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Abstract
Spatial multi-agency has been receiving growing attention from researchers exploring many of the aspects and
modalities of this phenomenon. The aim is to develop the theoretical background needed for a multitude of
applications involving the sharing of resources by more than one agent. A traffic management system is one of
these applications. Here, a large group of mobile robots that are operating in communication-limited, and
sensory-limited modes are required to cope with each others presence as well as the contents of their
environment while preserving their ability to reach their preset, independent goals. This work explores the
construction of a decentralized traffic controller for a large group of agents sharing a workspace with stationary
forbidden regions. The suggested multi-agent motion controller is complete provided that a lenient condition
on the geometry of the workspace is upheld. It has a low computational effort that linearly increases with the
number of agents. The controller is also self-organizing; therefore, it is able to deal, on its own, with incomplete
information and unexpected situations. In addition to the above, the controller has an open structure to enable
any agent to join or leave the group without the remaining agents having to adjust the manner in which they
function. To meet these requirements, a definition of decentralization is suggested. This definition equates
decentralization to self-organization in a group of agents operating in an artificial life mode. The definition is
used to provide guidelines for the construction of the multi-agent controller. The controller is realized using the
potential field approach. Theoretical developments, as well as simulation results, are provided.
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I. Introduction
The scarcity of resources in modern environments makes it necessary for the agents occupying that environment
to share available resources. Whether it is the congested airspace of international airports, roads and highways
at rush hours, or the busy downtown sidewalks of a metropolitan city, the agents must make intelligent use of
the resource of space for each to safely reach its target, hopefully, along the shortest path that the situation
permits. Multi-agent systems are the focus of intensive investigation by researchers and engineers [52,53]. The
main goal of research in this area is to conserve resources via efficient utilization, and/or to tackle large tasks
cooperatively. This goal is seriously hindered by problems that can arise as a result of two or more agents
attempting to utilize a resource in conflicting ways (e.g. trying to occupy the same space at the same time).
Designing social agents is a difficult task. This is due to the simple fact that coexisting in an environment
changes the nature of the agents from that of individuals into that of interconnected members of a group
affected by each other’s actions. An improper action on the part of an agent can directly (by harming other
agents) or indirectly (by failing to fulfill a role that is vital to others) have an adverse effect on other agents. The
affected agents may not necessarily be in the immediate physical proximity of the offending agent (a chain
effect). To shed some light on the difficulties encountered by a multi-agent system, consider a daily act of
planning which people engage in with little, if any, attention to its complexity. The act is the simple trip from
home to work and back. In a metropolitan city such a process involves thousands if not millions of participants,
each of whom is only aware of his/her destination. The hard-to-acquire information about the constituents of
the environment and the intentions of the other agents is not expected to be of much help. Any attempt to use
this information to derive a priori known, conflict-free, goal-oriented trajectories will face serious difficulties.
In societies of individually motivated agents, communication costs are prohibitive [56]. As for the intellectual
labor needed to manage such a process in order to avoid conflict and guarantee that each agent will safely reach
its target, each path has to be checked, along with goal satisfaction, for possible conflict with the remaining N-1
paths of the other agents (N agents are assumed to be participating in the above process). This is highly likely
to translate into an exponential complexity (NN) that is more than enough, on its own, to cripple any attempt of
a central controller to coordinate the behavior of such a large group. It is not difficult to extrapolate the actual
level of difficulty a realistic, large scale, multi-agent system faces. In such a situation no a priori considerations
are given, or, in the opinion of this author, can be given to whether a path selected by an agent conflicts with
the ones selected by others. The agents are highly unlikely to have a priori knowledge of all or any of the agents
sharing their environment, let alone knowing their intentions. Amazingly, such a massive, purposive,
organizational system seems to almost always operate well in the face of incomplete information and the
perceived need for highly intensive computational requirements.

The above example is just one facet of multi-agent systems. Spatial multi-agency has been applied in air traffic
[1-3], and vehicular traffic [4] management systems, industrial assembly [5], computer game design [6],
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mapping [7], and automated reconnaissance systems [8]. Understandably, the literature abounds with work on
the theoretical foundation of individually motivated multi-agent systems, with coordination and conflict
management [9-12] being the central topic of investigation. Although an intuitive assessment of the
computational demands such systems may require has been supplied at the beginning of this section, it has been
theoretically shown that the general multi-agent problem is PSPACE-complete [12,6]. This proves that the
complexity of searching for a solution may have a lower bound that is exponential in the number of agents.
There are two main focal points in the study of mobile multi-agents: the agents are either viewed as a collective
whose motion is motivated by a single group goal (group-motivated), or they are viewed as individuals each
motivated by its own goal (individually-motivated). In the first type motion of agents as a team or a flock is
studied with emphasis on deriving inter-agent coordination mechanisms for constructing adaptive spatial
formations. Several approaches were considered for such a task. McInnes [13] and Schnider et al. [14] used the
potential field approach for constructing a group navigator. Graph-theoretic techniques treating a flock as a
spatially-induced graph were examined in [15-17]. Distributed nonlinear control schemes that are able to
coordinate the behavior of the agents in a manner that would give rise to complex formation maneuvers by the
group were suggested in [18-20]. Other approaches to constructing formations using self-organization, heuristicreactive, and qualitative techniques may be found in [21-22] respectively. A method utilizing the motor schema
approach for such a purpose [65] may also be found in [23,66].
Purposive agents having independent goals may be divided into two main classes. The first class is that
concerned with planning motion for one agent only that is sharing its workspace with a non-cooperative group
of agents. In this scenario the rest of the agents do not reactively adjust their paths to accommodate the presence
of the agent concerned. Techniques dealing with such a situation may be found in [24- 28]. The second class
presents a cooperative scenario where all agents simultaneously participate in reaching an accommodating
arrangement that enables all of them to reach their respective destination. Cooperative planning techniques are,
in general, more difficult to design than non-cooperative ones. Examples of cooperative methods may be found
in [29-43]. Two main approaches for the construction of such planners are based on geometry or potential fields.
While provably-correct, geometry-based methods that can effectively handle up to a medium size group do exist
[29-34], in general, the prevalently centralized nature of such techniques results in an exponential complexity
that makes their use with a large number of agents undesirable. Potential field methods [35-39], on the other
hand, may be easily configured in a decentralized mode. The advantages of decentralization are numerous, some
of which are: low complexity, high reliability and adaptability. While many approaches were explored for
building decentralized planners [39-43], multi-agent, decentralized, planning is still a challenge. The main two
issues in these approaches seems to be: proving the correctness of the planning procedure and better control over
complexity growth and the process of factoring the influence of context and constraints in the behavior
generation process. In the few cases where a provably-correct decentralized planner was suggested a restrictive
3

view of decentralization was adopted. For example, in [39] a provably-correct, potential field-based, multiagent planner was proposed. However, decentralization was considered only in the sense of each system having
no knowledge of the targets of the other systems.

Figuer-1: A partial taxonomy of multi-agent systems.
The focus in this work is on constructing a decentralized, potential field-based, cooperative, individuallymotivated, multi-agent motion planner (a partial taxonomy of multi-agent systems is shown in figure-1. Work
attempting to classify multi-agent systems may be found in [44,45]). The planning problem tackled here is a
practical, special case of the general spatial, multi-agent planning problem that imposes no constraints on the
environment. Special attention is paid to developing a definition for decentralization capable of supporting the
construction of a planner with the following properties:

1-provably-correct and complete, provided that a lenient condition on the geometry of the workspace is upheld
(i.e. if a solution exists provided that the condition is upheld, the planner will find it; otherwise, it indicates that
the problem is insolvable);
2-flexible (i.e. the event of agents joining or leaving the group will not necessitate that each member of the
collective accommodate this change in the method it uses to generate actions. Only the agents physically
proximate to where the change occurred have to carry out such an adjustment. To the rest of the collective, the
agents newly arriving or departing remain transparent) ;
3-fault tolerant (i.e. if during operation one or more agents unexpectedly fail, the remaining agents will still be
able, with a high probability, to continue unaffected to their targets);
4-computationally feasible for a large group-the planner suggested here has linear complexity in the number of
agents;
5-functional in informationaly-deprived situations where the static environment need not be a priori known; also
the agents need not a priori know each other.
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Figure-2: Layout of the suggested, multi-agent planner

The planner is divided into two stages (figure-2):
1- a stage that consists of N single-agent planners each of which is acting independently of the others as if it
were the only active entity utilizing the workspace. Each one of these planners is referred to as the purpose field
controller (PRF). Their task is to steer the corresponding agent, in a constrained manner, to it’s a priori
specified target.
2- an aggregation module whose primary function is decentralized conflict management. This module intervenes
only when a conflict situation is in close proximity to an agent. It temporarily modifies the guidance actions
from the PRF so that the agent is steered along a conflict-free path during that period. The conditioning action
from this module quickly dissipates after the conflict is resolved, giving back full control over motion to the PRF
component. This module is called the conflict resolving field (CRF) control.

The N single-agent planners (PRF controllers) used for building the multi-agent planner are constructed using
an existing approach which the author participated in developing. The approach employs evolutionary, hybrid,
pde-ode controllers (EHPCs) which are constructed using potential fields that are set in an artificial life (AL)
mode. The general framework for such a type of planners was presented in [46]. Different realizations of this
framework may be found in [47-50].

