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Abstract—A widely used method for noncontact electromagnetic characterization of materials is based on the measurement of
an insertion transfer function. This function, defined as the ratio
of two phasor signals measured in the presence and absence of the
material under test, is related to the dielectric constant of the material through a complex transcendental equation. Solving this equation requires a numerical two-dimensional root search technique,
which is often time consuming due to slow convergence and the
existence of spurious solutions. In this paper, a new formulation
is presented, which facilitates the evaluation of complex dielectric
constant of low-loss materials by means of real equations, thus requiring only one-dimensional root search techniques. Two sample
materials are measured, and it is shown that their dielectric constants obtained from the exact complex equation and the new formulation are in excellent agreement. The new formulation reduces
the computation time significantly and is highly accurate for the
characterization of low-loss materials.
Index Terms—Dielectric materials, dielectric measurements,
pulse measurements.

I. INTRODUCTION

E

LECTROMAGNETIC characterization of materials is essential to many applications, including design and modeling of transmission lines, microwave devices, and optical components, and more recently, to wave propagation in indoor environments [1]–[3]. Various techniques have been developed for
the characterization of materials, each with its unique capabilities and advantages. Here, attention is focused on a characterization method based on the measurement of an insertion transfer
function using radiated fields [4]. When time-domain radiated
measurements are used, a short-duration electromagnetic pulse,
, is applied to a material layer of thickness . The materials slab is assumed to be homogeneous, isotropic, and linear.
The incident pulse is partially transmitted through the slab and is
partially reflected, with multiple reflections occurring between
results in a
the slab boundaries. The transmitted signal
voltage at the receive antenna terminals. By measuring two received signals, one with the slab material in place and another
without the slab, and taking the ratio of the Fourier transforms
of the two signals, one is able to determine the insertion transfer
function of the slab material. The insertion transfer function can
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also be measured in the frequency domain using a network analyzer. The complex dielectric constant of the material under test
can then be extracted from the measured insertion transfer function [5], [6].
If the duration of the pulse is smaller than the pulse travel time
through the slab, a single-pass technique can be used to obtain
the insertion transfer function. Multiple reflections inside the
layer, which are delayed by more than the pulse duration, can
be eliminated by means of time gating [7]. A multipass technique should be used when multiple reflections inside the slab
cannot be separated from the first-pass portion of the transmitted
signal. On the other hand, from the analysis of a plane wave normally incident upon a one-dimensional slab material, an expression for the insertion transfer function can be derived. This expression, in addition to the insertion transfer function, includes
the complex dielectric constant of the material, slab thickness,
and frequency. With the insertion transfer function obtained by
measurements and the slab thickness known, the expression is
a complex transcendental equation, which can be solved for the
complex dielectric constant of the material at a given frequency
[8].
Solving a complex equation requires a two-dimensional root
search, which is often time consuming. For most materials of interest, losses are small, yet a two-dimensional search has been
used for the calculation of dielectric constant. In this paper, a
new formulation for the evaluation of complex dielectric constant is presented, which is applicable to materials with relatively small losses. In this formulation, only real equations
are solved using one-dimensional root search techniques, which
also have the advantage of reducing the processing time and improving the convergence of the search algorithm.
II. MEASUREMENT OF INSERTION TRANSFER FUNCTION
The insertion transfer function is obtained through two measurements, as shown schematically in Fig. 1. The measurements
may be performed in either the time domain using short duration
pulses, or in the frequency domain using sinusoidal signals. The
measurement procedure is as follows. The transmit and receive
antennas are kept at fixed locations and aligned for maximum
reception. The material to be measured is placed at nearly the
midpoint between the two antennas. The distance between the
antennas should be sufficiently large such that the material object is in the far field of each antenna. With this arrangement,
the electromagnetic field incident on the material is essentially
a plane wave. The material is assumed to be in the form of a slab
with thickness and held in position such that the plane wave
is normally incident on it, as shown in Fig. 1. After the measurement system is set up, we first measure the time-domain
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a transmitted wave in region III (air). Imposing the boundary
conditions for the electric and magnetic fields at the slab–air
interfaces, the transmission coefficient can be calculated in a
straightforward manner. The result is

