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Students and engineers in communications and mathematics are confronted with transforma-
tions such as the z-Transform, the Fourier transform, or the Laplace transform. Often it is

quite hard to quickly find the appropriate transform in a book or the Internet, much less to

have a good overview of transformation pairs and corresponding properties.

In this document I present a handy collection of the most common transform pairs and

properties of the

> continuous-time frequency Fourier transform (27f),

> continuous-time pulsation Fourier transform (w),

> z-Transform,

> discrete-time Fourier transform DTFT, and

> Laplace transform

arranged in a table and ordered by subject. The properties of each transformation are indicated

in the first part of each topic whereas specific transform pairs are listed afterwards.

Please note that, before including a transformation pair in the table, I verified their cor-

rectness. However, it is still possible that there might be some mistakes due to typos. I'd be

grateful to everyone for dropping me a line and indicating me erroneous formulas.

Some useful conventions and formulas

Sinc function
Convolution

Parseval theorem

Real part

Imaginary part
Sine / Cosine

Geometric sequences
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Table of Continuous-time Frequency Fourier Transform Pairs

ft)y=FU{F ()} = [T f()er?mItdf F(f)=F{f)} = [T f(t)e= 727 tat

f@®) F(f)
f(=t F(=f)
(@) F*(=f)
f(t) is purely real F(f)=F*(—f) even/symmetry
f(t) is purely imaginary F(f)=—F*(—f) odd/antisymmetry
even/symmetry f(t) = f*(—t) F(f) is purely real
odd/antisymmetry f(t) = —f*(—t) F(f) is purely imaginary
time shifting f(¢t — to) F(f)e—327fto
f(t)ed?mfot F(f — fo) frequency shifting
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af(t) +bg(t) ==  aF(f)+bG(1)
gty = F(H)=G()
Mgty <= F(HG)
o(t) é 1
S(t—ty) L= eIt
1 PEEEN o(f)
it s A(f ~ fo)
el a>0 = TR
efﬂtz . F S efﬂ'fz
6-7'7”2 é ejﬂ'(% fz)
sin(2fot +¢)  <Z= 4 [e7998(f + fo) — eI%6 (f — fo)]
cos (2nfot +¢) <=  L[e7I%(f + fo) + IS (f — fo)]
f®)sin(@2nfot)  <Z=  LIF(f+ fo) = F(f - fo)]
ft)cos 2nfot)  <Z=  L[F(f+fo)+F(f— fo)l
sin? () <=  1[26(f)-6(F-2L)-s(f+ 1)
cos? () «Z=  L[28(N+5(f-L)+5(f+ 1)
rect (1) = 1[7%,+%]( )= {(1) }i: f g Sl TsincTf
I¢]
triang (%) = {(1) ; }i: f;: PN Tsinc? Tf
w0 =tor®={1 120 = Hra
1 t>0 F
sg;n(t):{_1 t<0 = ﬁ
sinc (Bt) é % rect (%) = Bl[—g +§](f)
sinc? (Bt) PN 3 triang (%)
dnfr) = G2r)"F()
i) = e oL szF(f)
ﬁ <L me—2mlfl
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Table of Continuous-time Pulsation Fourier Transform Pairs

