
3. STATE VARIABLE MODELS (cont.)

SOLUTION OF THE STATE DIFFERENTIAL EQUATION 

The solution of the state differential equation can be obtained in a manner
similar to the approach we utilize  for solving a first-order differential
equation. Consider the first-order differential equation

*x=ax+bu

Taking the Laplace transform, we have

sX(s) −x(0) = aX(s) +bU(s) d X(s) =
x(0)
s −a + b

s −aU(s)

The inverse Laplace transform results in 

x(t) = eatx(0) + ¶
0

t

ea(t− )bu( )d

By analogy, the solution of the state differential equation   is *x=ax+bu

 ,  wherex(t) = eAtx(0) +¶
0

t

eA(t− )Bu( )d

  (converges for all finite  and  )eAt = I +At + A
2t2
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Also, the Laplace transform of the state differential equation   is*x=Ax+Bu

X(s) = [sI −A]−1x(0) + [sI −A]−1BU(s)

Now, we note that 

 eAt = L−1 [sI−A]−1

is known as the fundamental or state transition matrix[sI −A]−1 å (s)

therefore

   ;     eAt = (t) (t) = L−1 (s)

The solution of the state differential equation   is then *x=ax+bu

   x(t) = (t)x(0) + ¶
0

t

(t − ) Bu( )d
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