The main contribution of the paper lies in the construction of an evolutionary aggregation module that conforms
to the guidelines of AL [51]. The module operates in the manner described above, is provably-correct, and, most
importantly, the effort it exerts for guidance and conflict mediation is linear in the number of agents. The module
is designed for working with EHPCs. The conflict resolving action modifier it employs is constructed from an
underlying vector potential field. As was demonstrated in [50], an action generated from an underlying vector
potential has superior motion steering capabilities compared to one generated from an underlying scalar
potential.
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This paper is organized as follows: section II of the paper discusses centralized and decentralized control. It also
provides an interpretation of decentralization using the artificial life approach to behavior synthesis. The multiagent motion control problem is formulated in section III. A realization of the controller is suggested in section
IV. Section V provides an analysis of the controller’s ability to safely drive each agent to its target. The behavior
of the suggested controller is explored using simulation experiments in section VI, and conclusions are placed
in section VII.

II. Centralized Versus Decentralized Control
In this section the general properties of centralized control systems are briefly presented. A definition of
decentralization that is derived from self-organization in a collective of agents set to operate in an AL mode is
proposed for the multi-agent case. With the help of the potential field approach, the definition is used in section
IV to realize the CRF and PRF control components used in constructing the multi-agent controller. A general
discussion of multi-agent systems along with a comparison between centralized and decentralized control may
be found in [52,53] and [54,55] respectively.

A: Centralized, multi-agent systems:
Whether it involves one or more agents, successful, context-sensitive, purposive behavior requires the presence
of a process for generating a regulating control action . This process receives data from the environment, the
agent(s), the target(s), and the constraints on behavior, and converts them into a control action that should
successfully propel the agents, in a constrained manner, towards their goals. There are two ways for generating
such a regulating action: a centralized approach, and a decentralized approach.

Figure-3: Centralized approach to control
The centralized approach has a holistic-in-nature, top-down view of the behavior synthesis process. Here, a
central agent that has a duplex communication link to each member of the group simultaneously observes the
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states of the agents and the environment, and processes the database in a manner that is in accordance with the
aim of the group and the constraints on behavior. It then generates synchronized sequences of action instructions
for each member. The instructions are then communicated to the respective agents for them to progressively
modify their trajectories and safely reach their destinations (figure-3). In this mode of behavior, the generation
of the constraint-satisfying, goal-fulfilling, conflict-free solution (i.e. sequence of state-control pair) begins by
constructing the hyper action space (HAS) of the group. HAS contains the space of all admissible point actions
which the agents may attempt to project. The HAS is then searched for a solution that is in turn communicated
to the agents. The agents reflexively execute the solution trusting that their actions will lead to the desired
conclusion. It is a well-known fact that, in real life, any solution generated by a centralized mechanism is short
lived. The dynamic nature of real environments will cause a mismatch between the conditions assumed at the
time the controller begins generating the solution, and the actual conditions at the time the solution is handed
to the agents for execution. Despite the attempt to alleviate this problem by equipping the agents with local
sensory and decision making capabilities, large scale, centralized systems still suffer serious problems, some
of which are stated below:

< Almost all centralized planning and control problems are known to be PSPACE-complete with a worst case
complexity that grows exponentially with the number of agents. The large number of agents a traffic system
contains will prevent a central controller from adapting to environmental changes in a timely manner, if not
crippling the control process altogether.

< Centralized systems are inflexible in the sense that any changes to the characteristics of one or more agents
may translate into a change in the whole HAS. This makes it necessary to repeat the expensive search for a
solution. In turn, the desirable property that the size of the effort needed to adjust the control be commensurate
with the size of changes in the setting is not satisfied.

< Centralized systems are prone to problems in communication and action synchronization. This makes it
difficult to reliably operate a large scale system even if the central planner has the computational assets needed
to meet the demands of a realistic environment.

< Centralized systems are not robust in the sense that the failure of one agent to fulfill its commitment towards
the group could lead to the failure of the whole group.

B: Decentralized multi-agent systems:
In real-life, no agent, no matter how sophisticated it is, has omniscient awareness of its surroundings, let alone
infinite resources to instantly store and process data. Sometimes, even reliable communication links between
the central agent and the others are difficult to establish. Communication may even be impossible due to the
lack of a universally accepted technical language, even vocabularies. The above are a few reasons why central
planning strategies may not succeed with real-life, large scale systems. Ruling out the feasibility of a central
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planner leaves only the option of the regulating control action arising from the agents themselves. The fact that
the agents possess only local sensing, reasoning, and action capabilities makes it impossible to capture a
complete spatial and/or temporal representation of the process. This, in turn, makes it impossible to build an
HAS.
Obviously, it is not feasible for agents in a large group with distinct goals to be a priori aware of each other’s
presence, to communicate with each other or with a central agent regarding advice about what action to take.
The only remaining option is for each agent to make its own decision on how to act based on the sensory data
which the agent dynamically extracts from its local surroundings (Figure-4). Knowing that there is more than
one interpretation of decentralization, the author considers a multi-agent system decentralized if each agent
in the group is independent from the others in sensory data acquisition, data processing, and action projection.
In a decentralized system, these faculties are configured in a mode that would give rise to coordination in the
group without a coordinator. In other words, the group is capable of self-organization. Unlike centralized, topdown approaches, self-organization is a bottom-up approach to behavior synthesis where the system designer
is only required to supply the individual agents with basic, “self-control” capabilities. The overall control action
that shapes the behavior of the agents evolves in space and time as a result of the interaction of the agents
between themselves and with their environment. Some properties of decentralized systems that conform to the
above definition are:

<No need to search or, for that matter, construct the HAS of the group in order to generate a solution. For a
decentralized system, the solution emerges as a result of the agents interacting among themselves and with their
environment.

<No inter-agent communication, or communication with a supervisory agent. All that an agent is required to do
is to observe (not communicate with) other agents in its local neighborhood. No preexisting awareness of the
whole group, or the whole environment is required.

<Synchronous behavior being an emergent phenomenon (instead of an imposed one) that results from
asynchronous interaction.

<The cost of computing the control in the group grows linearly with the number of agents.
<Decentralized agents form open systems that enable any agent to join or leave the group without the others
having to adjust the manner in which they process information or project action. This is a consequence of each
member of the group being able to independently sense its environment, process data, and actuate motion.

< Unlike centralized systems which are informationally-closed, and organizationally-open, decentralized
systems are informationally-open and organizationally-closed.
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Figure-4: Decentralized approach to control
The difference between centralized and decentralized systems goes far beyond the manner in which the behavior
generation faculties are related to the agents. It reaches as deep as the process enabling the system to generate
the information needed for behavior synthesis. Centralized systems use reasoning coupled with search as the
driver of the action selection process (it ought to be mentioned that function(al) minimization is a form of
search). The search of the system’s space of possible actions for a feasible solution may be carried out in a brute
force manner, or in an intelligent manner that utilizes heuristics and side information for speed. No matter what
form the search assumes or how it is applied, systems relying on search have problems (some of which are
mentioned above) if they operate in a dynamic environment. On the other hand, the action selection driver in
decentralized systems that satisfies the above requirements is a synergy-driven evolution. In this mode of
behavior information synthesis is the result of the synergetic interaction of the agents among themselves under
the influence of their environment. The information that is a priori encoded into each agent in the form of selfcapabilities to project actions is usually simple and not adequate, on its own, to handle the usually complex
planning task which faces the group. It is synergetic interaction within the context of the environment that
augments the level of information of the group to a level that is sufficient for the members to carry out the task
at hand (an act of knowledge amplification).
Artificial life (AL) [51] seems to provide a powerful paradigm for explaining the behavior of decentralized
systems. It also provides constructive guidelines for their synthesis. In an AL system, the members of the group
are equipped with the proper elementary, a priori known capabilities for self-control which are called the Genotype of behavior (G-type). On the other hand, the overall control action that actually governs the behavior of
the whole group evolves in space and time as a result of the interpretation of the G-type in the context of a
particular environment (a process of morphogenesis [64]). The whole control action is called the Pheno-type
(P-type) of behavior. This behavior cannot be exactly, a priori, predicted; only certain aspects of it can be
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a priori known. It is very flexible, highly adaptive, and far exceeds in complexity and informational content
the G-type control. There are two requirements for constructing a proper G-type control action:

< Each agent must individually develop a control action to drive it toward its goal. Such a control need not take
into consideration the control actions generated by the other agents of the group.

< Each agent must have the ability to generate a control that can resolve conflict with other agents through
bilateral interaction.

III. Formulation
In this section the problem of decentralized, multi-agent motion planning in the face of incomplete information
is formulated. Here, an agent (Di) is assumed to be massless, and occupy a set of points that forms a multidimensional, hyper sphere (x0RM) with a radius Di and a center xi :
D i (x i , ρι ) = {x: x − x i ≤ ρi }

i=1,..,L,

(1)

Figure-5: Zones related to the agent
where L is the number of agents occupying the workspace (figure-5). An enlarged circular region (D`i) with
radius D`i ( D`i > Di ) and center xi is assumed to be surrounding Di:
D `i (x i , ρi ' ) = {x: x − x i ≤ ρi ' }

i=1,..,L,

(2)

D i ⊂ D `i .

here and in the rest of the paper Di and Di` are used to refer to Di(xi, Di) and Di`(xi, Di`) respectively. The ring
Si (Si = D`i - Di) surrounding Di marks the region illuminated by the sensors of the i’th agent. The time between
an agent sensing an event and releasing a control action (data processing and action release delay) is assumed
small enough to be neglected. Therefore, this region is a dual sensory and action zone. Besides the agents, the
environment is assumed to contain static, forbidden regions (O) which the agents must not occupy at any time
(O1Di/N, œt, i=1,..,L). The agents are only allowed to exist in the workspace S (S=RM -O). The boundary of
the forbidden regions is referred to as ' ('=MO). The destination of the i’th agent is surrounded by the
spherical region Ti with a center Ci (figure-6). Ti`s are chosen so that:
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D `i ⊂ Ti

xi = Ci

Ti ∩ Tj ≡ φ

i…j

(3)

O ∩ Ti ≡ φ

i=1,....,L.
The last two conditions, respectively, mean that the goals of the different agents should not be conflicting, and
should be attainable (i.e. lie inside S). The partial knowledge the i’th agent has about its stationary environment
is represented by '`i ( ' g '`i g N, i=1,..,L). The discrete-in-time, binary variable Qi (Qi 0 {0,1}) marks the event
of a novel discovery of parts of a forbidden region, i.e.