(2)
where

,

,
,
. The insertion transfer funcand
tion is related to the transmission coefficient through
. Thus,

Fig. 1. Propagation through a slab for radiated measurement of an insertion
transfer function.

signal
with a sampling oscilloscope or the frequency-dowith a network analyzer in the absence of
main signal
or
the material. We then measure the time-domain signal
with the material layer in
the frequency-domain signal
place. The insertion transfer function is then calculated as

(3)
It should be noted that the transmission coefficient is equivain the scattering parameters’ terminology.
lent to
is deOnce the complex insertion transfer function
termined by measurements, (3) can be solved for the complex
. In terms of the scattering padielectric constant
, a parameter that can be directly measured, (3) can
rameter
be easily cast into the following form [8]:
(4)

(1)
is the angular frequency and the fast Fourier
where
transform (FFT) is used to convert the sampled signal to the frequency-domain data. Care must be taken to ensure that the conditions for the free-space measurement are as closely identical as
possible to those for the measurement through the material slab.
If single-pass short-pulse propagation measurements can be
performed without difficulty and the material can be assumed to
be low loss, the dielectric constant and loss tangent can be obtained following the approach presented in [5]. However, if the
single-pass signal cannot be gated out satisfactorily, multiple reflections from the slab interior that constitute part of the received
signal must be accounted for. This situation particularly arises
when the transit time through the slab thickness is small compared
to the pulse duration. In this case, an insertion transfer function
that accounts for multiple reflections should be used.

,
,
, and
, with being the layer thickness and is the speed
of light in free space. This equation can be solved numerically
using two-dimensional search algorithms. The convergence of
this algorithm is not always guaranteed, taking into account possible multiple solutions and noise in the measurements. In Section IV, using reasonable assumptions, (4) is reduced to a one-dimensional problem involving real equations only.

where

IV. NEW FORMULATION FOR CHARACTERIZATION
LOW-LOSS MATERIALS

OF

When the material occupying region II is low loss,
, and the following approximations can be used:

III. EVALUATION OF COMPLEX DIELECTRIC CONSTANT
In order to determine the complex dielectric constant from the
measured insertion transfer function, an expression for
is needed. To calculate
, let us assume that an -polarized uniform plane-wave, representing the local far field of the
transmit antenna, is normally incident on a slab of material with
thickness . The material has an unknown complex dielectric
. The incident plane wave, as depicted in
constant
Fig. 1, establishes a reflected wave in region I (air), a set of forward and backward traveling waves in region II (material), and

(5)
and
(6)
Then,
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or

and (5) reduces to

(7)
Rewriting the insertion transfer function in terms of magnitude
and phase, we obtain (8), shown at the bottom of this page, and
(9)

which is a quadratic equation in terms of . Solving this equation for , we have (14), shown at the bottom of this page.
Only the solution with a negative sign in (14) is valid (the proof
from (14) in the
is given in the Appendix). Substituting for
phase expression (11), we obtain the following equation, which
is only in terms of :

where
(15)
Solving this equation numerically, is readily determined.
and subsequently are then found from (14). Finally, is calculated using
(16)
(10)

Equation (10) can be written in a more compact form as
(11)
where
(12)

The fact that the complex equation (4) can be reduced to a
one-dimensional real equation for low-loss materials is illustrated in Fig. 2. This figure shows the magnitude of the lefthand-side expression in (4). As noted, all vertical cuts (parallel to the -axis) of the surface in Fig. 2 have nearly the
same minima points. For better visualization, a vertical cut at
is also shown.
A. Special Case
If it can be further assumed that

has a small value. For
For most applications of interest,
example, for the dielectric constants of 2.0, 4.0, and 8.0, is
approximately 0.02, 0.1, and 0.3, respectively. We will later use
this fact to further simplify the solution. For the time being, no
, then
assumption is made about . Letting

, then

and
where
and
(17)

(13)

Once

is determined,

and then

can be found from

(8)

