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ABSTRACT

This paper suggests a new approach for navigation in
a known environment. The approach is based on the
Biharmonic potential fields which govern mechanical
stress fields in homogenecus solids. It is ocbserved
that a path generated by such a technique is free of
sharp turns that may appear in its counterpart that is
generated from an underlying Harmonic potential. This
in turns makes a path from the former more dynamically
suitable for traversal. Also, the navigation field is
extracted from the Biharmonic potential in a manner
that bypass the rapidly vanishing field problem which
is encountered in the Harmonic potential approach.
Development of the Biharmonic approach, simulation

results, as well as comparison with the Neumann and
Dirichlet setting of the Harmonic approach are
provided.

I. INTRODUCTION

In the mid eighties several papers addressing the
path planning problem [1,2,3] signaled a major
departure from the traditional geometric approach for
navigation. The idea of potential fields was suggested.
In this approach the flow lines of a vector field that
is generated from an underlying potential field (V) is
used to safely guide motion to its unigque egquilibrium
point which is situated on the target. The usefulness
of such an idea critically hinges on the ability to
find a mapping that would accept information about the
target and the environment as an input and generates a
field that spans the whole workspace of interest. This
field has to be locally usable in an a priori specified
manner that is independent of the starting point to
safely direct motion te the target. The mapping can be
seen as a tool for fanning the operator's control over
the workspace. With such a mapping a small (seed) space
can be used toe generate a field that spans a much
larger space (both in wvolume and dimensiocnality) that
is in turn wusable for inducing the behavior of
interest. Of course, it is possible to construct such a
field by properly assigning a vector guantity (te tell
a vehicle in which direction to proceed) to sufficient
points in the workspace (an interpolation scheme may be
used to f£ill in between the points); however,the effort
in doing so is enormous. In the field synthesis process
the information about the goal, the environment
structure, and the desired behavior are imbedded
lencoded) in the fabric of the potential in the form of
locally extractable vector feature/s that are designed
tc operate in a chain-like manner to establish a
desired global behavior through a series of local
actions. Those vector features and the scheme that
utilizes them to lay a path to the target are given the
name TRACKING MECHANISM (we alsc contemplated the name
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STEERING MECHANISM). The vector features are extracted
from the potential field by operating on it with a
reflexive operator. Usually the Del (V) operator is
used to generate the gradient flow of the field 1ov).
In a recent work (4,5]) the use of tha curl operator (Tx)
in addition to V was suggested to generate the navigat-
ion field. It ought to be mentioned that the tracking
mechanism need not operate in a purely reflexive
manner. It can be shown by examples that cognitive
aspects can be integrated in the process to efficiently
deal with uncertain situations and to enhance the
reliability of the process. From the above discussion
it can be seen that a potential-based navigation
technique can be divided into two interactive stages. A
stage to generate the field, and a stage to utilize
that field for navigation. Figure-1 shows a bleck
diagram of the suggested structure for such technigques.
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Figure 1: Basic Structure of Potential-Based.
Path planning techniques.

This paper suggests a new mapping of the type that
is discussed above to transform the geocmetry of the
work space and the location of the target into a
potential field that is usable for navigation. 'F‘ho
proposed mapping makes use of the Biharmonic potential
fields, which are known for mechanical engineers to
govern the stress inside a homogeneous solid. Although,
many potential-based technigues were proposed for
navigation we choose to compare the new approach with
the Harmonic potential approach [4,5.6,7,8,9,10). Such
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an approach is known to efficiently guide motion in a
complex environment . The comparison takes into
consideration the nature of the path that is generated
by both techniques, and the computability of the
navigation field.

The paper is organized as follows: In section II
the Mechanical stress field theory is used to develop
the Biharmonic approach. Also, the boundary wvalue
problem that generates the potential field, and the
tracking mechanism are supplied. In section III
simulation results and comparisons with the Harmonic
potential approach are provided. Conclusions are placed
in section IV.

II. THE BIHARMONIC POTENTIAL APPROACH

In this section the development of the Biharmonic
potential approach is briefly presented frem the point
of view of mechanical stress theory. The mechanical
setting that is used to derive the boundary wvalue
problem (BVP) which generates the potential is
provided. And a scheme for generating the navigation
field from that potential is discussed.

Mechanical Stress in Homogeneous Solids

With no loss of generality the treatment here is
restricted to the 2-D case (plain stress). The
treatment of the 3-D case can be found in any standard

text about elasticity or continuum  mechanics
[11,12,13).