S i ∩ Γ ≠ φ,

(4)

and
((Si1') - (Si1') 1'`i ) … N
i=1,...,L.
If at any instant in time (tn), this condition becomes true, the content of '`i is adjusted so that:
Γ `i (t n ) = Γ `i (t n-1 ) ∪ (S i ∩ Γ ).

(5)

If such a situation transpires, Qi(tn) is set to 1, otherwise, its value is set to zero. The i’th agent also actively
monitors its immediate neighborhood for the presence of other agents. It forms the set:

χ i (t) = {x = ∪ D j :S i ∩ D j ≠ φ, j = 1,.., K i (t), i ≠ j} ,
j

(6)

where Ki(t) is the number of agents lying in the proximity of the i’th agent at time t. Designing the multi-agent
controller requires the synthesis of the dynamical systems:
•

x i = h i ( x i , C i , Qi , χ i , Γ i )

such that for the overall system:

`

•

X = H (X, C, Q, Ψ, Γ ` )

i=1,..,L,

,

Lim x i (t) → C i
t→ ∞

Di ∩ D j ≡ φ

i=1,...,L

œt, i…j

O ∩ D i ≡ φ,
where xi 0 R , X=[x1 ... xL] , C= [C1 ... CL] , Q=[Q1 ... QL]T, '`=['`1...'`L ]T, H=[h1 ... hL]T, Q=[P1 ... PL]T .
M

T

T

Figure-6: Goal oriented agents in a cluttered environment
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(7)
(8)

IV. Controller Design
As discussed earlier in the paper, adopting an AL approach to behavior synthesis reduces the job of the
designer to the construction of only the self-controllers (G-type control) of the agents as individuals. The overall
control action that regulates the behavior of the agents as a group operating in the context of some environment
(P-type control) evolves as a result of the constrained synergetic interaction among the agents. The designer is
required to synthesize controls for the systems:
•

x i = u i = h i (x i ,C i ,Q i , χ i , Γ `i )

i=1,..,L .

(9)

The i’th self-control is divided into the following three components:
u i = ug i (x i ,C i ,Q i , Γ `i ) + uc i (x i , χ i ) + uo i (x i , Γ `i ),

(10)

where ugi is the PRF component of the i’th self-control, uci is the CRF component, and uoi is an optional control
component that is included as an extra precaution against collision with stationary obstacles. uoi is taken as the
positive gradient of a potential field constructed as the inverse distance to the obstacle closest to a robot. In
practice the potential is substituted for by a signal derived from a proximity range sensor. Details about how to
construct uoi may be found in [57]. It ought to be mentioned that ugi includes, among other things, the ability
to avoid collision.

A. The PRF Control
The PRF controllers (self-controllers) are constructed using an evolutionary, hybrid, pde-ode control framework.
This section provides only a brief overview of EHPCs. For a detailed discussion of EHPC, and a proof of
correctness the reader is referred to [46], [47-50], and [49] respectively.

An EHPC (figure-7) consists of two parts:
1- a discrete time-continuous time system to couple the discrete-in-nature data acquisition process to the
continuous-in-nature control action release process;
2- a hybrid, PDE-ODE controller to convert the acquired data into in-formation that is encoded in the structure
of the micro-control action group.

The EHPC representing the i’th PRF control component is:
ug i = −∇Vi (x i ,C i ,Q i (t n ), Γ `i (t n ))

(11)

so that for the gradient dynamical system:
•

x i = −∇Vi (x i ,C i ,Q i (t n ), Γ `i (t n )) ,
Lim x i (t) → C i
n→ Z
t→ ∞

and:

Di ∩ O ≡ φ

œt,
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(12)
i=1,..,L, n=1,...,Z

where n represents the n’th instant at which condition (4) becomes valid (tn ) , Z is a finite, positive integer, and

L is the gradient operator. At tn , which marks the transition of Qi(tn) from 0 to 1, first the contents of '`i are
adjusted according to (5). The structure of the guidance field of the EHPC is then adjusted to incorporate the
newly acquired data.

Figure-7: The structure of an EHPC
An EHPC assumes a specific form depending on the boundary value problem (BVP) used for synthesizing the
potential Vi . The Dirichlet BVP, shown in equation 13, is used here for generating the PRF control components:
x0RN- '`i-Ci

∇ 2 Vi (x) ≡ 0
subject to:

(13)

Vi = 0|X= Ci & Vi = 1|X∈Γ ` .
i

A sample of the behavior generated by an EHPC using such a BVP [47] is shown in figure-8. For a proof of
correctness, the reader is referred to [49].

Figure-8: Three successive attempts of a point agent to navigate an unknown environment

B. The CRF Control
There are only two ways conflict could arise in a workspace occupied by more than one purposive, mobile
agent, each of which is capable of safely reaching its target in the absence of the others:
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1- Two or more agents may attempt to occupy the same space at the same time.
2- Two or more agents may block each other’s way preventing movement towards the targets.
A conflict resolving control (uci) that can prevent the above two events from happening will enable the utilizing
agent to reach its target. It is obvious that an agent can prevent another from moving towards it, hence occupying
the same space it is using, by exerting a force that is radial (ucri) to its boundary (i.e. pushing the other agent
away from it, figure-9a). On the other hand, an agent can prevent others from blocking its path by exerting a
force that is tangential (ucti) to its boundary (i.e. moving out of the way, figure-9b)

Figure-9a: Radial component of the CRF

Figure-9b: Tangential component of the CRF

The CRF component is the sum of the above two actions:
uci = ucri + ucti .

(14)

The radial component of the control (ucri) may be constructed as:

ucri = σ ( x − x i )

∇Vri ( x − x i )
∇Vri ( x − x i )

,

(15)

where both the weighting function F, and the scalar potentials Vr’s are positive, spherically symmetric,
monotonically decreasing functions whose values are zero for *x-xi*$D`i . As for ucti , it is constructed as:

∇ × A i (x − x i )
L@Ai/0,
(16)
∇ × A i (x − x i )
where L@ is the divergence operator, and Ai is a vector potential field [50] selected so that its gauge is zero,
uct i = σ( x − x i )

∇Vri ( x − x i ) T ∇ × A i (x − x i ) ≡ 0 .

(17)

This means that a vector potential field ( Ai ) can only generate a tangent circulating field.
For the local tangent fields to form a continuous, global tangential action that has the potential to push the
interacting agents out of each other’s way and prevent deadlock, all the individual tangent fields must circulate
along the same direction (figure-10).
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Figure-10: Same local circulations guarantee same global circulation
The overall controller governing the i’th agent is described by the dynamical system:
•

(18)

x i = ug i + [ucri + uct i ] + uo i

= −∇Vi (x i ,C i ,Q i (t n ), Γ `i (t n )) +
⎡ ∇Vr ( x − x )
⎤
∇ × A i (x i − x j ) ⎥
i i
j
⎢
+
+
∑ σ( x i − x j )⎢
∇ × A i (x i − x j ) ⎥
j=1
∇
Vr
(
x
−
x
)
i
i
j
⎢⎣
⎥⎦
j≠i

K i (t)

∇Vo i (x i , Γ `i ),
where uoi = LVoi(xi, '`i), and Voi is a scalar, repelling potential field that is strictly localized to the vicinity of
the obstacles. The dynamical equation governing the behavior of the collective is:
⎡ K1 (t) uc (x − x ) ⎤
j ⎥
⎢ ∑ 1 i
⎡ x• ⎤ ⎡ ug (x ,C ,Q (t ), Γ ` (t )) ⎤ ⎡ uo (x , Γ ` (t )) ⎤ ⎢ jj=≠12,
⎥
1
1
1 n
1 n
1
1
1 n
1
K 2 (t)
⎢ •1 ⎥ ⎢
⎢
⎥
⎥
⎢
⎥
⎢ x ⎥ ⎢ ug 2 (x 2 ,C 2 ,Q 2 (t n ), Γ `2 (t n )) ⎥ ⎢ uo 2 (x 2 , Γ `2 (t n )) ⎥ ⎢ ∑ uc 2 (x i − x j ) ⎥
+
+ j=1,
⎢ 2⎥ = ⎢
⎥
⎥ ⎢
⎥ ⎢ j≠ 2
⎢ • ⎥ ⎢
⎥
⎥ ⎢
⎥ ⎢
`
`
⎢ x ⎥ ⎣ug L (x L ,C L ,Q L (t n ), Γ L (t n )) ⎦ ⎣uo L (x L , Γ L (t n )) ⎦ ⎢ K L (t)
⎥
⎣ L⎦
uc L (x i − x j ) ⎥
⎢ j∑
= 1,
⎢⎣ j≠ L
⎥⎦

(19)

V. Motion Analysis
A detailed proof of the ability of the agents, individually, to reach their respective destinations in an unknown
cluttered environment may be found in [49]. While it is not hard to guarantee that the robots avoid collision
with each other and with the obstacles by making the barrier controls (uoi , ucri) excessively strong (some
techniques set the strength of the control to infinity at the inner boundary of the robots [57]), their ability to
converge to their respective destinations, as a group, needs careful examination. In the following it is shown
that the first order dynamical systems in (18) are capable of driving the robots from anywhere in the workspace
to their respective destinations provided that the narrowest passage in the workspace is wide enough to allow
the largest two robots to pass at all times (i.e. no tight passages are allowed).
A. Proof of Convergence:
Here, it is shown that under certain conditions the solution of the system in (19) is globally, asymptotically
stable. The proof is dependent on a theorem by LaSalle (Theorem-3, [58], pp. 524]. The theorem is restated
below with minor changes to the notations.
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Theorem: Let =(X) be a scalar function with continuous first partials with respect to X. Assume that :
1- Ξ( X) > 0
œ X … C,
(20)
•

2- Ξ( X) ≤ 0

œX.

