & Ex3.2-2:
exponential r.v.
3.2 Moments

=
m =E[X]=| x=e P dx=a+b
= EIX] =], %
m, = E[X?] :J':XZ%e_bdx = (a+b)* +b?
oy = py=m, —m; =b’
m, = E[X°]= I: XS%e_bdx =a’ +3a’h + 6ab” +6b°
1y = E[(X = X)*1= E[X® -3X?X +3XX? - X*]=m, —3mm, +3m’m, —m;

=a’+3a’h +6ab” +6b°> —3(a+b){(a+b)’ +b*}+2(a+b)* =2b°

3
skewness of ar.v. X = ”—g = % =
oy b
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3.2 Moments
Chebychev's inequality

2

P[|X —X\z(g]sz—g
ok =] (x=X)* f, (x> J"X_X‘Zg(x — X)? f, (x)dx
> g’ I\x—%\> f, (X)dx = £”P[|X - X| 2 £]

Markov's inequality

P[X<0]=0 = P[XZa]S% (a>0)
Ex 3.2-3:
= o2 1
P[IX -X|>30,]<—2%-==
[x = X|>30,] 92 9

3.3 Functions That Give Moments
Characteristic function of r.v. X

D, (0) = E[e/]= ji £, (X)e’*dx

1 (o - Fourier transform
f (X)= zLOCDX (w)e " dw

@, ()| < ji| f, (0)|[e*|dx < ji f (x)dx=1=, (0)
d"® ® sy N4 jox -n [ n -n n
#n(a)) :LC fi () J"x e dx] o = ] LO f, (X)x"dx = j"E[X"]
=0
m, =y £
@ =0




3.3 Functions That Give Moments
Moment generating function of r.v. X

M, (v) = E[e*]= ji f,, (X)e™dx

d"M (v)

av" = Ijo fy (X)X”eVXdX|V:0 = J.jo £, (X)X"dx = m,

v=0

Ex 3.3-1 & Ex 3.3-2:

lef% X>a
fe(X)=1b ’
0, Xx<a

3.3 Functions That Give Moments
(- jo)x

16)) (0)) _ E[eja)X] _ lezj'we(tl)ja))xdx _ les
T b e b 1

—_ — — .a)
(- jw)a . (b Jo) x=a
_le% b _ eja)a
b (é_ ja)) 1- JCOb dq)x (a)) _ jaeia)a(l_ jwb)_l_eja)ajb
NG dw (]__ ja)b)2
_ VX7 _
Mx (V) = E[e ]— 1-vb de (V) ~ aeva(l—Vb)+evab
dv (1—vb)?
mlz(_j)% =a+b mlzw —a+b
w w=0 \ v=0




3.3 Functions That Give Moments
Chernoff's inequality Ex 3.3-3:

v>0

P[X >a]= j”” f (dx = [, (x)u(x-a)dx

< ji f (x)e"*Ddx =e"*M, (V)

3.4 Transformations of a Random

Variable
Y =T(X) f, (x) given = f, (y)="?

monotone increasing <
T(x)<T(x,) forany x, <x,

monotone decreasing < \
T(x)>T(x,) forany x, <X,




3.4 Transformations of a Random
Ass\u/r?érrlnaorg)ltgne increasing T (e) Y =T(X)
FY (yo) = P[Y < yo] = P[X < Xo] = Fx (Xo)

(vo)

"t dy =] " £, (x)dx

00

1:\( (yo) = fx ”7l(yo)] dey(yO)
W)= K g
y dy

3.4 Transformations of a Random

Variable
Assume monotone decreasing T (e) Y =T(X)

F (Y,) =PLY <y, ]=P[X > x,]=1-F, (X,)
dx
fy (y)=—14 (X)d_y

1
= f, (X)d_y

dx

dx
monotone T(s) =  f(¥) =1 (X) @y




3.4 Transformations of a Random
Variable

Ex 3.4-1: 1 ‘(Xz_(ié)z
fy (%) = m e
Y=T(X)=aX +b f,(y)="?
monotone T(s) =
o1 et b

= —e
N Zﬂazai N 272'&20')2(

Y -- gaussian r.v.

W)= KD

a

3.4 Transformations of a Random

Variable
nonmonotone T (e) y= 10

Y =T(X)

(=Yt

n |dT(X)
dx /
/ P 1

X=X,




3.4 Transformations of a Random

Variable

Ex 3.4-2:

Y =T(X)=cX 2 nonmonotone
dyy/
()= (Y700 =
+ f (=Jy/c) N S -
LW+ (=fyle)
= , y>0
2\Jcy

3.4 Transformations of a Random

Variable
Transformation of a discrete r.v.
Y =T(X) P(Y =y)=P(X e{x:T(x)=y})
Ex 3.4-3:
P(X=-1)=0.1, P(X=0)=03 P(X=1)=04, P(X=2)=0.2
XS
Y :T(X):2—X2+?
2 4 2
T(—1)_§, T(0) =2, T(1)_§, T(2)_§

P(Y :%) =03, P(Y zg) =04, P(Y=2)=03

10



3.5 Computer Generation of One
Random Variable

computer simulation 0, x<0
X --uniform on (0,1) Fo(x)=<x, 0<x<1
1, x=>1
Y =T(X) --monotone increasing

FIy=T(X)]=F (x)=x 0<x<1
y=T(x)=F"(x), 0<x<1

Ex 3.5-1: oy
F(y)=1-e ® =x, 0<x<l

2

y=T(X)=F, *(x)=/-bIn(l-x), 0<x<1

3.5 Computer Generation of One
EX%%Qdon’kV%H%M% 0,1) Y =T(X)
0, y<-a
F(y) =105+ 2sin"(Y), —a<y<a
T a

1, y>a

y=T(x)=F*(x)=asin[z(x-0.5)], 0<x<1
Ex3.5-3: MATLAB program

Rayleigh r.v.
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3.5 Computer Generation of One
Random Variable

Histogram of uniform distrbution

0 02 04 06 08 1
Magnitude bins
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