An infinitesimal element in a sclid (Figure 2a) is
subjected to a force per unit area normal to its

boundary (stress). If such a force points outward the
element (tension, o@wx! it is considered positive;
otherwise, it 1is negative (compression, oyy). The

element is also subjected to a force per unit area that
1s tangent to its surface (shear) that act as a couple.
If such a couple rotate c.w. thaey are assigned a
positive value (ogyx). If the rotation is c.c.w. they
are considered negative (oxy). For such forces to exist
in a solid they must satisfy the following relations:

1. Equilibrium of motien (no translation)

Brxx Boxy _ Boyx 8ovy _
It e = St =0 (1)

2. Zero body moment (no rotatien)

Txy = Oyx (2)

3. Hook's Law

This law relates the elastic deformation experienced
by the element in both the x direction (u(x,y), and the

y direction (v(x,y)) to the stress and the shear on
that element
St al dulx,y) _ 8vix,y) ,
ax
_ Bulx,y)  Bvix,y) duix,y)
oxx = Al E ey ] + 2G| x ] (3)
Bulx, vy} avix,y} avix,y)
= I
aoyy Al % + ] + 2GI By 1.
Where R=U'E!{l-t.rz}, Vv is peisen ratie, E is Young's
modulus, and G is the shear modulus.
4. The compatibility egquation
V(o + ayy) = 0. t4)

Where vz is Laplace operator. This equation guarantees
the single valudness of the displacement vector (Q=[u v
1), and the continuity of the scluticn te the stress
field inside the solid.

It 1s theoretically proven that stress and shear can be

|
O &¢
0-)")‘
Figure 2‘3{ )\!‘I r’nﬁniu:sfml element Figure 2b: The clement along
Insidethe: sGlid. the principle axis.
written as
2 z 2
8 .
e a Fls;.w’ o a Fl:zc.y}_ P Fix,y) (5]
ay ax Bxdy
Fix,y) is called the Airy stress functien for simply
connected regions. Substituting the above in the
compatibility equation we have
2 2
V2{ 61-‘!;(.?1 5 a F[:.YJ: )
x ay
VO (Fix,y)) = 0 (6)
]
VFix,¥y)l = 0.

As can be seen the Airy stress function is in fact the
Biharmonic potential function. It has been shown that
solving the above equation given the wvalue of the
stress on the boundary of the object can be used to
compute the stress every where in the cbject.

Potential Field Generation

Consider a 2-D slap of a homogeneous solid. Assume
that cavities are created in the solid that have a
boundary I that coincide with that of the obstacles
(Figure-3). Also, assume that a tiny pressurized bubble
of boundary B exist at the target. As will be shown in
the sequel a pressure field that is wusable for
navigation will emanate from the bubble and span the
whole inside of the solid (Q). The resulting BVP is

TFix,y) = 0

solve
subject to
2 2 2
a Fi.\;,y}l = Png . g F{::.y!| = P-an, a F:x,y?i S
ax . ay B axdy B
2 7 2
af‘{x.yl] = a?{x,y)l = dFlx,y) - 0. )
x> T ay> T axdy T

The pressure inside B (P) can be controlled to make

the deformation of [ negligible. However, any
deformation can be eliminated by applying fixed
mechanical supports at [ (i.e. no rotation or
translation are allowed). For such a case, both the

stress on B and the displacement on [ are specified.
The correspending BVP becomes: Jointly solve the
biharmonic equation

PFxy) = 0
and Hook's Law
(9F) (FF)" = ALV:Q(x, ¥} 1T + GIT(Q(x.y) )+ (Qx,¥))].
subject to
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Figure 3: Regions in the soild.

azﬂx.v!i B athx.yJ[ = azF{x.:rl] &
a g Y &t B X aay B
and o|'r = Q and vxg[r: 0. (8)

where an and njci‘f are the x and y components of the

unit normal vector to B, I is the identity matrix, and

J{ ) is the Jacobian matrix.

king } - ism

The Tr

After the computation of the potential field comes
the task of constructing the navigation field. Such a
field is derived from the stress and shear components
which can be computed from F using equation-5. We shall
begin by examining the nature of the stress lines that
emanate from the pressurized bubble. Pressure can only
apply normal stress to a surface (i.e. the shear
component is zero). To track such stress lines in the
material, the principal stresses Io’ee, o‘fml have to be

computed. In order to do so, the infinitesimal elements
inside the material have to be rotated {Figure-2b) such
that the shear component in the new coordinates
(principal ccordinates) vanish IG‘E“). Finding these

stresses is equivalent to finding the eigen wvalues of
the matrix

L[

Where T is an orthonormal matrix that contains the
eigen vectors which are the axis of the new principal
coordinates. The principal stresses are used to
construct two distinctive orthogonal stress fields: The

i ] such that [eﬁﬁ 9
' £ &
m

] =TLT. (9

maximam principal stress field (omax), and the
minimum principal stress field (omin)
Orax = Topi @ omin = minl{o, ., ¢ ]
* max ( €€ ‘_m} n = min{ €€ Tan

Those fields can be directly computed from the stress
and shear compeonents along the X and Y axis using the

formulae

F]
mxsm;mo/m;m+m
wl"=m;m_/m;m.,w2

The angles along which these stresses are pointing is
computed by solving
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Txx = OVy )
igxy