•

Let E be the set of all points where Ξ = 0 , and M be the largest invariant set in E. Then every solution of the
•

system:

(21)

X = H (X, C, Q, Ψ, Γ ` )

bounded for t $0 approaches M as t 64 .

Proposition-1: For the system in (19), there exists a set of uct’s that can guarantee
lim X(t) → C,

(22)

t→ ∞

provided that:

1- for the gradient dynamical systems:
•

x i = −∇Vi (x i ,C i ,Q i (t n ), Γ `i (t n ))

,

lim x i (t) → C i
t→ ∞

Di 1 Dj /N,

2-

(23)
i=1,...,L
i…j

Di 1O / N,
3-

œ x 0S there-exists xc , such than
x 0 { x : * x - xc* # > } d S ,
`

`

where > = D`1 + D`2 , where D`1 and D`2 are the expanded radii of the two largest robots in the group.
The third condition guarantees that nowhere in S will the geometry of the environment prevent the agents from
resolving a conflict. The inability to resolve a conflict is the result of an agent being forced to project motion
along environmentally-determined degrees of freedom (Figure-11). The forced pattern of motion may not lend
itself to the resolution of the conflict.

Figure-11: Restrictive environments force a priori determined spatial patterns on movement

Its is important to guarantee that there always exists a local, simply-connected region that is large enough to
enable any two robots to interact. This ensures the realization of conflict resolution no mater what pattern of
motion the agents arrive at.
Proof: consider the following Lyapunov function candidate:
L

Ξ(X) = ∑ Vi (x i ) ,
i =1

(24)

where Vi (xi) is used to refer to Vi (x i ,C i ,Q i (t n ), Γ `i (t n )) , and Voi (xi) refers to Voi (xi , '`i). It was shown in [49]
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that harmonic potential fields are Lyapunov function candidates, i.e. Vi (x i ) = 0 for xi= Ci, and Vi (x i ) > 0 for
xi…Ci. Therefore the above sum is a valid Lyapunov function candidate, i.e. Ξ( X ) = 0 for X= C, and Ξ(X) > 0
for X…C . The time derivative of = may be computed as:
(25)

L
d
d
Ξ = ∑ ∇Vi (x i ) t xi
i =1
dt
dt

L

= ∑ ∇Vi ( xi) t [ − ∇Vi (x i ) +
i =1

⎡ ∇Vr ( x − x ) ∇ × A (x − x ) ⎤
i
i
j
i
j
i
⎥ + ∇Vo i (x i )].
+
∑ σ( x i − x j ) ⎢
j= 1
⎢ ∇Vri ( x i − x j ) ∇ × A i (x i − x j ) ⎥
i≠ j
⎣
⎦

K i (t)

The above expression is examined term by term to determine the nature of the time derivative of =. It is
obvious that the term:
L

t
∑ − ∇Vi ( xi) ∇Vi ( xi)

(26)

i =1

is negative definite with a zero value (stable global equilibrium) at and only at xi = Ci , i=1,..,L, (X=C). As for
L

the term:

t
∑ ∇Vi ( xi) ∇Vo i ( xi) ,

(27)

i =1

One must first notice that LVo is a local field that is strictly limited to a thin narrow region surrounding '. Its
value is zero everywhere else in S. By construction, the field lines of LVoi emanate normal to ' (in order to
drive the robot away from the obstacles):
(28)
⎡α ( xi)n xi ∈ Γ `i
∇Vo( xi) = ⎢
elsewhere
⎣ 0
where n is a unit vector that is normal to 'i`, and " is a smooth, positive, monotonically decreasing scalar
function with a value set to zero a small distance (,) away from the boundary of the obstacles (xitn), i.e. "(xi)=0
for xitn > ,. The BVPs used for constructing the potential field associated with the PRF control (Vi) admits only
two types of basic boundary conditions (BCs):
1- homogeneous Neumann BCs:

∂
t
Vi ( xi) = ∇ Vi ( xi) n ≡ 0,
∂n
2-homogeneous Dirichlet BCs:
which in turn makes:

xi = '`i

Vi ( xi) = 1,
∂
t
Vi ( xi) = ∇ Vi ( xi) n < 0,
∂n

(29)

(30)

(i.e. the maximum of Vi is achieved at xi = '`i and its value decreases with motion away from
xi = '`i ). As a result the above term is either:
L

t
∑ ∇ Vi ( xi ) ∇ Voi ( xi) ≡ 0,

i=1
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(31)

L

t
∑ ∇ Vi ( xi) ∇ Voi ( xi) < 0,

or:

i =1

xi = '`i .

As for the second term of (25), it ought to be mentioned that forces surrounding the mobile agents (CRFs) have
a local, reactive, passive nature. In view of the above, this guarantees that no unbounded growth in the
magnitude of the xi’s can occur. The worst case is for those forces to cause a deadlock in motion (i.e, X - C =
•

constant, t64). Since in the worst case scenario, motion will be brought to a halt (i.e, Ξ = 0), also taking into
consideration the negative definiteness of the other terms, the time derivative of = is always less than or
•

equal to zero:

(32)

Ξ ≤ 0.

If the i’th robot enters a static equilibrium before the target is reached, the following identity must hold:

⎡ ∇Vr ( x − x ) ∇ × A (x − x ) ⎤
i
i
j
i
j
i
⎥ = ∇Vo i (x i ) − ∇Vi (x i ) .
+
∑ σ( x i − x j ) ⎢
j= 1
⎢ ∇Vri ( x i − x j ) ∇ × A i (x i − x j ) ⎥
⎣
⎦

K i (t)

d
Ξ = 0},
dt
E1 = ∪ E1i , E1i = {xi : xi = Ci}
i
E = E1 ∪ E2 = {xi :

Therefore, the set E is equal to:
where:

(33)

(34)
i=1,...,L

and E2 = ∪i E2i , where
⎡ ∇V ( x − x ) ∇ × A (x − x ) ⎤
K i (t)
i
i
j
i
i
j
⎢
⎥ = 0, xi ≠ Ci}.
=
∇
−
∇
+
σ
−
+
{
:
Vo
(x
)
V
(x
)
(
x
x
)
∑
E2i
xi
i
i
i
i
i
j
j= 1
⎢ ∇Vi ( x i − x j ) ∇ × A i (x i − x j ) ⎥
i≠ j
⎣
⎦

(35)

The largest invariant set MdE is the subset of E that satisfies the equilibrium condition on (21). Before
computing M, let us first examine if E2 is an equilibrium set of system (21). For this case the system forces
may be computed using the equation:

⎡ ∇Vr ( x − x ) ∇ × A (x − x ) ⎤
i
i
j
i
j
i
⎥. i=1,..,L.
+
hi = ∇Vo i (x i ) − ∇Vi (x i ) + ∑ σ ( x i − x j ) ⎢
j= 1
⎢ ∇Vri ( x i − x j ) ∇ × A i (x i − x j ) ⎥
i≠ j
⎣
⎦
K i (t)

(36)

It should be noticed that if the second condition of (23) holds, the magnitude of the radial reaction forces (LVoi
, and LVri) is determined by the self-forces ( LVi) and the geometric configuration the robots assume during
deadlock. On the other hand, the magnitude of the circulating forces (L×Ai) is totally independent of the selfforces. Since the individual circulating forces are made to rotate in the same direction, such fields contain no
singularities (Figure-12). In other words, the circulating forces never vanish, always guaranteeing that relative
motion among the agents can be actuated. The strength of these fields can be independently set by the designer
anywhere in the workspace. Since the goal is to eliminate E2 from M, this freedom is used to guarantee that hi

†0 œ xi …Ci , i=1,..L. In other words, the robots will always be moving whenever they are in close proximity to
each other (i.e., no deadlock).
Since the self-forces are generated from the gradient flow of a harmonic potential, their magnitude in S is
bounded:

∇ Vi ( xi) ≤ Bi , xi ≠ Ci

i=1,..,L,

(37)

where Bi is a positive, and finite constant. Also notice that it is not possible for the magnitude of the passive
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reaction forces to exceed that of the self-forces. Therefore, a simple and conservative choice of the magnitude
of the circulating field that would guarantee that E2 is not an equilibrium set of (21) is:
L

∇ × Ai ( xi − xi) ≥ ∑ Bi.

(38)

i =1

Figure-12: Tangent fields with same circulation are free of singularities
It should also be noticed that if the third condition of (23) is not satisfied (i.e. there is not enough free space for
the largest two robots to move at all times) and the circulating fields have to push against a static obstacle (a
static obstacle can exert infinite reaction force), no realizable choice of Bi’s would exist to satisfy condition
(38). The above treatment amounts to the simple physical fact that whenever the radial reaction forces of one
or more robots are in equilibrium the circulating forces intervene to pull the system out of deadlock. If the above
condition is satisfied, E2 is eliminated from M. Also, since the robots have convex geometry, no equilibrium
paths can form, trapping one or more robots in a limit cycle. This means that continuous motion along the
tangent of a robot will eventually lead to a move away from that robot, hence resolving the conflict.
As for E1, the fact that the Ti’s are taken so that D`i d Ti , guarantees that once the robots reach their respective
destinations, no interactions among their fields can occur (i.e uci = 0 , and LVoi = 0, i=1,..,L). Also since:
∇ Vi (x i ) = 0, xi = Ci ,

system (21) reduces to:
making the largest invariant set equal to:

(39)

•

x i = 0, x i = C i
M = ∪{xi : xi = Ci}
i

(40)
i=1,..,L.