TABLES OF TRANSFORM PAIRS

z(t) = Fol {X(w)} = f+°° x(t)e?“tdw = X(w)=F,{z(t)} = f:rooj z(t)e Iwtdt
2(t) = X(w)
a(—t) <L X(-w)
() s X (-w)
z(t) is purely real PEFEN X(f) = X*(—w) even/symmetry
z(t) is purely imaginary PETEN X(f) = —-X*(—w) odd/antisymmetry
even/symmetry xz(t) = x*(—t) PIETEN X (w) is purely real
odd/antisymmetry z(t) = —a*(—t) PN X (w) is purely imaginary
time shifting (¢t — to) PETEN X (w)e—Iwto
z(t)edwot PIEFIN X(w—wp) frequency shifting
time scaling z (af) PN ﬁX (£)
% < ) PEFIN X (aw) frequency scaling
azy(t) + bra(t) <X aXi(w) + bXa(w)
Fw
x1(t)z2(t) = %Xl(w) * Xo(w)
Fw
z1(t) * z2(t) = X1 (w)X2(w)
4(¢) PEEEN 1
S(t—to) L emiwto
1 DTN 276 (w)
efwot PEEEN 276 (w — wo)
—alt Fuw 2
e alt| a>0 e 0.24—7011.)2
— Fuw 1
e %y(t) R{a} >0 = PR
e~otu(—t) Rf{a} >0 I L
L2 F. . o2w?
e202 = oV2me” 2
sin (wot + @) PN g [e796 (w4 wo) — €795 (w — wo)]
cos (wot + @) PN 7 [e796 (w +wo) + 7?5 (w — wo)]
o(t)sin(wot) <2 L[X (w+wo) — X (w—wo)]
z(t) cos (wot) <X 1 LIX (w+wo) + X (w — wo)]
sin (wot) <2 2[ 8(f) = 8 (w —wo) — & (w + wo)]
cos? (wot) <X 72 [20(w) + 6 (w — wo) + 6 (w + wo)]
) _ 1 |t‘ < % Fuw wT
rect(T)*l[ %,+%]()*{0 |t\>% — Tsmc(2
|£]
. 1 | <T Fu 2 (wT
triang (&) = = = T sinc” ( <~
& (T) {0 |t‘ >T ( 2 >
1 t>0 F.
u(t) =1 t) = z == () + =
=100 ={) 120 N+
>
sgn (t) Lo t20 PN %
-1 t<0 J
. Fu 1 _ 1
sinc (T't) == F rect (525) = Fl—2rr 4271 (f)
sinc? (T't) PETEN %trla (3%
Fuw .
=i == (Jw)"X(w)
Fw
rr) LX)
1 Fuw
i == —jmsgn(w)
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Table of Z-Transform Pairs
o] = 27X (2)} = 5 f X(2)20 e = X(2) = 2 {aln]} = X2 aln]a ROC
aln] <= X(2) Ry
z[—n] PN X(1) %1
a*ln] = X*(z¥) R,
z*[—n] PR 2N X*(Z%) I-%
Re{a[n]} ==  L[X(2)+ X*(z")] R,
Smizln]} === L[X(2) - X*(2")] R,
time shifting x[n — no) PHESEN 270X (z) Ry
a"z[n] = X (%) ‘ la| Ry
downsampling by N [Nn] N €N, 2= LyNolx (Wzéz%) Wy = e & R
az1[n] + bx2[n] é aXi(z) +bXa2(z) Rz N Ry
z1[n]z2(n] PRESN % $ X1(u) X2 (£) utdu R: N Ry
zin] xz2n] 2=  X1(2)Xa(t) R:NR,
d[n] PN 1 Yz
d[n — no] = z~ "o Yz
ulp] = 2| > 1
—ul-n—1 = 2| < 1
nufp] = 2| > 1
n?uln] = (Ziz_t)lg |z] > 1
Z 2 z
n3un] z(z(zt%z'l) |z] > 1
) = A 2] < 1
a™uln] PEE-N i |z] > |al
—a"u[—n —1] PRSI rm |z| < lal
a” lun — 1] PN Zia |z| > |al
na"uln] == (222)2 |z| > |al
Z az(z+a
n?a™u[n) — (Z(_;gg, |z| > |al
e~ u[n] <= — |z| > |e™ 9|
a n=0,...,N—1 z 1—agN,—N
0
{0 otherwise 1—az=1 Il >
. Z z sin(w
sin (won) u[n| z2—2cos<(w(;))z+1 |z| > 1
zZ z(z—cos(w
cos (won) u[n] 22_(2605(ng'z>z_1 |z] > 1
a™ sin (won) u[n] = ZZ—QZ(IGCSQ;:((L:UOO)>Z+(12 |z] > a
a™ cos (won) u[n| = 222—(;:;:?5(0“))22(12 lz] > a
nz(n| = 72%)((2) R,
I S I Sl Re
Hi:l("*l+1)amu[n] z

a™m!