6 = —— atan(- .
2

The above egquation has two solutions 81 and 82 from

which the angles of the principal stresses can be

computed as

enax = min(|@1],|ez]) ,

Since pressure causes compression which gives
stress a negative value, and because there are no other
sources of stress besides the bubble, the minimum
principle stress lines are used to track the propagat-
ion of the stress lines that emanate from B. Since the
continuity of the stress lines in @ have been
guaranteed by the compatibility equation (egquation-4),
a stress line emanating from B has to terminate on T,
or loop back to B. A stress line can not discontinue
its path inside fl. Such a behavior is thoroughly
discussed in ([13). As can be seen traversing these
lines starting from any where in {Q will lead to the
target. However the matter of in which direction to
proceed needs to be decided. Although such a dilemma
can be resclved by proceeding in the direction that
leads to an increase in the magnitude of the stress, it
is possible that such an approach may lead to numerical
difficulties similar to those faced by the harmeonic
approach. This is expected to occur in areas far from
the source where the differential in the magnitude of
the stress is minute. To eliminate the potential for
such a problem the following approach is adopted. We
shall proceed under the assumption that the path to the
target has to be compiled first then downloaded to the
robot for traversal. We shall traverse the field lines
in both directions. This will result in two paths from
which cne is guaranteed to converge while the other may
not converge. The path that leads to the target first
is adopted and the other is discarded. The correspon-
ding differential equations that generates these paths
have the form

Onin = max(|@1], |82|)

X+ = @-nos (x,¥), X- = a-ne-(X,y)

is a unit vector that drives motion in
and ner-{x,y) drives motion in
and « is a positive constant.

Where no+{x.,y)
the forward direction,
the backward direction,

IV RESULTS

In this section the proposed approach is simulated
and the results are compared with those of the harmonic
potential approach. The comparison is carried out with
both the Dirichlet setting of the harmonic approach
[6], which is known to severely suffer from a rapidly
vanishing navigation field, and the Neumann setting of
the approach [7,8,9] which was suggested to alleviate

this p&obhm. The simulation is carried ocut using the
I1-DEAS [14,15] finite element software. Different
environments were chosen to illustrate the difference

between the biharmonic and the harmonic appreach in
terms of the nature of the path generated by each, and
the ability of the navigation field to propagate in the
workspace.

Figure-4 depicts a simple environment with the
obstacle taken as a rectangular slap. Figure-4a,b show
the navigation field from the Dirichlet and the Neumann
setting of the harmonic approach respectively. The fast
decay of the field from the Dirichlet setting is
obvious. Figure-c,d show the minimum and maximum
principle stress fields respectively. As can be seen
the two stresses are orthogonal to each other, and the
navigation field created by the minimum principle
stress retains a significant value every where in the
space. In figure 4e different paths laid using the
stress field method [solid lines) are shown with their
counterparts from the Neumann-set harmonic method (the



broken lines}. As can be seen the path generated from
the stress field experience less fluctuations and has a
lower maximum absolute curvature than the one from the
harmonic methed. Figure-5 show a more realistic
environment. Figure-5a,b show the navigation field from
the harmonic approach, the Dirichlet setting and
Neumann setting respectively. As can be seen in this
case even the Neumann setting of the harmenic approach
experience difficulties in the areas that are far from

the target. However, the navigation field created by
the biharmonic potential (Figure-5c) remain
well-behaved all over the space. Figure-5d show

different paths generated by the biharmenic method.

V. CONCLUSIONS

This paper suggests a new addition to the family of
potential-based path planning techniques. The new
approach utilizes the biharmonic potential and is shown
te have a navigation field that retain significant
value all over the workspace. This field is shown to be
able to lay a well behaved, dynamically suitable for
traversal path to the target. The paper alsc discusses
a model for potential-based techniques that aim at
explaining the success of such an approach in reducing
the complexity of the navigation process which in turn
makes a real-time implementation of a planner feasible.
Our intention is te construct the model in a manner
that would partition it into interconnected function-
ally distinct modules. The model that is suggested here
is divided into two stages: A stage that is global in
nature and function to communicate to every location in
the space information that is relevant to achieving the
cbjective. The second stage is local in nature and is
concerned with utilizing this information te reach the
goal. It is our believe that the ability to properly
fan information to the space of interest combined with
the proper linkage between micro action and macro
behavier are the reason behind the success of the
potential-based approach for navigation. As a last
remark regarding the proposed approach for navigation
we have to say that it is very interesting to know that
a solid piece of material can be used to synthesize a
form of goal-oriented intelligence.
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Figure-4b
The navigation field
Harmonic potential, Neumann setting.
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Biharmonic potential, Maximum principle.
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Figure-5a
The navigation field
Harmonic potential, Dirichlet setting.

128



o sart-2
arget I il
/
Q 'O
I I\ ! i
| N ! !
; i 7 s
I 5 = s
] = . : s e - =
f= L~
/;?: ¥y L
T {7z el /
BN RANY 7, S e \
,._..,.-;—‘s,_h_-\ Y l e | start-4 e LJ i
e § N R N
J {' S z@ NS O - D I
SrUsE oD _- NREEEAANTS |
= ’;%f,f,%f/ 1 f*l';\ N , 0 i
Figure-5Sc Figure-5d
) The navigation field o Different pa.is to the target
Biharmonic potential, Minimum principle.

The Biharmonic approach

129



