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ABSTRACT

OFDM modulation combines the advantages of high
achievablerates and relatively easy implementation. How-
ever, for proper recovery of theinput, the OFDM receiver
needs accurate channel information. Most a gorithms pro-
posed in literature perform channel estimation in the time
domain which increases the computational complexity in
multiaccess situations where the user is only interested in
part of the spectrum. In this paper, we propose afrequency
domain agorithm for channel estimation in OFDM. The
algorithm performs eigenval ue decomposition of the chan-
nel autocorrelation matrix and approximates the channel
frequency response seen by each user by thefirst few dom-
inant eigenvectors. This reduces the parameter estimation
space and allows estimation using a few number of pilots.
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1. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is
an effective technique for high bit rate transmission. It
has found widespread applications and is aready part of
many standards including digital audio and video broad-
casting (DAB DVB), high speed transmission over digi-
tal subscriber line (DSL), and wireless local area network
(WLAN) standards (e.g., IEEE 802.11a/b/g and HIPER-
LAN/2). It hasrecently been proposed for broadband wire-
less metropolitan area networks (like WiMAX).

For proper operation of an OFDM system, the receiver
needs an accurate estimate of the channel state informa-
tion. There has been alot of work on channel estimation
for OFDM. One way of classifying this work is accord-
ing to whether channel estimation is performed in time or
frequency domain. In the following, we contrast the two
approaches. We set the stage, however, by introducing the
system model.

1.1. System modél

Consider thelength- NV symbol X that we wish to transmit.
The symbol X undergoes an IFFT operation to produce
the time domain symbol = = VNQ* X, where Q is the

2m(l=1)(m—1)

N x N FFT matrix for which ¢; ,,, = ™/ N

The transmitter then appends a cyclic prefix (CP) a of
length P to x resulting finally in the super-symbols z of
length N + P. We assume that the channel k (of maximum
length P + 1) remains fixed over a given OFDM symbol
(and its associated CP). At the channel output, we obtain
the time-domain super-symbol 77, which after stripping the
cyclic prefix y, produces the time-domain symbol y. The
input/output (1/O) relationship of the OFDM system is best
described in the frequency domain

Y = diag(X)H+N )
= diag(X)Qph+ N )

where N ~ N (0, 02 I) isthe additive noiseand ) and H
arethe FFT's of y and h respectively. The second equality

in(2)f0||owsfr0mtheFFTrelationship’)-téQ % =

Qph, where Qp consists of the first P columns of Q.
Alternatively, with X = diag(X)Q p, we can write

@

1.2. Pilot/output relationships

In general, the receiver needs pilots to obtain a channel es-
timate. Let theindex set I, = {i1,%2,...,ir,} denotethe
pilot locations within the OFDM symbol. Also, let X ;
denote the matrix X pruned of the rows that do not be-
long to I,,. Then, the pilot/output egquation can be derived
fromthe 1/0 relationship (3) as

‘yf,, =X h+N, 4)

1.3. Disadvantages of channel estimation in the time
domain

Most channel estimation algorithms for OFDM transmis-
sion perform estimation in the time domain (instead of the
frequency domain) [1], [2], [3], [4]. By performing esti-
mation in the time domain, one can decrease the degrees of
freedom from N, the number of frequency bins, to P + 1,
the number of (time-domain) channel taps. Thisisadras-
tic reduction since the number of channel taps is usually
less than the cyclic prefix which is usually designed to
be less than % The reduction in the parameter estimation
space in turn results in improved estimation accuracy.



This gain, however, does not come for free. By per-
forming the estimation in the time domain, we loose the
diagonal structure of the channel. Thus, instead of the fre-
guency domain relationship (1) in which the various equa-
tions are decoupled, we employ the time-frequency rela
tionship (3) which is no more diagona (decoupled). This
lossin transparency in return complicates channel estima-
tion and makes it more computationally complex. For ex-
ample, whilethe estimation in (1) is performed on abin by
bin basis according to

=

HO =20 1=12... N (5)

channel estimation in (3) requiressize P + 1 matrix inver-
sion

h=(X"X)"'X"y (6)

Moreover, since data detection is best performed in the
frequency domain, estimating the channel in the time do-
main makes it necessary to perform an extra IFFT oper-
ation (to obtain the frequency domain estimate 7 from
the time domain estimate A and use it for data detection).
Thus, for data-aided channel estimation techniques, each
channel estimation step would require one such IFFT op-
eration.