(41)

Therefore, according to LaSalle’s theorem, the robots will globally, asymptotically converge to their respective
destinations, i.e. :

Lim xi → Ci
t→ ∞

i=1,..,L

(42)

B. A Note on Completeness:
As mentioned earlier, the suggested planner is conditionally-complete provided that conditions (23) and (38)
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hold. To examine why imposing the third condition of (23) is necessary for the suggested planner to guarantee
completeness, note that behavior, in general, has two components: a spatial one that consists of a vector field
that assigns to each point in the workspace a direction along which motion should proceed. It also has a temporal
component which consists of a scalar field that assigns a speed to each point in the workspace. Therefore,
completeness for a general class of workspaces implies the existence of a spatio-temporal pattern of behavior
which, if executed by the agents, leads to the satisfaction of the goal. In general environments, where a solution
exists provided that behavior be spatially and temporally manipulated, the environment may, at any one stage,
deprive the planner of the ability to fully manipulate spatial behavior. This could happen by forcing one agent
or more to follow predetermined spatial behavioral patterns that are set by the geometry of the workspace
(figure-11). If such a situation occurs, the conflict can only be resolved by manipulating the temporal component
of behavior (i.e speed up or slow down the movements of the agents, as well as halt motion or reverse it). Since
the suggested planner is totally reliant on manipulating spatial behavior only, it may fail if it encounters
situations where both spatial and temporal behavior have to be manipulated. The third condition of (23)
guarantees that the environment will never be able to prevent the planner from spatially manipulated behavior
in order to resolve a conflict. In a recent study by the author [49], a method for synthesizing a PRF control
component that can jointly enforce regional avoidance, and directional constraints, may be used to guarantee
that deadlock will not happen in environments with tight passages. Unfortunately, this approach for avoiding
deadlock may reduce the set of potential solutions to the non-directionally constrained, multi-agent planning
problem.

VI. Results
Several simulation experiments were conducted to explore the behavior of the suggested method. Each case is
presented as a sequence of frames with each frame depicting the state of the robots at different instants of the
solution. The notation used is the same as that in the theoretical development (i.e. Di represents the i’th robot,
xi its center, and Ci the center of the target zone). The experiments focus on the unique capabilities of the
planner, namely:
1.

its ability to plan in highly congested spaces using online, sensory data only,

2.

its ability to deal with unexpected events in an organizationally-closed manner,

3.

its ability to tackle workspaces with dimensions higher than two as well as demonstrate the strong
potential the planner has to generate dynamics-friendly trajectories.

Attempts to extend an earlier version of the work in this paper [59] were carried out in [60-63]. The primary
focus of the work was on two issues: the conditioning of the differential properties of the trajectories of the
agents so that they become dynamically suitable for traversal (the resulting trajectories were referred to as
flyable paths), and extending the method to three-dimensional spaces. Cases 1, 2, and 3 in the following
examples show that the method, in its original form, is fully capable of handling these issues.
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Case-1: A basic example:
In figure-13 two robots sharing the same obstacle-free workspace are required to exchange positions. In doing
so, each robot makes the simple, but naive, decision of moving along a straight line to the target. Despite the
apparent conflict which each is heading towards, each robot proceeds with its plan as if the selected action is
conflict-free. Once the conflict is in a phase that is detectable by the robot’s local sensors, corrective actions are
taken by each to modify their behavior in order to resolve the conflict (i.e. the CRF control component is
activated). As mentioned before, the “seed” CRF activities consist of a component to prevent collision, and
another to move the agents out of each other’s way. Once the conflict is resolved, the behavior modification
activities dissipate and guidance is fully restored to the PRFs (figure-14).
The robots are circular discs with equal radii D1 = D2 = D=1. The local field region surrounding the robots is the
same , *1=*2=*=1.5. The motion of the robots is described by the motions of their centers: x1=[x1 y1]t, and x2=[x2
y2]t . The centers are driven by the self-controllers u1=[ux1 uy1]t, and u2=[ux2 uy2]t respectively. The self
controllers have the forms:
⎡
⎡ x1 − x 2 ⎤
⎡− ( y1 − y 2 )⎤ ⎤
u 1 = σ ( x1 , y1 , x 2 , y 2 ) ⋅ ⎢ K r ⋅ ⎢
+ Kt ⋅ ⎢
⎥
⎥⎥ + K g
⎣ y1 − y 2 ⎦
⎣ ( x1 − x 2 ) ⎦ ⎦
⎣
⎡
u 2 = σ ( x1 , y1 , x 2 , y 2 ) ⋅ ⎢ K r
⎣
σ ( x1 , y1 , x 2 , y 2 ) = (1 +

⎡ − ( x1 − xr1 ) ⎤
⋅⎢
⎥
⎣− ( y1 − yr1 )⎦

⎡ x 2 − x1 ⎤
⎡− ( y 2 − y1 )⎤ ⎤
⎡ − ( x 2 − xr2 ) ⎤
⋅⎢
+ Kt ⋅ ⎢
⎥ + Kg ⋅ ⎢
⎥
⎥
⎥
⎣ y 2 − y1 ⎦
⎣ ( x 2 − x1 ) ⎦ ⎦
⎣− ( y 2 − yr2 )⎦

ρ1 + ρ2 − ( x1 − x 2 ) 2 + ( y1 − y 2 ) 2
) ⋅ ( Φ( ( x1 − x 2 ) 2 + ( y1 − y 2 ) 2 − ( ρ1 + ρ2 )) ⋅ ( Φ(δ + ( ρ1 + ρ2 ) − ( x1 − x 2 ) 2 + ( y1 − y 2 ) 2 )
δ

(43)

where Kg=0.4, Kr=2, Kt=1, M(x) is the unit step function, xr1=[xr1 yr1]t=[4 0]t, and xr2=[xr2 yr2]t=[-4 0]t, [x1(0)
y1(0)]t=[-4 0]t, and [x2(0) y2(0)]t=[4 0]t. The overall differential system governing the behavior of the robots is:
⎡ x• ⎤ ⎡ u 1 ( x1 , x 2 , xr1 ) ⎤
⎢•1⎥ = ⎢
⎥
⎢⎣ x 2 ⎥⎦ ⎣ u 2 ( x1 , x 2 , xr2 )⎦

Figure-13: Two robots exchanging positions

Figure-14: CRF activities dissipate after conflict
is resolved (trajectory of D2)
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(44)

Case-2: Conditioning paths’ curvature:
It is highly desirable that the generated trajectories contain as few fluctuations as possible. This is measured
using the curvature 6i = dJi /ds, where Ji is a unit vector tangent to xi, and ds is an infinitesimal component of
the arc. It is necessary to keep the curvature of a trajectory as small as possible if the trajectory is to be
dynamically suitable for traversal. Although the focus of this paper is on generating safe trajectories for the
agents to traverse to their destinations, the method has been built with dynamics in mind. There are several
parameters and components of the planner that may be used to condition the differential properties of the
trajectories: the weighting function F is one of them. The following example shows that the choice of the weight
profile has a pronounced effect on curvature. Three profiles are used:
linear
sinusoidal
exponential

ρ−r
+ 1)( u(r − ρ) − u(r − ρ − δ )) ,
δ
1
π
σ (r ) = (cos( (r − ρ) + 1)( u(r − ρ) − u(r − ρ − δ )) , and
2
δ
σ (r ) = exp(α (r − ρ))( u(r − ρ)) ,
σ (r ) = (

(45)

where "=ln($)/*, $ is the magnitude of F at D+* (F(D+* )=$<< 1), and u is the unit step function. It ought to
be mentioned that unlike the linear and sinusoidal profiles, which strictly localize that value of F to the interval
(D, D+*), the exponential profile only effectively localizes the weighting function to this period.

Figure-15: Effect of different CRF strength profiles on curvature
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The example in case-1, which was conducted for the linear profile, is repeated for all the three profiles. The
curvature of the trajectories is monitored (Figure-15). The parameters of F are D=1, *=1.5, and $=0.05. The
maximum curvature observed for the linear profile is 6max= 0.0363. The maximum curvature decreased almost
threefold when the smoother sinusoidal weight function was used. The maximum curvature for this case is 6max=
0.01434. However, the best results were obtained for the exponential profile with a 6max= 0.00144 (almost a
thirty times reduction compared to the linear profile case). The above should not be considered more than a
simple demonstration of the method’s ability to generate dynamics-friendly trajectories. Formal investigation
of this feature is left for future work.
An important parameter of the planner is the width of the action zone (*). This width must not be too small to
have sharp turns. Nor should it be too large to preclude unnecessary wide deviation from the initial paths
planned by the PRF fields. For all the above weight profiles, the maximum curvature is plotted as a function of

* (Figure-16). As expected, the maximum curvature is inversely proportional to *. As can be seen, a certain
region for * is reached where any increase in its value does not produce a commensurate reduction in the value
of the maximum curvature. Therefore, a cutoff value for * can be established to strike a compromise between
the above two conflicting requirements.