(14)
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Fig. 2. To illustrate that complex equation (4) can be reduced to a real equation
in terms of " for low-loss materials.
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(a)

using the following relationships:

(18)

(19)

This simplified analysis reduces to the single-pass case, as in
[5], where the slab is assumed to be thick, and a single transmitted pulse can be time gated. This is because the assumption
has the implication that the multiple-pass compo,
nents of the received signal are very small; as for
these components are attenuated significantly more than the
single-pass signal.
V. MEASUREMENT RESULTS
Measurements were carried out for two sample materials, i.e.,
a wooden door and structure wood slab. Two wide-band TEM
horn antennas were used as a transmitter and receiver. Measurement were performed in both time domain using less than
100-ps pulses and a sampling oscilloscope, and in the frequency
domain over a frequency range of 1–12 GHz using a vector network analyzer. The thickness of the sample door is 4.448 cm,
while that of the structure wood slab is 2.068 cm. The distance
between the two antennas is approximately 3 m, and the sample
is placed halfway between the transmitter and receiver. For both
samples, the time- and frequency-domain results for the insertion transfer function were essentially the same.
The results for the dielectric constant and the loss tangent
obtained from the complex equation (4) and the real equations

(b)
Fig. 3. Comparison of exact and approximate results for: (a) dielectric constant
and (b) loss tangent for two sample materials.

(15) and (16) are compared in Fig. 3(a) and (b). It is noted that
the results from the two solutions are nearly identical, primarily
because wood is a low-loss material. Both the exact complex
and approximate real equations have spurious solutions that can
be avoided by starting with an initial guess obtained from the
single-pass solution at a high frequency and by using a constrained search. The solution obtained at a high frequency point
is then used as an initial guess for the next frequency point because variations of the dielectric constant versus frequency are
slow over a narrow frequency range.
In order to assess the accuracy of the approximate method
presented above, we take a data point from the measured infor the sample wooden door at
sertion transfer function
a frequency of 5.00 GHz and artificially increase the loss by
. This is achieved by multidecreasing the magnitude of
by a constant , as given in the first row of Table I.
plying
A zero-loss case is also included in the table by choosing such
. As noted, the errors are less than 1% for loss
that
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ERRORS

IN

TABLE I
DIELECTRIC CONSTANT AND LOSS TANGENT OBTAINED FORM THE APPROXIMATE FORMULATION.
) = 0:3317 j 0:7418)
(THE DATA POINT USED IN THIS ANALYSIS IS H(j; u

0

tangents of approximately 0.2, a representative upper limit loss
factor for most dielectric materials of practical interest. Only
do the errors become
for very high-loss cases
significant, which is approximately 15% for this example. As
expected, for the zero-loss case (in this example, corresponding
), the approximate solution for the dielectric conto
stant becomes exact. Although this error analysis is for a specific example, it provides a realistic measure of the accuracy of
the approximate method presented here.

0

Equation (A1) is rewritten as

(A2)
The second square bracket in (A2) is always positive because

VI. CONCLUSION
A new formulation for the characterization of low-loss materials has been presented, which requires solving real equations only. This formulation converges more rapidly and, thus,
requires much less computation time than that based on solving
the complex equation relating the insertion transfer function to
the dielectric constant of the material under test. The new formulation can be used to accurately characterize many materials of
practical applications. For materials with loss tangents less than
0.2, the results are within 1% error of their respective values obtained from the exact solution.

(A3)
Thus, the first square bracket should also be positive, i.e.,

or
(A4)

APPENDIX
Here, it is proven that (14) with a negative sign in front of
the square root is the only valid solution. Whenever a solution
exists, we must have

(A1)

with a negative sign in front of the
Hence, the solution for
, i.e., (A5), shown at the bottom of this
square root is always
page. On the other hand, should be less than one (otherwise,
instead of attenuation, we have amplification). It can be easily
with a positive sign in front of
verified that the solution for
the square root is greater than one and, thus, is not acceptable.
The correct solution is the one with the minus sign in front of
the square root.

(A5)
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