Apart from the computational complexity, performing
channel estimation in the time domain might be oversolv-
ing a problem. For example, in multiple access OFDM
systems, like WiMAX, which we consider in this paper,
users are not interested in the whole frequency spectrum,
but only in that part of the spectrum in which they are op-
erating. Moreover, even if some users were interested in
estimating the whole spectrum, many standards would not
be able to support that as there are not enough pilots to do
s0.

1.4. Canweperform channel estimation reliably in the
frequency domain?

The problem with channel estimation in the frequency do-
main is the increase in the number of parameters to be
estimated [5]. If we can reduce the parameter estima-
tion space, then we can avoid the one disadvantage of fre-
guency domain estimation as compared to time domain es-
timation. The frequency response of the channel is inher-
ently limited by the degrees of freedom of the time do-
main impulse response. How does this limited degree of
freedom manifestsitself in the frequency domain? Figure
1 demonstratesthe length 64 frequency response resulting
from a 16 tap channel with exponential decay profile sim-
ilar to the one we employ in our simulations. Note that
within a narrow enough band of spectrum, the spectrum
looks linear. As such, we employ model reduction in this
paper to estimate the spectrum, thereby reducing the num-
ber of parametersto be estimated.
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Figure 1. Frequency response of the channel (L; = 16).

2. FREQUENCY DOMAIN CHANNEL
ESTIMATION

In this section we derive the frequency domain based chan-
nel estimation algorithm. Our starting point is to partition
the frequency response into a number of sections each of
length L ; producing atotal of [ 2] sections'. Denotethe

! )
jth section of the frequency response by 7). Then the
input/output equation that involvesthis section is given by

l(j) — diag(i(j))ﬂ(j) +M(j) 7)

where Y@, @) H) and V) arethe j* sectionof I,
X, 'H and \V, respectively. Henceforth, we will suppress
the dependence on j for notational convenience. Now let
I, denote the pilot locations within the j* section, then
the pilot/output equations are given by

Y, = diag(X; )H + N, 8

Obvioudly, the pilots are not enough to estimate the el-
ements of H. So we resort to model reduction starting
from the autocorrelation function of H, R 4. Tothisend,
consider the eigenvalue decomposition of ITH,

Ly

RH = Z >\in‘VZ‘Ta
=1
where \; > Az ... > Ap, arethe (ordered) eigenvalues of
Ry andvy,. .., vy, arethe corresponding eigenvectors.
We can use this decomposition to represent H as

Ly
H= E vy
i=1

1In an OFDM system, we can choose the section length to
be the number of carriers allocated to each user. However, the
sections need not have equal length over the frequency response.




where
— T
o =[o,qr,...,0L,]
is a parameter vector to be estimated, having zero mean
and autocorrelation matrix

R., diag(Ar, A2, -+, Ar,) ©)

diag(\) (10

1>

Using model reduction, we can represent H using the dom-
inant eigenvalue and treat the rest as modeling noise?, i.e.

‘ H=Vo4+V,a, ‘ (11)

Upon Substituting (11) in (7), we obtain

Yy = diag(&)vdad + (M + diag(&)VnanXlZ)
= Aag+N (13)

where A = diag(X)Vgand N = N + diag(X)V,an
which we consider to be zero mean white gaussian noise
with autocorrelation

RN/ = R \s + diag(X)V,diag(A,)V; diag(X)"
We can now use the pilots to estimate the dominant in-
terpolation parameters a 4. Starting from the I/0O equation
(13), we can construct apilot/output equation similar to (4)

by pruning Y, A and A\ in (13) from the rows that don’t
belong to the pilot index I,,, to get

XIP = A[pad +Nlp

We can now obtain the estimate a;; that minimizes the
mean square error (MSE) as

bg = Rozd A;p [RN; + AIP Ro‘dA}Fp )]_1211) (14)

The resulting mean square error is given by

_ — * —1 —1
R.=[R,] + AIPRN}pAIT’)]
The estimate of the j*" section of the spectrum is then
given by