Figure-16: Maximum curvature as a function of action zone width
Case-3: The 3-D case:
In the sequel, all the simulation experiments are given for the 2-D case. As mentioned before, the suggested
method can be applied to multi-dimensional spaces. The only reason that simulation experiments are restricted
to the 2-D case has to do with the clarity of presenting the results. This is important for a qualitative
understanding of the nature of the planning action the method generates. To demonstrate the applicability of the
method to dimensions higher than two, the two-robot example above is repeated for the 3-D case (figure-17).
Only the trajectories are plotted.
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Figure-17: Two robots exchanging positions in a 3-D space

Case-4: Fault tolerance:
In figure-18, three robots operating in an obstacle-free space, and initially positioned on the vertices of an
equilateral triangle are required to proceed towards their symmetric targets. Each robot chooses to proceed along
a straight line to its target ignoring the apparent conflict to which this choice leads. For this case the response
of the robots, once a conflict is detected, exhibits an interesting emergent nature. By reducing the degrees of
freedom of the system from six to one, the three robots act as one rotating body to position themselves where
each can proceed unimpeded towards its target. It is interesting to note that without being a priori programmed
to do so, the robots choose to cooperate in order to resolve the conflict. This cooperation is manifested as a
reduction in the degrees of freedom of the system during the period of the conflict. In a centralized system the
supervisory control assigns each agent the duties it has to fulfill for the whole group to avoid conflict. If one
agent fails to fulfill its obligation towards the group, the whole group may be affected. In decentralized systems,
conflict evasion has a lucid nature where conflict evasion activities dynamically shift from the unable, or
unwilling agents, to the remaining functional agents. Here, an agent’s role keeps adapting to the situation in a
manner that would, to the best of the agent’s ability, enable all the agents (this includes the offending agents)
to reach their targets. The following example examines this interesting property of decentralized systems. In
Figure-19, a setting similar to the one in Figure-18 is used. The only difference is that D2 refuses to participate
in conflict resolution and, instead, follows the plan encoded by its PRF requiring it to move along a straight line
to its target. As can be seen, the remaining two agents adjust their behavior to compensate for the intransigence
of D2 in such a manner that allows all the agents to reach their destinations.
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Figure-18: Three robots moving to their
goals, all functioning

Figure-19: Three robots moving to their
goals, D2 malfunction

Case-5: Self-Organization:
In the following two examples the evolutionary, cooperative, self-organizing nature of the controller is clearly
demonstrated. In Figure-20 two groups of four robots each are moving in opposite directions along a road with
side rails blocking each other’s way. The goal is for the left group to move to the right side, and the right group
to move to the left side. The groups collectively solve the problem by forming right and left lanes and confining
the motion of each group to one of the lanes. It should be noted that lane formation is a high-level, holistic
organizational activity that fundamentally differs from the local capabilities with which each robot is originally
equipped. All eight agents are assumed to be identical with radius D=1 and local field region width *=0.2. The
motion of an agent is described by the motion of its center: xi=[xi yi]t, i=1,..,8. The centers are directly driven
by the self-controllers: ui=[uxi uyi]t , i=1,..,8. A self-controller has the form:
8
⎡
u i = ∑ σ ( xi , yi , x j , y j ) ⋅ ⎢K r
j =1
⎢⎣
j ≠i

⎡ − ( y i − y j )⎤ ⎤
⎡ xi − x j ⎤
+ Kt ⋅ ⎢
⋅⎢
⎥ ⎥ + uo( x i , y i ) + ug i ( x i , y i )
⎥
⎣ ( x i − x j ) ⎦ ⎥⎦
⎣ yi − y j ⎦

(46)

where F has a form similar to the one in (43), uo(xi,yi)=30A[ 0 (-yi-2)AM (-yi-2)-(yi-2)AM (yi-2)]t, ugi(xi,yi)=[ -1
0]t, i=1,..,4, ugi(xi,yi)=[ 1 0]t, i=5,..,8, Kr=20, Kt=10, and [x1(0) y1(0) x2(0) y2(0) x3(0) y3(0) x4(0) y4(0) x5(0)
y5(0) x6(0) y6(0) x7(0) y7(0) x8(0) y8(0)]t = [2 1.3 5 1.3 2 -1.3 5 -1.3 -2 1.3 -5 1.3 -2 -1.3 -5 -1.3]t.
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Figure-20: Two groups of robots passing
each other in a confined space

Figure-21: A group of robots self-organizing
to allow D1 to reach C9

In Figure-21 eight robots are confined in a box with very little room to move. The goal is for D1 to move to C9.
The robots collectively reach a solution that efficiently utilizes free space. The robots solve the problem by
keeping the center robot stationary, with the remaining robots rotating around it until D1 reaches its target.
Case-6: CRF field strength and deadlock prevention:
In the following example the importance of the circulating fields for conflict resolution is demonstrated. Here
a group of eight agents is required to hold its position, except for D8 which is required to move to C8. No
circulating fields are used in figure-22. As can be seen, while D8 managed to pass the first group of agents, it
became trapped in a deadlock formation when it attempted to pass the second group. In figure-23 circulating
fields are added. As can be seen D8 is able to reach its target, and the remaining agents maintain their original
positions.
Case-7: Planning in unknown environments:
In Figure-24 two robots are required to exchange positions. The robots are not a priori aware of each other or
of their surroundings. The only information they have prior to initiating action is their target locations. While
the PRF fields in the previous examples are built using simple behavioral primitives, here EHPCs are used to
build the PRFs. As can be seen, despite each agent’s total lack of knowledge about its environment or the other
member sharing the space with it, each manages to successfully reach its target from the first attempt in a
conflict-free manner.
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Figure-22: D1-D7 hold positions, D8 moves
to C8, no Circulating fields

Figure-23: D1-D7 hold positions, D8 moves
to C8, Circulating fields present.

Figure-24: Two robots exchanging positions in a cluttered, unknown environment
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Case-8: Failure with tight passages:
While the third condition of (23) is by no means stringent, there are environments with tight passages that have
only room for one robot at a time. In such a situation there are no guarantees that the multi-agent planner will
function properly. Below is an example demonstrating such a situation.

Figure-25: A workspace with tight passages
Consider the workspace in figure-25. Two robots D1 and D2 are required to exchange positions. As can be seen,
the passages in S are not wide enough for the two robots to pass at the same time.

Figure-26: PRF components, HPF-based EHPC

Figure-27: Deadlock caused by a tight passage

Figure-26 shows the HPF-based PRFs for both D1 and D2. Figure-27 shows, using snapshots, the locations of
the robots that are generated by the multi-agent controller at different instants of the solution. As can be seen,
an unresolvable conflict arises between D1 and D2. One way to remedy this situation is to mark a tight passage
as a one-way street (i.e. constrain motion in such passages to become unidirectional). This may be accomplished
by using the NAHPF-based EHPC scheme. The solution, its advantages and drawbacks are discussed in [49].

A note on complexity:
Analysis of provably-correct, geometric, multi-agent planning methods shows that the problem has a complexity
that exponentially grows in the number of agents. On the other hand, the complexity of the AL-based method
suggested in this paper is linear in the number of agents enabling the method to handle planning for large groups
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in real-time. The reason for such a dramatic difference in complexity has to do with the action selection
mechanism used by each approach. Geometric planning methods rely on search as the basis of action selection;
the AL approach uses evolution instead. To construct a multi-agent AL-based controller, one has to construct
a self-controller (G-type controller) for each agent individually in a manner that conforms to the AL guidelines.
The multi-agent controller that is steering the group (P-type controller) evolves as a result of the interpretation
of the G-type control in the context of the environment. In other words, the multi-agent controller is computed
in a soft, costless manner by the process of morphogenesis. It is obvious from the above that the computational
effort that has to be dispensed in constructing the multi-agent controller is equal to the sum of the effort needed
for constructing the G-type controller for each agent.

VII. Conclusions
This work has described the construction of a conditionally-complete, decentralized motion planner for agents
sharing a workspace with unknown, stationary, forbidden regions. A definition for decentralization that
emphasizes the autonomy of the individual agents in terms of data acquisition, information processing, and
motion actuation is used as the guide for the development of the controller. The suggested multi-agent controller
is found to have several attractive properties such as its ability to generate online the additional information
needed to execute a successful action. It is also noted that the controller exhibits intelligent dispatching
capabilities that enables it to redistribute the task of conflict evasion on the properly functioning agents. This
property provides significant robustness in the case of sensor, or actuator failure. The controller employs an idea
from the artificial life approach to behavior synthesis that is of central importance for the controller to achieve
the above capabilities: i.e. the ability to project global useful activities through simple, local interacting activities
without the agents, necessarily, being aware of the generated global behavior. The artificial life G-type and Ptype control modes do support such a behavior synthesis paradigm and may be considered as the backbone for
building effective decentralized controllers. The work has also presented the potential field approach as a
powerful tool for generating control fields that are particularly suited to constructing intelligent, decentralized
controllers.

It is important to notice that completeness of an algorithm does not exist in an absolute sense. A complete
algorithm or procedure is only correct provided that certain assumptions are upheld. For example, a planner that
is guaranteed to find a trajectory for a robot to a target zone may no longer be provably-correct if the implicit
assumption on the path being only continuous is no longer enough (e.g., path differentiability is required). What
makes a complete algorithm useful is the practicality of the conditions under which completeness is obtained.
In this paper completeness is achieved provided that the linear, isotropic workspace the agents are sharing
supports bidirectional movements (i.e., two-way streets). This author believes that this assumption is practical
and does yield a demonstrably-useful planner.
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It ought to be kept in mind that the main motive for adopting a decentralized planning strategy is to meet the
stringent requirements a large-scale mobile robotics system has to satisfy in order to have a reasonable chance
of success operating in a realistic environment. As the simulation results clearly reveal, a decentralized planner
constructed in accordance with the AL guidelines, possesses several important properties needed, among other
things, for combating the adverse effect of hardware and/or software failure likely to occur in a large scale
system. They are also important in bringing the complexity of the planning task under control. In attaining these
properties fundamental assumptions were made. One of these assumptions has to do with the restriction of the
amount of data available for the agents to base their decision on. While this assumption is needed for operation
in a decentralized mode, it may have some drawbacks. It is a well-known fact that the more information used
to project an action the better is the quality of the resulting trajectory and the lower is the probability of
encountering conflict situations. Moreover, in a decentralized mode, resources have to be duplicated. Each agent
has to be equipped with data acquisition, data processing, decision making, and motor action modules in order
to be able to operate in a decentralized mode. Compared to centralized systems where only the supervisory agent
has all these faculties while the remaining agents have only relatively inexpensive motor units for executing the
supervisor’s commands, decentralized systems are more expensive to implement. While decentralized control
is an attractive choice, in small and medium scale systems one may want to consider the centralized control
option. With reliable technology, the chance of component failure is low. Moreover, with advances in computer
technology, data processing and decision making algorithms, data acquisition and processing as well as planning
can be done in a reliable and fast manner.