zZ
(z—a)ymT1

Please note : =7 =
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Table of Discrete Time Fourier Transform (DTFT) Pairs

z[n] = % fj’: X (eI9) el dw PEEREN X(edw) = ZI;O_OO z[n]eIivn
o) BZL X()
zl-n] £ X(e @)
] S X(e)
z[n] is purely real FEEEN X(el*¥) = X*(e79%) even/symmetry
z[n] is purely imaginary DI, X(ed*¥) = —X*(e77%) odd/antisymmetry
even/symmetry z[n] = z*[—n] ELEL X (e3*) is purely real
odd/antisymmetry z[n] = —z*[—n] LI X (%) is purely imaginary
time shifting z[n — no] PELEEN X (edw)e~Iwno
z[n]elwon LI X (e7(@=w0))  frequency shifting
w—2rk
downsampling by N z[Nn] N € Ng &I % Zg;ol X (e N )
. z[2] n=kN DTFT, iN
upsampling by N N = X(eINw)
0 otherwise
az1[n] + bza(n] FEEN aX1(e9¥) + bX2(el¥)
pifnlaaln]  EES Xi(el?) x Xo(el?) = oo [T X1 (7@ 79)) Xp (77 )do
z1[n] * z2[n] PLUEEN X1(e7%) Xo(e7%)
sn] EEL 1
d[n — no] FEEEN e~Jwno
1 &S f(w) =0 6w+ 2nk)
ciwon DTFT S(w—wp) = zimé(w—wo + 27k)
DTFT z
u[n] — H%w + %5(‘0)
DTFT
a"u[n} (|a| < 1) — ﬁ
n DTFT
(n + 1)a™un] (—ac 7)°
sin (won + ¢) DI, %[e’jq&g (w4 wo + 27k) — 79?6 (w — wo + 2mk)]
cos (won + ¢) FELEN %[e‘j(f’g (w4 wo + 27k) + €776 (w — wo + 27k)]
sin(wen) — ) sine (wen) EXEL et <i) 1 el <we
" we 0 we<lw| <
. 1 |n|<M DTFT sin[w(M+3)]
Window : rect (4%) = = - 2
(M) {0 otherwise sin(w/2)
. n_1y_J1 0sns<M PTFT  sinfw(M+1)/2] —juM/2
MA: - rect (37 - 3) = {0 otherwise sin(w/2) ¢
1 0g<n<M-1 DTFET in[wM/2] _j —
. n__ 1) _ X sin jw(M—-1)/2
MA = rect (Mfl 2> {0 otherwise sin(w/2) ©
nzn] ELEL j%X(ej“’)
z[n] — z[n — 1] PELEEN (1 — e @)X (eI%)
DTFT 1

a" sin[wg (n+1)]
sin wq

uln] |a| <1

1—2a cos(wge‘j“’)+a2e_-72“’

Some remarks

—+oo
S(w) = Z d(w + 27k)
k=—oc0
Parseval :

+oo 1

Z |z[n]|* = o

n=-—oo

+ _
1X () dw

-

—+oo

Z rect(w + 27k)

k=—o0

rect(w) =
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Table of Laplace Transform Pairs

TABLES OF TRANSFORM PAIRS

F&) = "H{F(s)} = 5= [T F(s)estds

F(s)=L{f(t)} = [T f(t)e stdt

c
275 Je—joo ===
ft) <= F(s)
ft—a) t>a>0 <E= o 9F(s)
et f(t) £ F(s+a)
flat) a>0 <E= 1p(2)
afi(t) +bfa(t) === aFi(s)+ bFa(s)
AMfE) == Fi(s)* Fa(s)
AW xfa(t) == Fi(s)Fa(s)
5t === 1
£ 1
1 = <
t  E= L
2
e—at L 1
s+a
te—t L W
a ‘C a
1—eat —= =
1% P N 1
a 14as
1 (1 _ e—at L _‘1_
sin (wt) PEEVEN 52iw2
cos (wt) PN ﬁ
sinh (wt) PEEN ey
cosh (wt) PEEVEN ey
e~ % sin (wt) £ (S+a‘)*’2+w2
e~ cos (wt) B (5+2-)F2a+w2
n £ n!
t = e
t"f(t) : £ (_l)nF(n)(S)
PO =450 = sF(s) - £(0)
2
) =40 === $2F(s) = sf(0) — 1'(0)
Ingeneral :  fV(1) = Ff(1) === $"F(s) =" TL(0) —... — f7D(0)
[fwdu <= 1F(s)
/() PEEEN [ F(u)du
) s Esi
1 s .
e == B9 00y 4 10