H = Vaby

The concatenation of all [Lﬂf} sections produces the fre-

guency domain based estimate of the frequency response
- (FD)
H

2The cutoff between the parameters that are considered dom-
inant and the ones that are considered as part of the modeling

noise depends on the relative values of the /\;5. In our simula-
tions, we use the condition A;—“ > 5 to place our cutoff.
J

2.1. Estimating the channel in thetime domain

For a fair comparison, we need to compare the estimate

’H(FD) obtained above with the time domain based esti-
mate. Thisis done by using the pilot/output equation (4)
to estimate the channel impul se response h that minimizes

the mean-square error given by

h =Ry Xy, [Rpr, +X,RiX; 7Y, | (19)

We subsequently use (15) to obtain the frequency domain
based estimate D)

H =Qrh

3. SSIMULATIONSAND RESULTS

We consider an OFDM system that transmits a symbol
with 64 carriersand a cyclic prefix of length P = 15. The
input data is 16 QAM mapped from a binary bit stream
through Gray coding. The channel impulse response con-
sists of 16 complex taps (the maximum length possible). It
has an exponential delay profile E[|h, (k)|?] = e~%2* and
remains fixed over any OFDM symbol. In what follows,
we compare the performance of frequency domain based
channel estimation and time domain based estimation. We
perform estimation in both domainsusing 64, 32, 16 and 8
pilots. We comparethe performance of thetwo approaches
in terms of the mean square error (M SE) and the BER.

3.1. Comparingthe MSE of the time-domain channel
estimate with the frequency-domain estimate

In Figure 2, we compare the error in estimating channel in
the time domain with the error in estimating the channel
in frequency domain. The time domain channel estima-
tion consistently outperforms the frequency domain based
estimation. Thisis not surprising as the time domain es-
timate makes use of all the pilots while frequency domain
estimation of agiven band makesuse of those pilotsin that
band only. Nevertheless, we note that when the number of
pilotsislarger than 16, the two approaches give compara-
ble results.

3.2. BER vs SNR comparison for channel estimation
in time vsfrequency domain

In Figure 3, we compare the the two estimates, i.e. the
channel estimate in time and frequency domain, in terms
of the BER. We again see that the time domain estimate is
better than the frequency domain estimate, but the margin
of error between the two casesis very close, especially for
moderate number of pilots.

3.3. Determiningtheoptimal number of frequency pa-
rameters

In Figure4, wetry to find the optimal number of frequency
parameters needed to estimate the channel using the fre-
guency domain approach. We fix the SNR to be 12 dB. It
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Figure 2. Error in estimating channel in time domain vs fre-
quency domain

BER vs SNR

10

XOXTX X X X X XTUXTRTR XXX X TR UK UXTUXTXT R TR XX

h estimate frequency, pilots = 32|
h estimate frequency, pilots = 16
h estimate frequency, pilots = 8 ¢} E
O h estimate time, pilots = 32
h estimate time, pilots = 16
X h estimate time, pilots =8

. . .
0 5 10 15 20 25
SNR

Figure 3. BERvs SNR.

is evident from the graph that we are able to estimate the
channel optimally in the frequency domain using only 5
parameters (i.e. a1,...,as). Any further increase in the
estimation space beyond that does not improve the estima-
tion accuracy. Hence, we can safely justify model reduc-
tion, where we keep the dominant eigenvalues and treat
the rest as modeling noise, to estimate the channel using
the frequency domain approach.

4. CONCLUSION

In this paper, we proposed an algorithm for channel esti-
mation in multiple access OFDM. Here, users are inter-
ested in a particular band of OFDM in which they are op-
erating, not in the whole spectrum. Thus as opposed to
the time domain approach which estimates the whol e spec-
trum, we proposed a frequency domain approach in which
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Figure4. error in estimating the channel varying the number of
frequency parameters, at SNR = 12dB .

the user estimates that part of the spectrum in which he
operates. The advantage of this is a reduction in the com-
putational cost incurred by each user. To counter the blow
up in the number of parametersin frequency based estima-
tion, we resorted to model reduction. Though the optimal
time domain based estimate consistently outperforms the
frequency based estimate, the performance of the two ap-
proaches is comparable for high enough number of pilots
(i.e. if the number of pilotsis 16 or larger). Data-aided es-
timation which we are currently investigating should close
the gap between the two approaches.
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