The author believes that the multi-agent controller prototype suggested in this paper will serve as a good basis
for developing other multi-agent controllers. Future work will focus on conditioning the differential properties
of the generated trajectories, incorporating dynamics, and generalizing the shape of the agents from that of a
simple sphere to more general shapes.
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Nomenclature
AL

: artificial life

G-Type

: geno-type of behavior

P-Type

: pheno-type of behavior

EHPC

: evolutionary, hybrid, pde-ode controller

PRF

: purpose field component of the multi-agent controller

CRF

: conflict resolving field component of the multi-agent controller

HAS

: hyper action space

Vi

: self-component of the potential field whose gradient is used to guide the i’th
agent to its target

Vri

: a potential field whose gradient forms a force field that fences the i’th agent
in order to prevent collision with other agents

Voi

: a potential field whose gradient field enhances the i’th agent’s ability to
prevent collision with stationary obstacles

Ai

: a vector potential field assigned to the i’th agent in order to generate the
circulating tangent field

L

: gradient operator

L2

: laplace operator

LA

: divergence operator

L×

: curl operator

ui

: self-control of the i’th agent

uoi

: stationary, obstacle avoidance component of ui

ugi

: PRF component of ui

uci

: CRF component of ui

ucri

: agent collision prevention radial component of uci

ucti

: deadlock prevention tangent component of uci

O

: stationary obstacles

S

: workspace

'

: boundary of the obstacles ('=MO)

'`i(t)

: boundary of the obstacles known to the i’th agent at time t

Di

: the i’th agent

D`i

: the expanded boundary of the i’th agent

Si

: sensory region surrounding the i’th agent

Ti

: parking (target) region of the i’th agent

Di

: radius of Di
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D `i

: radius of D`i

*i

: width of the Si region ( Di - D`i)

F

: positive, scalar, monotonically decreasing, weighting function

N

: null set

L

: number of agents in the workspace

Ki(t)

: number for agents in the vicinity of the i’th agent at time t

Pi(t)

: set of agents in the vicinity of the i’th agent at time t

Qi

: a binary variable indicating the presence of a previously unknown part of the
stationary environment in the vicinity of the i’th agent

tn

: the time instant with discrete time index n at which the value of Qi changes from 0 to 1

xi

: center point of the i’th agent at time t

Ci

: center point of the target zone Ti of the i’th agent

=

: a scalar, lyapunov function candidate

⋅

Ξ

: the time derivative of =

E

: the set of all points where Ξ = 0

M

: the largest invariant set in E

n

: a unit vector normal to '

6

: curvature (6=dJ/ds)

J

: a unit vector tangent to a trajectory

⋅

32

References
[1] I. Burdun, O. Parfentyev, “AI Knowledge Model for Self-Organizing Conflict Prevention/Resolution in
Close Free-Flight Air Space”, Proceedings 1999 IEEE Aerospace Conference, vol. 2, March 6-13, 1999, vol.
2, pp. 409-428.
[2] M. S. Eby, W. E. Kelly III, “Free Flight Separation Assurance Using Distributed Algorithms”, Proceedings
1999 IEEE Aerospace Conference, vol. 2, March 6-13, 1999, pp.429-441.
[3] J. Kuchar, L. Yang, “A Review of Conflict Detection and Resolution Modeling Methods”, IEEE
Transactions on Intelligent Transportation Systems, Vol. 1, No. 4, pp. 179-189, December 2000.
[4] S. Gupta, P. Chakrabarty, A. Mukerjee, “Microscopic Simulation of Vehicular Traffic on Congested Roads”,
Proceedings ISIRS-98, ed. M. Vidyasagar, Bangalore, January, 1998, pp. 10-13.
[5] K. Bohringer, B. Randall, N. C. MacDonald, “Programmable Vector Fields for Distributed Manipulation
with MEMS Actuators Arrays and Vibratory Parts Feeders”, The International Journal of Robotics Research,
Vol. 18, No. 2,, pp. 168-200, 1999.
[6] J. Culberson, “Sokoban is PSPACE-Complete”, Proceedings in Informatics 4, Fun With Algorithms, E. Lodi,
L. Pagli, N. Santoro Eds., Carelton Scientific, Waterloo, 1999, pp. 65-76.
[7] W. Cohen, “Adaptive Mapping and Navigation by Teams of Simple Robots”, Robotics and Autonomous
Systems, 18, pp. 411-434, 1996.
[8] J. Dohner, “A Guidance and Control Algorithm for Scent Tracking Micro-Robotic Vehicle Swarms”, Sandia
Report SAND97-1354, UC-705, Sandia National Laboratories.
[9] A. L. Bazzan, “Evolution of Coordination as a Metaphor for Learning in Multi-agent Systems”, in
Distributed Artificial Intelligence Meets Machine Learning: Learning in Multi-agent Environments, Lecture
notes in Artificial Intelligence 1221, pp. 117-136, Springer Verlag, 1996.
[10] P. Svestka, M. Overmars, “Coordinated Path Planning for Multiple Robots”, Robotics and Autonomous
Systems, 23, pp. 125-152, 1998.
[11] K. Watanabe, K. Izumi, “A Survey of Robotic Control Systems Constructed by Using Evolutionary
Computations”, 1999 IEEE International Conference on Systems, Man, and Cybernetics, IEEE SMC’99, TokyoJapan, Vol. 2, October 12-15, 1999, pp. 740-745.
[12] J. E. Hopcroft, J. T. Schwartz, M. Sharir, “On the Complexity of Motion Planning for Multiple Independent
Objects, PSPACE-hardness of the warehouse-man’s Problem”, International Journal of Robotics Research, Vol.
3, No. 4, pp. 76-88, 1984.
[13] C. McInnes, “Velocity Field Path-Planning for Single and Multiple Unmanned Aerial Vehicles”,
Aeronautical Journal, vol. 107, Number 1073, pp. 419-426, July 2003.
[14] F. Schneider, D. Wildermuth, “A Potential Field Based Approach to Multi Robot Formation Navigation”,
Proceedings of the 2003 IEEE International Conference on Robotics, Intelligent Systems and Signal Processing,
Changsha, China, October 2003, pp. 680-685.
33

[15] H. Tanner, A. Jadbabaie, G. Pappas, “Flocking in Teams of Nonholonomic Agents”, series lecture notes
in control and information sciences, Springer, Berlin, Vol 309, pp. 229-239, 2004.
[16] R. Saber, R. Murray, “Flocking with Obstacle Avoidance: Cooperation with Limited Communication in
Mobile Networks”, Proceedings of the 42nd IEEE Conference on Decision and Control, Maui, Hawaii, USA,
December 2003, pp. 2022-2028.
[17] T. Chio, T. Tarn, “Rules and Control Strategies for Multi-Robot Team Moving in Hierarchical Formation”,
Proceedings of the 2004 IEEE International Conference on Robotics and Automation, Taipei, Taiwan,
September 14-19, 2003, pp. 2701-2706.
[18] H. Yamaguchi, T. Arai, G. Beni, “A Distributed Control Scheme for Multiple Robotic Vehicles to Make
Group Formations”, Robotics and Autonomous Systems, vol. 36, pp. 125-147, 2001.
[19] P. Ogren, M. Egerstedt, X. Hu, “A Control Lyapunov Function Approach to Multiagent Coordination”,
IEEE Transactions on Robotics and Automation, Vol. 18, No. 5, pp. 847-851, October 2002.
[20] J. Lawton, R. Beard, B. Young, “A Decentralized Approach to Formation Maneuvers”, IEEE Transactions
on Robotics and Automation, Vol. 19, No. 6, pp. 933-941, December 2003.
[21] A. Hayes, P. Dormiani-Tabatabaei, “Self-Organized Flocking with Agent Failure: Off-Line Optimization
and Demonstration with Real Robots”, Proceedings of the 2002 IEEE International Conference on Robotics and
Automation, Washington DC, May 2002, pp. 3900-3905
[22] J. Lien, O. Bayazit, R. Sowell, S. Rodriguez, N. Amato, “Shepherding Behaviors”, Proceedings of the 2004
IEEE International Conference on Robotics and Automation, New Orleans, LA - April 2004, pp. 4159-4164.
[23] T. Balch, R. Arkin, “Behavior-Based Formation Control for Multirobot Teams”, IEEE Transactions on
Robotics and Automation, Vol. 14, No. 6, pp. 926-939, December 1998.
[24] T. Tsubouchi, S. Arimoto, “Behavior of a Mobile Robot Navigated by an Iterated Forecast and Planning
Scheme in the Presence of Multiple Moving Obstacles”, 1994 IEEE International Conference on Robotics and
Automation, May 8-13, San Diego, California, 1994, pp. 2470-2475.
[25] P. Fiorini, Z. Shiller, “Motion Planning in Dynamic Environments Using the Relative Velocity Paradigm”,
1993 IEEE Int. Conference on Robotics and Automation, May 2-6, Atlanta, Georgia, 1993, pp. 560-565.
[26] M. Hasoun, Y. Demazeau, C. Laugier, “Motion Control for a Car-like Robot: Potential Field and Multiagent Approaches”, 1992 IEEE International Conference on Robotics and Automation, July 7-10, Raleigh NC,
1992, pp. 1457-63.
[27] H. Tomigana, B. Bavarian, “Solving the Moving Obstacle Path Planning Problem Using Embedded
Variational Methods”, 1991 IEEE International Conference on Robotics and Automation, Sacramento,
California, April 9-11 1991, Sacramento, CA, pp. 450-455.
[28] Q. Zhu, “Hidden Markov Model for Dynamic Obstacle Avoidance of Mobile Robot Navigation”, IEEE
Transactions on Robotics and Automation, Vol. 7, No. 3, pp. 390-397, June 1981.
[29] D. Parson, J. Canny,” A Motion Planner for Multiple Mobile Robots”, 1990 IEEE International Conference

34

on Robotics and Automation, May 13-18 1990, Cincinnati, Ohio, pp. 8-13.
[30] S. Lavalle, S. Hutchinson, “Optimal Motion Planning for Mutliple Robots Having Independent Goals”,
IEEE Transactions on Robotics and Automation, Vol. 14, No. 6, pp. 912-925, December 1998.
[31] T. Simeon, S. Leroy, J. Lummond, “Path Coordination for Multiple Mobile Robots: A Resolution-Complete
Algorithm”, IEEE Transactions on Robotics and Automation, Vol 18, No. 1, pp. 42-49, February 2002.
[32] P. Tournassoud, “A Strategy for Obstacle Avoidance and its Applications to Multi-Robot Systems”, 1986,
IEEE Int. Conference on Robotics and Automation, April 7-10, San Francisco, California, pp. 1224-1229.
[33] M. Erdmann, T. Lozano-Perez, “On Multiple Moving Objects”, 1986 IEEE International Conference on
Robotics and Automation, April 7-10, San Francisco, California, pp. 1419-24.
[34] S. Buckley, “Fast Motion Planning for Multiple Moving Robots”, 1989 IEEE International Conference on
Robotics and Automation, May 18-21 1989, Scottsdale, Arizona, pp. 322-326.
[35] C. Warren, “Multiple Robot Path Coordination Using Artificial Potential Fields”, 1990 IEEE International
Conference on Robotics and Automation, May 13-18, Cincinnati, Ohio, pp. 500-505.
[36] K. Fujimura, “A Model of Reactive Planning for Multiple Mobile Agents”, 1991 IEEE International
Conference on Robotics and Automation, April 9-11 1991, Sacramento, California, pp. 1503-1509.
[37] J. Ota, T. Arai, ‘Motion Planning of Multiple Mobile Robots Using Dynamic Groups”, 1993 IEEE
International Conference on Robotics and Automation, May 2-6, Atlanta, Georgia, pp. 28-33.
[38] H. Tanner, S. Loizou, K. Kyriakopoulos, “Nonholonomic Navigation and Control of Cooperating Mobile
Manipulators”, IEEE Transactions on Robotics and Automation, Vol. 19, No. 1, pp. 53-64, February 2003.
[39] S. Loizou, D. Dimarogonas, K. Kyriakopoulos, “Decentralized Feedback Stabilization of Multiple
Nonholonomic Agents”, Proceedings of the 2004 IEEE International Conference on Robotics and Automation,
New Orleans, LA, April 2004, pp. 3012-3017.
[40] M. Kinoshita, M. Watanabe, T. Kawakami, H. Yokoi, Y. Kakazu, “Macroscopic Quantitative Observation
of Multi-Robot Behavior”, Proceedings of the fourth International Conference on Computational Intelligence
and Multimedia Application, October 30th - November 1st, 2001, Japan, pp. 190-194.
[41] A. Zhu, S. Yang, “Self-Organizing Behavior of a Mutli-robot System by a Neural Network Approach”,
Proceedings of the 2003 IEEE/RSJ International Conference on Intelligent Robots and Systems, Las Vegas,
Nevada, October 2003, pp. 1204-1209.
[42] D. Yingying, H. Yan, J. Jing-ping, “Self-Organizing Multi-robot System Based on Personality Evaluation”,
2002 IEEE International Conference on Systems, Man and Cybernetics, October 6-9, 2002, Vol. 5, pp. 648-651.
[43] L. Chun, Z. Zheng, W. Cheng, “A Decentralized Approach to the Conflict-free Motion Planning for
Multiple Mobile Robots”, Proceedings of the 1999 IEEE International Conference on Robotics and Automation,
Detroit, Michigan, May 1999, pp. 1544-1549.
[44] G. Dudek, M. Jenkin, E. Milios, D. Wilkes. “A taxonomy for multi-agent robotics”. Autonomous Robots,
vol. 3, No. 4, pp. 375–397, 1996.

35

[45] P Stone, M. Veloso , “Multiagent Systems: A Survey from a Machine Learning Perspective“, Autonomous
Robotics vol. 8, no. 3, pp. 345-383 June, 2000.
[46] A. Masoud, “An Informationally-Open, Organizationally-Closed Control Structure for Navigating a Robot
in an Unknown, Stationary Environment”, 2003 IEEE International Symposium on Intelligent Control, HoustonTexas, October 5-8 2003, pp. 614-619.
[47] A. Masoud, S. Masoud, "A Self-Organizing, Hybrid, PDE-ODE Structure for Motion Control in
Informationally-deprived Situations", The 37th IEEE Conference on Decision and Control, Dec. 16-18, 1998,
Tampa Florida, pp. 2535-2540.
[48] A. Masoud, S. Masoud, "Robot Navigation Using a Pressure Generated Mechanical Stress Field, The
Biharmonic Potential Approach", The 1994 IEEE International Conference on Robotics and Automation, May
8-13, 1994 San Diego, California, pp. 124-129.
[49] S. Masoud, A. Masoud, “Motion Planning in the Presence of Directional and Obstacle Avoidance
Constraints Using Nonlinear, Anisotropic, Harmonic Potential Fields”, the IEEE Transactions on Systems, Man,
and Cybernetics, Part A: Systems and Humans, Vol 32, No. 6, , pp. 705-723, November 2002.
[50] S. Masoud, A. Masoud, "Constrained Motion Control Using Vector Potential Fields", The IEEE
Transactions on Systems, Man, and Cybernetics, Part A: Systems and Humans. Vol. 30, No.3, pp.251-272, May
2000.
[51] C. Langton, “Artificial Life”, SFI studies in the sciences of complexity, Addison-Wesley, 1988.
[52] G. Weiss (editor), “Multiagent Systems: A Modern Approach to Distributed Artificial Intelligence”, The
MIT press, Cambridge Massachusetts, London England, March 1999.
[53] J. Ferber, “Multi-Agent Systems: An Introduction to distributed artificial intelligence”, Addison Wesley
Longman, 1999.
[54] J. King, "Centralized versus decentralized computing: organizational considerations and management
options", ACM Computing Surveys, ol. 15, No. 4, pp. 319 - 349, December 1983.
[55] C. Anderson, J. Bartholdi, "Centralized versus decentralized Control in manufacturing: lessons from social
insects", in Complexity and Complex Systems in Industry, I. McCarthy, T. Rakotobe-Joel, Eds. , Proceedings,
University of Warwick, 19th–20th September 2000, Pages 92–105.
[56] E. Klavins, “Communication Complexity of Multi-Robot Systems”, In J. Boissonnat, J. Burdick, K.
Goldberg, and S. Hutchinson, editors, Algorithmic Foundations of Robotics V, volume 7 of Springer Tracts in
Advanced Robotics, pages 275-292. Springer, 2003.
[57] O. Khatib, “Real-time Obstacle Avoidance for Manipulators and Mobile Robots”, The International Journal
of Robotics Research, Vol. 5, No. 1, , pp. 90-98, Spring, 1985.
[58] J. LaSalle, “Some Extensions of Lyapunov’s Second Method”, IRE Transactions on Circuit Theory, CT-7,
No. 4, pp. 520-527, 1960.
[59] A. Masoud, "Using Hybrid Vector-Harmonic Potential Fields for Multi-robot, Multi-target Navigation in

36

a Stationary Environment", 1996 IEEE International Conference on Robotics and Automation, April 22-28,
1996, Minneapolis, Minnesota, pp.3564-3571.
[60] G. J. Pappas, C. Tomlin, J. Lygeros, D. N. Godbole, and S. Sastry. “A next generation architecture for air
traffic management systems”. In Proceedings of the 36th IEEE Conference on Decision and Control, San Diego,
CA, December 1997,pp 2405-2410.
[61] J. Kosecka, C.J. Tomlin, G. Pappas, and S. Sastry. “Generation of conflict resolution maneuvers for air
traffic management”. In IROS 97: International Conference on Intelligent Robot and Systems, volume 3, 1997,
pp. 1598-1603.
[62] C. Tomlin, G. Pappas, J. Kosecka, J. Lygeros, and S. Sastry, “Advanced air traffic automation: A case study
in distributed, decentralized control,” in Control Problems in Robotics and Automation, B. Siciliano and K.
Valavanis, eds., no. 230 in Lecture Notes in Control and Information Sciences, pp. 261-295, Springer Verlag,
1998.
[63] J. Kosecka, C. Tomlin, G. Pappas, S. Sastry, “2 ½ D conflict resolution maneuvers for ATMS”
Proceedings of the 37th IEEE Conference on Decision and Control, vol.3 16-18 Dec. 1998 Tampa, FL, USA,
pp. 2650 - 2655.
[64] R. Thom,”Structural Stability and Morphogenesis”, W.A. Benjamin Inc., 1975.
[65] R. Arkin, “Motor Schema-Based Mobile Robot Navigation”, I. J. Robotic Res. 8(4), pp. 92-112, 1989.
[66] T. Balch, R. Arkin, “Motor Schema-based Formation Control for Multi-agent Robot Teams”, Proceedings
of the First International Conference on Multi-agent Systems, San Francisco, April 1995, pp. 10-16.

37

